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ABSTRACT. Let R be a commutative ring with nonzero identity, J(R) the set of all ideals
of R and 0 : J(R) — J(R) an expansion of ideals of R. In this paper, we introduce the
concept of 2-absorbing d-semiprimary ideals in commutative rings which is an extension
of 2-absorbing ideals. A proper ideal I of R is called 2-absorbing d-semiprimary ideal
if whenever a,b,c € R and abc € I, then either ab € 6(I) or bc € 6(I) or ac € §(1).
Many properties and characterizations of 2-absorbing d-semiprimary ideals are obtained.
Furthermore, 2-absorbing ¢1-semiprimary avoidance theorem is proved.

1. Introduction

In this paper, all rings are commutative with nonzero identity. Let I be a
proper ideal of a ring R and let J(R) denote the set of all ideals of R. The radical
of I is defined by {a € R : a" € I for some n € N}, denoted by 1. Let .J
be an ideal of R. Then the ideal (I : J) consists of » € R with rJ C I, that is,
(I:J)={r e R:rJ CI}. Forundefined notations and terminology refer to [10].

Various generalizations of prime and primary ideals are studied extensively in
[1]-[3],[13],[14]. Recall from [4] and [5] that a proper ideal I of R is called a (weakly)
2-absorbing ideal if whenever a,b,c € R and (0 # abc € I) abc € I, then either
ab€e T oracelorbee . A properideal I of R is called a (weakly) 2-absorbing
primary ideal as in [6] and [7] if whenever a,b,c € R and (0 # abc € I) abe € I, then
either ab € I or ac € VI or be € V/I. As in the recent study [13], a proper ideal I of R
is said to be a 2-absorbing quasi-primary if v/T is a 2-absorbing ideal; or equivalently,
if whenever a,b, ¢ € R and abc € I, then either ab € v/T or ac € VI or bc € VI. D.
Zhao [14] introduced the concept of expansions of ideals and extended many results
of prime and primary ideals into the new concept. From [14], a function ¢ from
I(R) to J(R) is an ideal expansion if it has the following properties: I C 6(I) and if
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I C J for some ideals I, J of R, then 6(I) C 4(J). For example, ¢ is the identity
function where 6o(I) = I for all ideals I of R, and ¢; is defined by 6, (I) = v/I. For
other examples, consider the functions §; and §, of J(R) defined by 6, (I) =1+ J
and §,(I) = (I : J) for all I € J(R), where J is an ideal of R, respectively (see [3]).
He called a §-primary ideal I of R if ab € I and a ¢ I for some a,b € R imply
b € 6(I). Recently, (weakly) -semiprimary ideals are studied in [8]. A proper ideal
I of R is called a (weakly) d-semiprimary if whenever a,b € R and (0 # ab € I)
ab € I, then a € §(I) or b € 6(I).

In this paper, we introduce and study 2-absorbing J-semiprimary and weakly
2-absorbing J-semiprimary ideals of commutative rings. Let § : J(R) — J(R) be an
expansion of ideals of a ring R. We call a proper ideal I of R a (weakly) 2-absorbing
d-semiprimary ideal if whenever a,b,c € R and (0 # abc € I) abe € I, then either
ab € §(I) or bec € 6(I) or ac € §(I). From the definitions, we have the following

implications: 2-absorbing J-primary (—12 2-absorbing §-semiprimary (—22 weakly 2-
absorbing d-semiprimary. Among many results in this study, it is shown in Example
2.3. and Example 2.4. that the implications (1) and (2) are not reversible. Also
it shown in Theorem 2.17. that if I ¢ /0, then the implication (2) is reversible.
It is shown (Theorem 2.24.) that if §(0) a 2-absorbing d§-semiprimary ideal with
5(6(0)) = 6(0) and I is a weakly 2-absorbing d-semiprimary ideal, then either I is
a 2-absorbing J-semiprimary ideal of R or I? is a 2-absorbing J-semiprimary ideal
of R. It is shown (Theorem 2.8.) that if I C I Ul U---U I, where I1, 1, ..., I,
(n > 2) are ideals of R such that at most two of them are not 2-absorbing 0;-
semiprimary, then VIC V/1; for some 1 < i < n. From Theorem 2.30. to Theorem
2.34., we characterize 2-absorbing §-semiprimary ideals and weakly 2-absorbing §-
semiprimary ideals of R = R; X --- X R,, where n > 2. Moreover, we state and
prove 2-absorbing §;-semiprimary avoidance theorem (Theorem 2.9.). In Section 3,
we search an answer to the question that if I is a weakly 2-absorbing d-semiprimary
ideal of R and if 0 £ JKL C I for some ideals J, K, L of R, then does it imply
either JK C 6(I) or KL C§(I) or JL C6(1) 7

2. Properties of 2-absorbing §-semiprimary Ideals

Definition 2.1. Let § : J(R) — J(R) be an expansion of ideals of R and I a proper
ideal of R.

1. We call I a 2-absorbing §-semiprimary ideal if whenever a, b, c € R and abc €
I, then either ab € 6(I) or be € 6(I) or ac € §(I).

2. We call I a weakly 2-absorbing d-semiprimary ideal if whenever a,b,¢c € R
and 0 # abc € I, then either ab € §(I) or be € §(I) or ac € §(I).
We start with trivial relations, hence we omit the proof.
Theorem 2.2. Let I be a proper ideal of R. Then the following statements hold:

1. If I is a 2-absorbing d-semiprimary ideal, then I is a weakly 2-absorbing J-
semiprimary ideal.
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2. I is a (weakly) 2-absorbing do-semiprimary ideal if and only if I is a
(weakly) 2-absorbing ideal.

