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ZERO DISTRIBUTION OF SOME DELAY-DIFFERENTIAL
POLYNOMIALS

ILPO LAINE AND ZINELAABIDINE LATREUCH

ABSTRACT. Let f be a meromorphic function of finite order p with few
poles in the sense Sy (7, f) := O(r**+e) + S(r, ), where A < p and ¢ €
(0,p — A), and let g(f) := 25:1 bj(z)f(kf)(z + ¢;) be a linear delay-
differential polynomial of f with small meromorphic coefficients b; in the
sense Sy (7, f). The zero distribution of f™(g(f))® — bo is considered in
this paper, where bg is a small function in the sense Sy (r, f).

1. Introduction

In this paper, we use key notions of the Nevanlinna theory and related
results, as to those, we refer the reader to [6,7,9]. A meromorphic function «
is said to be a A-small function of a meromorphic function f of finite order p,
if there exists A < p, such that for any € € (0,p — \),

(1) T(r,a) = O(r") + 8(r, f),

outside a possible exceptional set F' of finite logarithmic measure. Here, S(r, f)
is any quantity that satisfies S(r, f) = o(T'(r, f)) as r — oo outside a set F. For
the sake of simplicity, the right hand side in (1) will be denoted by Sy(r, f). In
addition, we say that f has few poles in the sense of (1), if N(r, f) = Sx(r, f).

The first author studied in [8] the zero distribution of f™(h(f))® — by, where
n,s are positive integers, by is a A-small function of f, and h(f) is a shift
polynomial given by

k

h(F)(z) =3 bi(2)f(z + ),

where b; are A-small functions of f and ¢; are complex numbers. A similar
problem had been considered in [13] for fg(f) — bg, where by is a non-zero
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polynomial, and g(f) is a delay-differential polynomial given by
k
(2 9(F) =D b)) (2 +cp),
j=1

where b; are small functions of f in the sense T'(r,b;) = S(r, f), ¢; are complex
numbers and k; are non-negative integers.

Our purpose is to improve and extend the results in [8,13] for meromor-
phic function f with N(r, f) = Sx(r, f) by considering the zero distribution of
F™(g(f))—bo, where by is a A-small function of f, and g(f) is a delay-differential
polynomial given in (2) with coefficients b; being A-small functions of f. In
particular, we generalize some other results in [1,4,10,11] and [3, Chapter 4].

The rest of the paper is organized as follows. Section 2 contains the results
concerning the zero distribution of f™(g(f))* — bo in case by # 0, while the
results related to the case by = 0 are given in Section 3. The lemmas needed
for proving the main results are presented in Section 4, and proofs for the main
results are given in Sections 5 and 6.

2. The case by # 0

Our starting point is the following two examples that show the incomplete-
ness of [8, Theorem 4.4] and [13, Theorem 1.1]. The first example shows that
some exceptional cases may occur in [8, Theorem 4.4].

Example 2.1. Let g1(f) = 1 and g2(f) = f(z+mi), with f(z) = e*+ 1. Then
for(f)—1=¢€* and fgof) —1= 2%

have no zeros.

Regarding [13, Theorem 1.1], we find that an exceptional case may occur as
shown by the following example.

Example 2.2. Let f(z) = ¢*/? + ¢=%/? and let the delay-differential polyno-
mials

91(f) = 3 f 4 dmi) 4 (), galf) 1= 5 (o + dmi) — f(2).

Then,
for(f)—1=¢€ and fgof)—1=¢"*

have no zeros.

Due to the above examples, we tried to complete [8, Theorem 4.4] and [13,
Theorem 1.1]. In fact, we proved the following theorem which extends and
completes these results.

Theorem 2.3. Let f be a transcendental meromorphic function of finite order
p with N(r, f) = Sx(r, f), bo be a non-vanishing A-small function of f and
91(f), g2(f) be non-vanishing linear delay-differential polynomials as in (2)
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with A-small coefficients of f such that g1(f) Z g2(f). Then for the two func-
tions Fy := fg1(f)—bo and F5 := fga(f)—bo, we have max {\(F1), A\(F2)} = p,
except when one of the of the following cases holds:
() 91(f) = La(2)f + M(2)f and gal(f) = La(2)f — M(2)f', where Ly, Ly
and M are non vanishing \-small functions of f, and L1 4+ Lo Z 0.
(ii) Only one of g;(f), i = 1,2, is a A-small function of f.