3. I is a (weakly) 2-absorbing d1-semiprimary ideal if and only if I is a (weakly)
2-absorbing quasi primary ideal.

4. If I is a (weakly) §-semiprimary ideal, then I is a (weakly) 2-absorbing §-
semiprimary ideal.

5. If I is a (weakly) 2-absorbing 6-primary ideal, then I is a (weakly) 2-absorbing
d-semiprimary ideal.

6. Let 6 and ~ be two ideal expansions with §(I) C ~(I). If I is a (weakly)
2-absorbing §-semiprimary ideal of R, then I is a (weakly) 2-absorbing -
semiprimary ideal of R.

The following example shows that the concepts of weakly 2-absorbing §-
semiprimary and 2-absorbing d-semiprimary are different.

Example 2.3. Let R = Zgjo and § : I(R) — I(R) an expansion of ideals of R
defined by 6(I) = (I : J) where J = TR. Then I = 0 is a weakly 2-absorbing
d-semiprimary ideal of R by definition. Observe that §(I) = 30R. However, I is not
2-absorbing d-semiprimary since 3-5-14 € I but neither 3-5 € §(I) nor 3-14 € §(I)
nor 5-14 € §(I).

For a 2-absorbing d-semiprimary ideal which is not 2-absorbing d-primary, see
the next example:

Example 2.4.([6, Example 2.9]) Let R = Z[X,Y, Z] and consider an ideal I =
(XY Z,X3Y3)R of R. Then I is a 2-absorbing §;-semiprimary ideal of R but I is
not a 2-absorbing d;-primary ideal of R since XY Z € I but neither XY € I nor
YZ € 61(I) nor XZ € 61(I) where 61(I) = (XY)R.

Theorem 2.5. Let 6 be an expansion function of J(R) and I a proper ideal of R.

1. If 6(I) is a (weakly) 2-absorbing ideal of R, then I is a (weakly) 2-absorbing
d-semiprimary ideal of R.

2. Let 6(06(I)) = 0(I). Then §(I) is a (weakly) 2-absorbing d-semiprimary ideal
of R if and only if 6(I) is a (weakly) 2-absorbing ideal of R. Moreover, if
§(I) is 2-absorbing §-semiprimary, then |Min(6(I))] < 2.

Proof. (1) Suppose that (0 # abe € I) abc € I and ab ¢ §(I). Since I C §(I) and
0(I) is 2-absorbing, we have ac € 6(I) or bc € §(I). Thus I is a (weakly) 2-absorbing
d-semiprimary ideal.

(2) Suppose that §(I) is a (weakly) 2-absorbing J-semiprimary ideal of R, since
6(6(I)) = 6(1I), 6(1) is (weakly) 2-absorbing by the definition. The converse part is
clear from (1). Suppose that 6(I) is a 2-absorbing d-semiprimary ideal of R. Then
0(I) is 2-absorbing; and so, |Min(d(I))| < 2 by [4, Theorem 2.3.]. ad
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The converse of Theorem 2.5. (1) is also true for § = d; by [13, Proposition
2.5].

Theorem 2.6. Let ¢ be an expansion of I(R) and I a 2-absorbing §-semiprimary
ideal of R. If \/3(I) C 6(\/1), then /T is a 2-absorbing §-semiprimary ideal of R.
In particular, if § = 81, then VI is a 2-absorbing ideal of R.

Proof. Let a,b,c € R with abc € VI and ab ¢ 6(+/I). Then a"b"c" € I for some
positive integer n > 1. Since /(1) C 6(v/I), we conclude a™b™ ¢ §(I). Since I is 2-
absorbing d-semiprimary, we have b"¢" € §(I) or a™c € §(I). Since \/5(I) C §(V/T),
we conclude that be € §(v/T) or ac € §(v/T), we are done. The particular case is
clear from [13, Proposition 2.5]. O

The next example shows that the converse of Theorem 2.6. is not satisfied in
general.

Example 2.7. Consider the ideal I = (X3)/(X*) of R = Z15[X]/(X*). Then /T =
(6, X)/(X*) is a 2-absorbing ideal (2-absorbing dp-semiprimary ideal). However, I is
not a 2-absorbing dp-semiprimary ideal since 0 # (X +(X4))(X+(X4)) (X +(X*)) €
Ibut X2+ (X)) ¢6(I)=1.

Theorem 2.8. Let I1, 15, ..., I, (n > 2) be ideals of R such that at most two of
them are not 2-absorbing 6,-semiprimary. If I C Iy UL U---UI,, then VI C /T;
for some 1 <i<n.

Proof. From the covering I C I UI, U --- U I,, we conclude that v C /I, U
VI; U---U+T,. By our hypothesis, we may assume that I is a 2-absorbing §;-
semiprimary ideal for all k > 3. Hence /I is 2-absorbing for all k¥ > 3 by Theorem

2.6. Thus T = VT C //T; = /T for some 1 <i < n by [12, Theorem 3.1]. O

Let I,11,15,...,1, be ideals of R. Recall that an efficient covering of R is a
covering I € Iy Ul U---U I, in which no I; where 1 < j < n satisfies I C I, (i.e.,
no I; is superfluous.) In the following result, we obtain 2-absorbing d1-semiprimary
avoidance theorem.

Theorem 2.9. (2-absorbing d;-semiprimary avoidance theorem) Let Iy, I, ..., I,
(n > 2) beideals of R such that at most two of them not 2-absorbing 61 -semiprimary.
Suppose that \/T; ¢ (\/1; : x) for allz € R\\/T; for alli # j. If I C [ULU---UI,,
then I C I; for some 1 <i<n.

Proof. Assume on the contrary that I g I foralll <i <mn. Hence I C UlLU---UI,
is an efficient covering of ideals of R. So, it is clear that I = (INI;)U(INI)U---U(IN
1,,) is an efficient union. From [11, Lemma 2.1], ﬂ (INI;) CINIg. Since at most

itk

two of the I; are not 2-absorbing 51-semiprimary¢ideals, we may assume that [ is
a 2-absorbing d;-semiprimary ideal. From Theorem 2.6., we conclude that /T is
2-absorbing; and so (/I : z) is a prime ideal of R for all z ¢ \/I; by [4, Theorem
2.5.]. On the other hand, our hypotesis implies that there exist a; € I;\ (VI : @)
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for all ¢ # k. Hence there are positive integers m; such that a]"* € I;. Put a = Hai
i#k
and m = max{my ma,...,my}. It is clear that az € m([ N I;). We show that
itk
a™x ¢ INI. Assume that a™x € IN 1. Hence a™x € /I, and so a™ € (v, : z).
Since (/I : x) is prime, we conclude that a; € (v/Ij : x) for some i # k, a

contradiction. Thus ﬂ([ NI) | \(I NIx) is nonempty which contradicts with
i#k
(NI NL) S INI,. Thus I C I; for some 1 < i < n. m
i#k
Recall from [14] that an ideal expansion ¢ of J(R) is said to be intersection
preserving if it satisfies 6(Iy NIxN---NI,) = 6(I1)Nd(I2)N---N(I,) for any ideals
Il, IQ, ceey In of R.

Theorem 2.10. Let § be an intersection preserving expansion function of J(R).
If I, Io, ..., I, are 2-absorbing 0-semiprimary ideals of R with §(I;) = K for all
i€{1,2,..,n}, then I =, I; is a 2-absorbing §-semiprimary ideal of R.

Proof. Suppose that abc € I, ab ¢ 6(I) and be ¢ 6(I) for some a,b,c € R. Since
5(I) =o0(Nie, L) = N, 6(I;) = K, we have ab ¢ K and bc ¢ K. Since abc € I;
and I; is 2-absorbing d-semiprimary, ac € §(I;) = K = §(I); so we are done. O

Theorem 2.11. Let § be an expansion function of J(R) and I a (weakly) 2-
absorbing §-semiprimary ideal of R. Then the following hold:

1. If J C I and 6(J) = 6(I), then J is a (weakly) 2-absorbing &-semiprimary
ideal of R.

2. If J C I C V0, then J is a (weakly) 2-absorbing quasi-primary ideal of R.
3. Let I C /0. If K is an ideal of R, then IK, I N K and I™ are (weakly)

2-absorbing quasi-primary ideals of R for all positive integers n > 1

Proof. (1) Suppose that (0 # abc € J) abc € J for some a,b,c € R. Since J C I,
we have (0 # abec € T) abe € I. Since I is (weakly) 2-absorbing d-semiprimary, we
have either ab € §(I) or be € §(I) or ac € §(I). Since 6(I) = 6(J), J is a (weakly)
2-absorbing d-semiprimary ideal of R.

(2) Since J C I C V0, we have 6,(J) = vJ = VI = 6,(I) = /0. Thus the
result is clear from (1).

(3) is a particular result of (2). O

Theorem 2.12. Let § be an expansion of I(R). Every proper principal ideal is a 2-
absorbing d-semiprimary ideal of R if and only if every proper ideal is a 2-absorbing
d-semiprimary ideal of R.

Proof. Suppose that every proper principal ideal is a 2-absorbing Jd-semiprimary
ideal of R. Let I be a proper ideal of R and a, b, ¢ € R with abc € I. Then abc € (abc)
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and since (abc) is 2-absorbing J-semiprimary ideal of R by our assumption, we have
either ab € 6(abc) C 6(I) or be € §(abe) C §(I) or ac € §(abe) C §(I) or Thus I is a
2-absorbing §-semiprimary ideal of R. The converse part is obvious. O

Theorem 2.13. Let § be an ideal expansion such that §(I) € VI and 6(I) a
semiprime ideal of R for every ideal I. If I is a 2-absorbing §-semiprimary ideal,
then 6(I) = /1.

Proof. Suppose that a € v/I. Then there exists n which is the least positive integer
n with a® € I. If n = 1, then a € I C §(I). For n > 2, a" = a" 2aa € I. Since
a™ ' ¢ I, we have a® € §(I). Since §(I) is semiprime, a € §(I). Thus 6(I) = /1. O

Recall that a ring R is said to be a Boolean ring if 22 = z for every = € R.
Since /T = I for every proper ideal I of R, we have the following result.

Theorem 2.14. Let R be a Boolean ring and I a proper ideal of R. Then the
following are equivalent:

1. T is a (weakly) 2-absorbing quasi-primary ideal of R.
2. I is a (weakly) 2-absorbing primary ideal of R.
3. I is a (weakly) 2-absorbing ideal of R.

Proof. Since VIi=T , the claim is clear. O

Definition 2.15. Let J be an expansion function of J(R) and I a weakly 2-absorbing
d-semiprimary ideal of R. We call a triple (a,b,c) a d—triple zero of I if abc = 0
for some elements a, b, c of R (not necessarily distinct) and neither ab € 6(I) nor
bc € §(I) nor ac € 6(I).

Remark 2.16. Let § be an expansion function of J(R) and I a weakly 2-absorbing
0-semiprimary ideal of R. Then I is a not 2-absorbing d-semiprimary ideal of R if
and only if there exists at least one d—triple zero of I.

Theorem 2.17. Let § be an expansion function of J(R) and I a weakly 2-absorbing
0-semiprimary ideal of R. If I is not a 2-absorbing 0-semiprimary ideal of R, then
I? =0; that is I C V0.