If g1 and g2 are shift polynomials, then [13, Theorem 1.1] is correct. More-
over, if both of g; and go are not small functions of f, then [8, Theorem 4.4] is
correct.

The condition g¢1(f) # ¢2(f) cannot be dropped out of Theorem 2.3. For
example, if f(z) = e + z and gp(f)(2) = 2fFTD (2 4 7i) + f(2) for k = 1,2,
then f(2)gr(f)(2) — 22 = —e?* has no zeros.

Three recent papers should be mentioned here related to Theorem 2.3: The
paper [12] is considering zeros of expressions of type ff*) —b. The paper [10]
is involving the shifts f(z+¢1) and f(z+c2) instead of g1 (f) and g2(f). In the
paper [2], iterated differences replace g1 (f) and g2(f). Moreover, by is taken to
be a non-zero polynomial in [2] and [10].

The next result extends [8, Theorem 2.1]. The proof is a simple modification
of the corresponding proof of [8, Theorem 2.1].

Theorem 2.4. Let f be a transcendental meromorphic function of finite order
p with N(r, f) = S\(r, ), bo be a non-vanishing A-small function of f, g(f) be
a non-vanishing delay-differential polynomial as in (2) with A-small coefficients
of fyn>2ands>1. Then F := f"g(f)* — by has sufficiently many zeros to
satisfy \M(F) = p.

The condition N (r, f) = Sx(r, f) is necessary in Theorem 2.4. For example,
the function f(z) = tanz is of order 1 and N(r,f) = O(r). If g(f)(z) =
f(z+m/2) = —cot z, then F(z) := f2(2)g(f)?(z) — 2 = —1 has no zeros.

During preparing this paper, Z. Huang offered us the following example,
which shows that [8, Theorem 3.1] does not hold always.

Example 2.5. Take f(z) = e* + z and define
9(f)(z) :=2f(2) — f(z +10g2) = z — log 2.
Then, for every integer s > 1, the delay polynomial
F(2) i= F(2)9(F)*(2) — 2(= — log 2)* = (= — log 2)"¢*
has finitely many zeros only.
We give the following extension and a complete version of [8, Theorem 3.1].

Theorem 2.6. Let f be a transcendental meromorphic function of finite order
p with N(r, f) = Sx(r, f), bo be a non-vanishing A-small function of f and
g(f) be a non-vanishing delay-differential polynomial as in (2) with \-small
coefficients of f. If s > 2, then F := fg(f)® — by satisfies

max{A(F), A(f)} = p.
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In particular, if p ¢ N, then \(F) = A(f) = p.

Example 2.5 illustrates Theorem 2.6 in the case when A(F) < p and \(f) =
p€N.

If p(f) ¢ N, we see that [8, Theorem 3.1] is correct. This leads to ask,
in case p(f) € N, what are the conditions on g(f) that ensure A(F) = p in
Theorem 2.67 To give a partial answer, we consider a particular form of the
delay-differential polynomial g(f), which is given by

(3) 3 =33 big()f V(= + ),

i=0 j=0
where b; ; are A-small functions of f, and b;,, = 1 for every 0 < ¢ < n. We prove
the following result, which may be seen as another variant of [8, Theorem 3.1],
besides Theorem 2.6.

Theorem 2.7. Let f be a transcendental meromorphic function of finite order
p with N(r, f) = Sx(r, f), bo be a non-vanishing A-small function of f and g(f)
is given in (3) satisfying

(4) T(r,g(f)) # Sx(r. f),
and
(5) T'(r,w) = Sx(r, f)

for every meromorphic solution w of g(w) = 0. If s > 2, then F := f(g(f))*—bo
satisfies A(F') = p.

Example 2.5 above shows that Theorem 2.7 could fail without the condi-
tion (4). Meanwhile, the next example shows that Theorem 2.7 could also fail
without the condition (5).