Proof. Suppose that I is a weakly 2-absorbing J-semiprimary ideal of R which is
not 2-absorbing d-semiprimary. Hence there exists a d-triple zero (a,b,c) of I by
Remark 2.16. Then abc = 0 and neither ab € 6(I) nor be € §(I) nor ac € §(I). for
some b,c € R. First, we show that abl = 0. Assume that abi # 0 for some i € I.
Since 0 # ab(c + i) € I and I is a weakly 2-absorbing J-semiprimary, we conclude
abe I ora(c+i)elorblc+i) €I, acontradiction. Similarly, it is easy to show
that bel = acI = 0. Now, we show that al? = 0. Assume that aiiis # 0 for some
i1,i2 € I. Since abl = bel = acl = 0, we have 0 # a(b+ i1)(c + i2) = airiz € 1.
Since I is a weakly 2-absorbing J-semiprimary, this contradicts our assumption
that ab € 6(I) nor be € §(I) nor ac € §(I). Thus al? = 0. One can easily show
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symmetrically that bI? = cI? = 0. Lastly, we show that I = 0. Assume that
i19203 # 0 for some 1,149,435 € I. Since abl = bel = acl = al? = bI? = cI? = 0,
observe that 0 # (a+i1)(b+1i2)(c+i2) = i192i3 € I. Since I is a weakly 2-absorbing
d-semiprimary, again we conclude a contradiction. Thus I3 = 0. O

The following example shows that for an ideal I of R with I3 = 0, I needs not
to be a weakly 2-absorbing §-semiprimary ideal.

Example 2.18. Let R = Zgy and I = 30R. Then I? = 0. However, I is not a
weakly 2-absorbing d-semiprimary ideal (for 6 = dg or 6 = d1) since 2-3-5 € I but
neither 2-3 € §(I) nor 3-5 € §(I) nor 2-5 € §(I).

As a conclusion of Theorem 2.17., we have the following two results.

Corollary 2.19. Let R be a reduced ring. Then every nonzero weakly 2-absorbing
d-semiprimary ideal of R is a 2-absorbing §-semiprimary ideal of R.

Corollary 2.20. Let M be a finitely generated R-module. Let I be a weakly 2-
absorbing 0-semiprimary ideal of R that is not 2-absorbing §-semiprimary. If IM =
M, then M = 0.

Theorem 2.21 Let 6 be an expansion function of I(R) and I a weakly 2-absorbing
6-semiprimary ideal of R with §(I) = §(0). Then I is not 2-absorbing 6-semiprimary
ideal of R if and only if there exists a d-triple zero of 0.

Proof. Suppose that I is not a 2-absorbing d-semiprimary ideal. Hence abc = 0 but
ab ¢ §(I), ac ¢ 6(I) and be ¢ §(I) for some a, b, c € R. Since §(I) = §(0), (a,b,c) is
a 0-triple zero of 0. The converse part is obvious. O

In particular, suppose that I C /0 is a weakly 2-absorbing quasi primary ideal
of R. A a consequence of Theorem 2.21., there exists a J-triple zero of 0 if and only
if I is not a 2-absorbing quasi primary ideal of R. The following example shows
that if 6(I) # 6(0) and there exists a d-triple zero of 0, then I may be a 2-absorbing
d-semiprimary ideal of R.

Example 2.22. Consider R = Za4, 0 : I(R) — I(R) is defined by 6(I) = 6:(1)
for every nonzero proper ideal I of R, and §(0) = d9(0) = 0. Let I = 12R. Then
6(I) = 6R is 2-absorbing by [4, Theorem 3.15], I is a 2-absorbing §-semiprimary
ideal by Theorem 2.5. Since 2 -3 -4 = 0 but neither 2-3 € §(0) nor 2-4 € §(0) nor
3-4 € §(0), we conclude that (2,3,4) is d—triple zero of 0.

Theorem 2.23. § be an intersection preserving expansion function of J(R). If
I, Iy, ..., I, are weakly 2-absorbing quasi-primary (weakly 2-absorbing 61 -semiprimary)
ideals of R that are not 2-absorbing quasi-primary, then I = Ni—,1I; is a weakly 2-
absorbing quasi-primary ideal of R.

Proof. Since each I; is a 2-absorbing quasi-primary ideal of R that is not 2-absorbing
quasi-primary, we have §(I;) = VI; = v/0 by Theorem 2.17. Thus, remain of the
proof is easily concluded similar to the proof of Theorem 2.10. O
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Theorem 2.24. Let 6 be an expansion function of J(R) and §(0) a 2-absorbing §-
semiprimary ideal such that 6(8(0)) = 6(0). Suppose that I is a weakly 2-absorbing
§-semiprimary ideal. Then I is a 2-absorbing 6-semiprimary ideal of R or I? is a
2-absorbing 6-semiprimary ideal of R.

Proof. Suppose that [ is a weakly 2-absorbing d-semiprimary ideal that is not 2-
absorbing d-semiprimary. Hence I3 C 0 C §(0) by Theorem 2.17. Since §(0) is a
2-absorbing ideal of R by Theorem , we conclude that I? C §(0) by [4, Theorem
2.13.]. Since 0 C I? C 6(0) and 6(6(0)) = 6(0), we have §(I?) = 5(0). Since §(1?) is
a 2-absorbing ideal of R, I? is a 2-absorbing d-semiprimary ideal of R by Theorem
2.5. O

Let R and S be commutative rings with 1 # 0, and let d,~ be two expansion
functions of J(R) and I(8), respectively. Then a ring homomorphism f : R — S
is called a §y-homomorphism if §(f~1(I)) = f~1(y(I)) for all ideals I of S. For
example, if v1 is a radical operation on ideals of S and §; is a radical operation
on ideals of R. Then every homomorphism from R to S is a d171-homomorphism.
Additionally, if f is a §y-epimorphism and I is an ideal of R containing ker(f), then

V(F (D) = f(6(1)) [3]

Theorem 2.25. Let f : R — S be a dy-homomorphism, where § and v are
expansion functions of I(R) and I(8), respectively. Then the following statements
hold:

1. If J is a 2-absorbing y-semiprimary ideal of S, then f=1 (J) is a 2-absorbing
d-semiprimary ideal of R.

2. If J is a weakly 2-absorbing ~v-semiprimary ideal of S, and ker(f) is a weakly
2-absorbing §-semiprimary ideal of R, then f~1(J) is a weakly 2-absorbing
d-semiprimary ideal of R.

3. Let f be an epimorphism and I a proper ideal of R with ker(f) C I. Then
I is (weakly) 2-absorbing §-semiprimary ideal of R if and only if f(I) is a
(weakly) 2-absorbing y-semiprimary ideal of S.

Proof. (1) Let abc € f~1(J) for some a,b,c € R. Then f(abc) = f(a)f(b)f(c) € J,
which implies £(a)1(3) = 7(ab) € 7(J) or J(1(e) = J(bc) € () or F(a)(c) =
f(be) € v(J). Thus we have ab € f~(y(J)) or be € f=H(y(J)) or ac € f=H(v(J)).
Since f~(y(J)) = 8(f~1(J)), f~1(J) is a 2-absorbing d-semiprimary ideal of R.
(2) Let 0 # abc € f~1(J) for some a,b,c € R. Then f(abc) = f(a)f(b)f(c) € J.
If f(abe) # 0, it can be easily proved similar to (1) that f~!(J) is a weakly 2-
absorbing é-semiprimary ideal of R. Assume that f(abc) = 0. Hence abe € ker(f).
Since ker(f) is weakly 2-absorbing d-semiprimary, we have ab € d(ker(f)) or be €
S(ker(f)) or ac € §(ker(f)). Since d(ker(f)) = 6(f~1(0)) C6(f~1(J)), we are done.
(3) Let (0 # zyz € f(I)) xzyz € f(I) for some x,y,z € S. Then there are some
elements a, b, ¢ € I such that © = f(a), y = f(b) and z = f(c). Then f(a)f(D)f(c) =
f(abe) € f(I) and since ker(f) C I, we conclude (0 # abec € I) abc € I. Since
I is (weakly) 2-absorbing d-semiprimary, we have either ab € 6(I) or be € (1)
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or ac € §(I). Thus zy € f(6(I)) or yz € f(6(1)) or yz € f(6(I)). Since f(6(1))
=4(f(I)), we are done. O

Remark 2.26. Let § be an expansion function of J(R) and I a proper ideal of R.
Then the function ¢, : R/I — R/I defined by d,(J/I) = 6(J)/I for all ideals I C
J, becomes an expansion function of R/I [3]. Consider the natural homomorphism
m: R — R/J. Then for ideals I of R with ker(n) C I, we have 6,(n(I)) = m(5(1)).

From Theorem 2.25. and Remark 2.26., we have the following result.
Corollary 2.27. Let § be an expansion function of J(R).

1. Let I and J be ideals of R with I C J. Then J is a 2-absorbing §-semiprimary
ideal of R if and only if J/I is a 2-absorbing 04-semiprimary ideal of R/1.

2. If I is a 2-absorbing §-semiprimary ideal of R and R’ is a subring with R’ ¢ I,
then IN R’ is a 2-absorbing §-semiprimary ideal of R'.

Let 6 be an expansion function of ideals of a polynomial ring R[X]| where X is
an indeterminate. Observe that the function as in Remark 2.26., ¢, : R[X]/(X) —
R[X]/(X) defined by 6,(J/(X)) = d(J)/(X) for all ideals J of R[X] with (X) C J,
is an expansion function of ideals of R as R[X]/(X) = R. According to these
expansions, we have the following equivalent situations:

Theorem 2.28. Let § be an expansion function of J(R) and I a proper ideal of R.
Then the following are equivalent:

1. I is a 2-absorbing d,-semiprimary ideal of R.
2. (I, X) is a 2-absorbing §-semiprimary ideal of R[X].

Proof. From Corollary 2.27., we conclude that (I, X) is a 2-absorbing §-semiprimary
ideal of R[X] if and only if (I, X)/(X) is a 2-absorbing d,-semiprimary ideal of
R[X]/(X). Since (I, X)/(X) =TI and R[X]/(X) = R, the result is obtained. = O

Let S be a multiplicatively closed subset of a ring R and let é be an expansion
function of J(R). Note that g is an expansion function of J(Rg) such that ds(Is) =
(6(I))s. In the next theorem, we investigate 2-absorbing ds—semiprimary ideals of
the localization Rg.

Theorem 2.29. Let § be an expansion function of J(R) and S a multiplicatively
closed subset of R. If I is a (weakly) 2-absorbing &-semiprimary ideal of R with
INS =0, then Is is a (weakly) 2-absorbing és-semiprimary ideal of Rg.

Proof. Let (0 # i%% € Ig) i%% € Ig for some z,y,z € R; s1,82,83 € S.
Then we have (0 # szyz € I) szyz € I for some s € S. Then szy € §(I) or
yz € 6(I) or szz € §(I). Hence 3t € 0(I)s or J=- € §(I)s or 37= € 6(I)s.
Since (6(I))s = ds(Is), Is is a (weakly) 2-absorbing dg-semiprimary ideal of Rg.
O

Let R= Ry X -+ X R, (n > 2) where Ry, Ra, ..., R,, are commutative rings with
nonzero identity, let J; be an expansion function of J(R;) for each i € {1,2,...,n}.
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For a proper ideal I; X - -+ x I,,, the function ¢y defined by 0« (I1 X Iz X ... x I,) =
d1(I1) x 02(I2) X ... X 0,(I5,) is an expansion function of J(R). In the next four
theorems, we characterize 2-absorbing §-semiprimary ideals and weakly 2-absorbing
d-semiprimary ideals of Ry X - -+ X R,,.