Example 2.8 ([1]). Suppose that f(z) = e* — 2e~*/2 and let

G(f)(2) := f(z + 4mi) — f(2) = e /2.

Clearly T'(r,g(f)) # Sx(r, f) and the function w = €* is a solution of g(w) =0
without satisfying the condition (5). Finally, we can see that

F) = F@UE) 1= (o= Je? ) es o1 = 2o

has no zeros.

3. The case bg = 0

In this section, we generalize some results from [3, Chapter 4] and [11]. In
[3], the difference operator A f has been used instead of g(f), while in [11], g(f)
was considered to be a shift polynomial with constant coefficients.
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Theorem 3.1. Let f be a transcendental meromorphic function of finite order
p such that N(r,f) = Sx(r,f). Let g(f) be a non-vanishing linear delay-
differential polynomial as in (2) with at least two terms and \-small coefficients

of f. Suppose n > 1 and define F := f"g(f). Then

(1) If X(f) = p, then A\(F) = p as well.
(2) If M(f) < p, then A\(F') < p. Furthermore
1) FNfH)<p—1,A<p—1and p#1, then \(F) =p—1.
(i) If p—=1 < A(f) =X < p and X < \*, then \(F) = \*.
(iii) If AN(f) =A=0and p =1, then \(F') = 0.

Remark 3.2. The case (1) in Theorem 3.1 holds for F := f"g(f)%, s > 1.
The following example illustrates the case (2) in Theorem 3.1.

Example 3.3. (1) The function e is of order 2 and has no zeros. Define

9(N)(2) = f(2) + fz+1) = & (2 4 1),

Then, for any integer n, A(F) = 1 = p(f) — 1. This illustrates the case (2)-(i)
in Theorem 3.1.

(2) The function f(z) = e®cosh+/z is an entire function of order 1 and
A(f) =1/2. Let

1 3
o0 = 1"+ (5 -2) 1+ (22 L) s = e cosh 2
Then, for every integer n, A\(F') = A(f) = 1/2. This illustrates the case (2)-(ii)
in Theorem 3.1.

The condition A < p — 1 for Sx(r, f) is necessary for the case (2)-(i) in

Theorem 3.1. For example, the function f(z) = (e* +1)e* is of order p(f) = 2
and A\(f) = 1. Let

1 22647r2 —4miz z

f'(z) =

(& 2
2mi) = =
f(z 4+ 2mi) P

9(f)(2) :=

Clearly, the coefficients of g(f) are of growth at most S(r, f), where A =1 =
p(f) = 1. Then F(2) := f(2)g(f)(z) = €2*"+= such that A(F) = 0 # p(f) — 1.

er+1 e+ 1

Theorem 3.4. Let f be a transcendental meromorphic function of finite order
p with a finite Borel exceptional value d and N(r, f) = Sx(r, f). Let g(f) be
a non-constant delay-differential polynomial as in (2) with A-small coefficients
of f. Defining F := fg(f), the following statements hold:

(i) Ifd # 0 and
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then F(z) has at most one finite Borel exceptional value d* # 0, which

satisfies
k

A F(z) _d (-
(d—f(Z))2 42 j_%;_ob]( )

(ii) If d # 0 and

j=1,k;=0
then F(z) has no finite Borel exceptional values.
(iii) If d =0, then 0 is a Borel exceptional value of F(z) as well.

The case (i) of Theorem 3.4 may occur. For example, the function f(z) =

e* + 1 has a Borel exceptional value 1. If g(f) = f(z + i), then F(z) = 1 —e**

has 1 as a Borel exceptional value as well, and % =1

Remark 3.5. The case (iii) of Theorem 3.4 is in fact a special case of the case
(2) of Theorem 3.1.

The following consequence of Theorem 3.4 generalizes [4, Theorem 1.2].