Theorem 2.30. Let Ry and Ry be commutative rings with 1 # 0 and R = Ry X Ro,
and let 01, 62 be expansion functions of I(R,) and I(R,), respectively. Suppose that
0« (I) is a proper ideal of R for any proper ideal of R. Then the following statements
are equivalent:

1. I =1 x Is is a 2-absorbing 0« -semiprimary ideal of R.

2. Either Iy is a 2-absorbing 61-semiprimary ideal of R1 and d2(I2) = Ra or Iy
is a 2-absorbing do-semiprimary ideal of Re and §1(I1) = Ry or I, Iz are
01,2-semiprimary ideals of Ry, Ra, respectively.

Proof. (1) = (2) : Suppose that I = I; x I3 is a 2-absorbing d«-semiprimary ideal
of R. Since T is proper, 6x(I) = 01(I1) x d2(I2) is a proper ideal of R from the
hypothesis. Hence we have three cases:
Case 1: Let 61([1) # Ry and d2(Iz) = Ro. We show that I; is a 2-absorbing
d1-semiprimary ideal of R;. Suppose that abc € I; and ab ¢ 61(I1).Then
(@,0)(b,0)(c,0) € I and (a,0)(b,0) ¢ dx(I) implies that (b,0)(c,0) € dx(I) or
(@,0)(c,0) € 6« (I). Thus be € 61(I1) or ac € 61(I1), we are done.
Case 2: Let 02(I2) # Ro and 01(I1) = Ry. One can easily obtain similar to Case 1
that I is a 2-absorbing da-semiprimary ideal of Ra.
Case 3: Let 61([1) # Ry and d2(I3) # Re. Suppose that ab € I1 and a ¢ 61(11)
for some a,b € R;. Observe that (a,1)(b,1)(1,0) € I, (a,1)(b,1) ¢ 0x(I), and
(a,1)(1,0) ¢ 0x (I). Since [ is 2-absorbing d«-semiprimary, we conclude (b, 1)(1,0) €
dx(I). Thus b € 61(I1); and so I is d;-semiprimary ideal of Ry. It can be shown
by a symmetric way that Is is a 2-absorbing do-semiprimary ideal of Rs.

(2) = (1) : If I is a 2-absorbing ¢;-semiprimary ideal of Ry and d2(I2) = Ra
or I is a 2-absorbing do-semiprimary ideal of Ry and 61(l1) = Ry, then clearly T
is a 2-absorbing dy-semiprimary ideal of R. Now, suppose that I; and I are 4 o-
semiprimary ideals of Ry, Ra, respectively. Suppose that (a1, a2)(b1,b2)(c1,c2) €
I =1 x Iy, (a1,a2)(b1,b2) ¢ 6x(I) and (a1, az2)(c1,c2) ¢ dx(I). Here we have four
cases.
Case 1: Let a1b; ¢ 51(]1) and aicy ¢ 51(11).Since arbicy € Il, it contradicts with
the assumption that I is a d;-semiprimary ideal.
Case 2: Let agbs € 02(12) and agzcg ¢ d2(12). Since agbaca € Io, it contradicts with
the assumption that I is a do-semiprimary ideal.
Case 3: Let a1by ¢ 61([1) and asco ¢ 02(I2). Since ajbic; € I; and I is 61-
semiprimary, we have ¢; € §1(I1). Since agsbace € I and I is do-semiprimary, we
have by € 02(I3). Thus (b1,ba)(c1,c2) € dx(I). Case 4: Let ajcy ¢ 61(I1) and
asgby ¢ 62(I2). Since a1bicy € I and I is §;-semiprimary, we have by € 61 (I1).Since
agbacs € I and Iy is d3-semiprimary, we have ¢y € d2(I2). Thus (b1,b2)(c1,c2) €
0 (I). Therefore, I is a 2-absorbing §x-semiprimary ideal of R. i
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Theorem 2.31. Let Ry, Ro, ..., R, be commutative rings with nonzero identity and
R =Ry x---x R, where n > 2. Let §; be an expansion function of J(R;) for each
1=1,...,n. Then the following statements are equivalent:

1. I is a 2-absorbing dx -semiprimary ideal of R.

2. I =1 x---x1I, and either for some k € {1,...,n} such that I, is a 2-absorbing
dx -semiprimary ideal of Ry and 6;(I;) = R; for all j € {1,..,n}\{k} or
I and I are 6y -semiprimary ideals of Ry and Ry, respectively for some

k.t €{1,2,..,n} and §;(I;) = R, for all j € {1,...,n}\{k,t}

Proof. It can be obtained from Theorem 2.30. by using mathematical induction on
n. O

Theorem 2.32. Let Ry and Ry be commutative rings with identity, R = R1 X Ra,
and let 01, 62 be expansion functions of J(R,) and I(R,), respectively. Then the
following statements are equivalent:

1. I =1 x Ry is a weakly 2-absorbing « -semiprimary ideal of R.
2. I =1 X Ry is a 2-absorbing 0« -semiprimary ideal of R.
3. I is a 2-absorbing d1-semiprimary ideal of Ry

Proof.

(1)=(2): Suppose that I = I; x Ry is a weakly 2-absorbing 0 -semiprimary
ideal of R. Since I® # 0, I = I x Ry is a 2-absorbing §x-semiprimary ideal of R by
Theorem 2.17.

(2)=(3)=(1) is clear from Theorem 2.30. m|

Definition 2.33. Let R be a ring and § an expansion function of J(R). We say §
has (J) property if the following condition is satisfied for all ideals J of R:

(%) 6(J) = R if and only if J = R.

Theorem 2.34. Let Ry, Ro,..., R, be commutative rings with identity and R =
Ry x---x R, where n > 3. Let §; be an expansion function of J(R,) which has (%)
property for each i = 1,...,n. For a nonzero ideal I of R, the following statements
are equivalent:

1. I is a weakly 2-absorbing 6« -semiprimary ideal of R.
2. I is a 2-absorbing d«-semiprimary ideal of R.

3. 1 =1 x---x I, and either for some k € {1,...,n} such that I} is a 2-
absorbing 0x -semiprimary ideal of Ry and I; = R; for all j € {1,...,n}\{k}
or I, and Iy are 6 +-semiprimary ideals of Ry and Ry, respectively for some
k.t €{1,2,..,n} and I; = R, for all j € {1,...,n}\{k,t}
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Proof.

(1)<(2): Suppose that I = I; x - -- X I, is a weakly 2-absorbing d «-semiprimary
ideal of R. Since I is nonzero, there exists an element 0 # (z1, z2, ..., z,) € I. Hence
0 # (x1,1,....,1)(1,22,...,1)---(1,1,...,2,) € I implies that 1 € §(I;) for some
ke {1,...,n}. Thus Iy = Ry for some k € {1,...,n}; so I® can not be 0. Therefore,
I is a 2-absorbing 0-semiprimary ideal of R by Theorem 2.17. The converse is
obvious.

(2)<(3): From Theorem 2.31., the claim is clear. O

Let R be a commutative ring and M an R-module. The idealization R(4+)M =
{(r,m) : 7 € R,m € M} is a commutative ring with addition and multiplication,
respectively: (r,m)(s,m’') = (r +s,m+m') and (r,m)(s,m’') = (rs,rm’ 4+ sm) for
each r,s € R; m,m’ € M. Additionally, I(4+)N is an ideal of R(+)M where I is
an ideal of R and N is a submodule of M if and only if IM C N ([2] and [9]). In
this circumstances, I(+)N is called a homogeneous ideal of R(+)M. Let § be an
expansion function of R. Clear that ¢4y is defined as §(y(I(+)N) = 6(1)(+)M for
all ideal I(+)N of R(+)M is an expansion function of R(+)M.

Theorem 2.35. Let § be an expansion function of R and I(+)N be a homogeneous
ideal of R(+)M. Then, I is a 2-absorbing §-semiprimary ideal of R if and only if
I(+)N is a 2-absorbing d(yy-semiprimary ideal of R(+)M.

Proof. Let (ri,mq)(ro,ma)(rs,ms) = (rirars,rarsmy + rirsma + rirams) €
I(+)N. Then rirors € I. Since I is 2-absorbing d-semiprimary, we have
rirg € O(I) or rory € 6(I) or rirz € (1) Since 6y (I(+)N) = 6(I)(+)M, we
conclude that (ry,mi)(r2,ma2) € d4)(I(4+)N) or (ro,mz)(r3,m3) € dy(I(+)N)
or (ri,mi)(rs,ms) € d(4+)(I(+)N). Conversely, suppose that ri7er3 € I for some
r1,72,73 € R. Then (r1,0), (r2,0)(r3,0) = (r1r2r3,0) € I(+)N. The remain of the
proof is clear. O

3. Strongly (weakly) 2-absorbing J-semiprimary ideal

First, we state the following theorem which gives a characterization for 2-absorbing
d-semiprimary ideals in terms of ideals of R.

Theorem 3.1. Let 6 be an expansion function of J(R) and I a proper ideal of R.
Then the following are equivalent:

1. I is a 2-absorbing §-semiprimary ideal of R.
2. For every elements a,b € R with ab ¢ 6(I), (I :ab) C (6():a)U(6(I):b).

3. For every elements a,b € R with ab ¢ 6(I), (I :ab) C (§():a) or (I :ab) C
(6(I) : b).

4. For every elements a,b € R with abJ C I and ab ¢ §(I) implies either
aJ Co(I) orbJ C4(I).

5. For any ideals J,K and L of R with JKL C I implies JK C §(I) or JL C
0(I) or KL C6(I).
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Proof. (1)=-(2): Let ¢ € (I : ab). Since abc € I, ab ¢ 6(I) and I is 2-absorbing
d-semiprimary, we have ac € §(I) or be € 6(I). Hence ¢ € (6(I) : a) U (6(1) : b).

(2)=(3): It is straightforward.

(3)=(4): Suppose that (3) holds and abJ C I and ab ¢ §(I). Hence, we have
JC (I :ab) C () :a)or JC (I:ab) C(6(I):b) by our assumption. Thus,
aJ Co(I) or bJ C o(I).

(4)=(5): Suppose that JKL C I and KL ¢ 6(I). Then ab ¢ §(I) for some
a € K and b € L. Hence aJ C 6(I) or bJ C §(I). Assume that aJ C 6(1)
and bJ ¢ 6(I). We show that JK C §(I). If kJ ¢ 6(I) for some k € K, then
(a+k)bJ C 1. Since bJ € §(I), we have (a+k)J C §(I); and so, we get kJ C 6(),
a contradiction. Assume that aJ ¢ 6(I) and bJ C §(I). Similar to the previous
argument, we conclude that JL C §(I). Now, suppose that aJ C §(I) and bJ C &6(I).
Assume that neither JK C §(I) nor JL C §(I). Then there exist k € K and | € L
such that kJ ¢ 6(I) and IJ ¢ 6(I). Since klJ C I, we conclude kl € §(I). Since
(a+k)J CI,1J¢61I)and (a+k)J =aJ+kJ L (), we have (a+ k)l € 6().
Since kl € §(I), we have al € §(I). Since (b+1)kJ C I, kJ € 6(I) and (b+1)J =
bJ +1J € §(I), we have (b+ 1)k € 6(I). Since kl € 6(I), we have bk € §(I). Since
(a+k)(b+1)J C I, (a+k)J € 6(I) and (b+1)J € 6(I), we have (a+k)(b+1) € 6(1).
Since al, bk, kl € 6(I), we conclude ab € §(I), a contradiction. Thus K C §(I) or
JL C 8(D).

(5)=(1): Suppose that abc € I for some a,b,c € R. Put J = (a), K = (b) and
L = (¢) in (5). Hence, the result is clear. O

Now, we define strongly (weakly) 2-absorbing d-semiprimary ideals as follows:

Definition 3.2. Let 6 be an expansion function of J(R). We call a proper ideal I of
R a strongly (weakly) 2-absorbing d-semiprimary ideal if whenever J, K,L € J(R)
with (0 #£ JKL C I) JKL C I implies JK C §(I) or JL C §(I) or KL C §(I).

As a result of Theorem 3.1., I is a 2-absorbing J-semiprimary ideal of R if and
only if I is a strongly 2-absorbing d-semiprimary ideal of R. Motivated from this
result, we search the answer for the following question:

Question 3.3. If [ is a weakly 2-absorbing d-semiprimary ideal of R, then does I
need to be a strongly weakly 2-absorbing §-semiprimary ideal of R ?

Theorem 3.4. Let I be a weakly 2-absorbing 6-semiprimary ideal of R and suppose
that 0 # JKL C I for some ideals J, K and L of R. If I is a free d-triple-zero with
respect to JKL, then JK C 6(I) or KL C 6(I) or JL C 6(I).

To prove the theorem above, we need the following definition and lemmas.

Definition 3.5. Let I be a weakly 2-absorbing J-semiprimary ideal of R and
suppose that JKL C I for some ideals J, K and L of R. We call I a free J-triple-
zero with respect to JK L if (a, b, ¢) is not a d-triple-zero of I for every a € J, b € K
and ¢ € L. (Equivalently, if a € J, b € K, ¢ € L, then ab € §(I) or be € §(I) or
ac € 6(I).)
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Lemma 3.6. Let I be a weakly 2-absorbing §-semiprimary ideal of R and let
abL C T for some a,b € R and an ideal L of R. If (a,b,l) is not a §-triple-zero of
I for alll € L and ab ¢ 6(I), then aL C §(I) or bL C o(I).

Proof. Assume on the contrary that abL C I but neither ab € 6(I) nor aL C 6(I)
nor bL C §(I). Hence there exist l1,l2 € L such that aly ¢ §(I) and bly ¢ §(1).
Since abl; € I but neither ab € §(I) nor aly € §(I), we have bl; € §(I) by our
hypothesis that (a,b,l1) is not a d-triple-zero of I. Similarly, since ably € I but
neither ab € §(I) nor ble € 6(I), we conclude that als € §(I). Now ab(ly +12) € I
and since ab ¢ 6(I), we have either a(l; +12) € 6(I) or b(ly +l2) € 6(I). Thus, we
conclude aly € §(I) or bly € §(I), a contradiction. Thus, aL C §(I) or bL C 6(I). O
Lemma 3.7. Let I be a weakly 2-absorbing §-semiprimary ideal of R and let
aKL C I for some a € R and for an ideal J of R. If (a,k,l) is not a §-triple-zero
of I forallk e K, 1€ L, then aK C §(I) or aL Co(I) or KL C6(I).

Proof. Assume that neither a K C §(I) nor aL C §(I) nor KL C §(I). Thus there

exist k,k1 € K such that ak ¢ §(I) and k1L ¢ §(I). Since akL C I, ak ¢ §(I)

and aL ¢ 6(I), we have kL C §(I) by Lemma 3.6. Since akiL C I, aL ¢ 6(I

and k1L ¢ 6(I), we have by ak; € §(I) Lemma 3.6. Now, since a(k + k1)L C
)

)

~—

)
and aL ¢ 6(I), from Lemma 3.6. we conclude that either a(k + k1) € 6(I) or
(k+ k1)L C I. Hence ak € 6(I) or k1L C I, a contradiction. Thus, aK C §(I) or
aL C4o(I)or KL C§(1). 0

Proof of Theorem 3.4. Assume on the contrary that neither JK C §(I) nor
KL C §(I) nor JL C 6(I). Hence there exists a,a; € J such that « K ¢ 6(I) and
arL ¢ 6(I). Since aKL C I, KL ¢ §(I) and oK ¢ 6(I), we have aL C 6(I) by
Lemma 3.7. Since ayKL C I, KL ¢ §(I) and a1L € §(I), we have a1 K C §(I)
by Lemma 3.7. Now (a + a1)KL C I and since KL ¢ §(I), we conclude either
(a+a1)K Co(I)or (a+ay)L C (). Hence, we have aK C §(I) or a1 L C §(I), a
contradiction. Therefore, JK C §(I) or KL C 6(I) or JL C §(I). O

More general than 2-absorbing d-semiprimary ideal of a commutative ring, the

concept of m-absorbing J-semiprimary ideal where n is a positive integer can be
defined. We shall give just the definition of this concept which may be inspired the
other work:
Definition 3.8. Let R be a commutative ring with nonzero identity, ¢ : J(R) —
J(R) an expansion of ideals of R and n a positive integer. We call a proper ideal T
of R a (weakly) n-absorbing d-semiprimary ideal if whenever (0 # x1 - -z, 41 € I)
21 Xpy1 € I for some x1,...,x,41 € R, then there exists 1 < k < n such that
X1 Tp—12k41 - Tnt1 € 6(I). In particular, for n = 1,2, it is é-semiprimary and
2-absorbing §-semiprimary ideal, respectively.
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