Corollary 3.6. Under the hypotheses of Theorem 3.4, F(z) has no Borel ex-
ceptional value b such that
k

b—d> Y bi(z) £0.

j=1,k;=0
The following example illustrates Corollary 3.6.
Example 3.7. (1) The function f(z) = e* 4+ 1 has the Borel exceptional value

1. If
9(N)(z) =
then F(z) := f(2)g(f)(2)
AMF—=b) =1
(2) The function f
9(£)(z) = 2f(z + i) + 2f'(2) + f(2) = €
then F(2) := f(2)g(f)(z) = €®*, and for every b # 0(2 + 1) = 0, we have
AMF-=b)=1

Before we state the final result, we recall the definition of the multi-order
exponent of convergence of zeros of f by

log™ N (7“, %)
Ae(f) = limsup —————=

r—00 10g T

JGe ) =20 470 = -1
=e?* — 1, and for every b # 1(1 —2) = —1, we have

(z) = €* has 0 as Borel exceptional value. If

b

where N, (r ) denotes the counting function of zeros of f whose multiplici-

ties are not less than 2.
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Theorem 3.8. Let f be a transcendental meromorphic function of finite order
p such that Ao(f) = p and that N(r,f) = Sx(r, f), g(f) be a non-constant
linear delay-differential polynomial as in (2) with A\-small coefficients of f. If
n > 1, then F := f"g(f) takes every value a € C infinitely often and such that
AMF —a)=p.

4. Auxiliary results

In this section, we collect the results that are needed for proving the main
results.

Using the same reasoning as in the proof of [7, Lemma 2.4.2], we easily get
the following lemma.

Lemma 4.1. Let f be a transcendental meromorphic solution of finite order p
of a differential-difference equation

["P(z,f) = Q(z, [),

where P(z, f) and Q(z, f) are delay-differential polynomials in f with A-small
coefficients of f. If the total degree of Q(z, f) is < n, then for each e >0

m(r, P(z, f)) = O(r"~1%%) + Sx(r, f).

Lemmas 4.2 and 4.3 below are, respectively, slight modifications of [5, The-
orem 3| and [8, Lemma 2.5].

Lemma 4.2. Let f be a transcendental meromorphic function of finite order
p, and let g be a A-small function of f. Then for all z such that |z| ¢ EU[0, 1],
where E is of finite logarithmic measure, and for all k > j,

9™ (2)
g (z)
Lemma 4.3. Let f be a transcendental meromorphic function of finite order p

with N(r, f) = S\(r, f), and let g(f) be a non-vanishing linear delay-differential
polynomial with A-small coefficients of f. If n > 1 and s > 1, then we have

p(f"g(f)*) = p.

The following lemma is the complete version of [8, Proposition 4.1].

< |Z|(k—j)()\—1+e).

Lemma 4.4. Let f be a transcendental meromorphic function of finite order
p with N(r, f) = Sx(r, f), by be a non-vanishing A-small function of f and
91(f), g2(f) be non-vanishing linear delay-differential polynomials as in (2)
with A-small coefficients of f such that g1(f) Z g2(f). Suppose that

(6) fg](f):b0+/8j6h]7 .]:1527
where (1, B2 are A-small functions of f, and hy, he are polynomials. Then,

deg hy = degho = p.
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Furthermore, if deg(hy1 + he) < p, then the delay-differential polynomials g1(f)
and go(f) reduce to

91(f) =Li(2)f + M(2)f" and ga(f) = La(2)f — M(2)f’,
where Ly, Ly, M are non-vanishing A\-small functions of f, and L1 + Ly # 0.
Proof. As to the claims deg hy = deg he = p, the proof in [8] may be repeated,
verbatim.

Now, suppose that deg(hy + he) < p. Differentiating (6) and eliminating
exponentials, we obtain

L/ gj(f)/ ﬂ; / A 1
) Fram B TNy

by B
A; =by (0—J—h'.>.
! bo B Y
Moreover, A; and As are not vanishing identically by the reasoning used in the

proof of [8, Theorem 2.1]. From (7), we obtain

1 .
m (r’fgj(f)) =S\(r,f), j=12

1 .
ne (7“’ fgj(f)> =S\(r, f), i=12,

where N(5(r,-) stands for the non-simple zeros. Therefore

1
T(r, fg; =Ny |r,——
rf550) = (7
where Ny(r,.) counts the simple zeros only.
Clearly, we also have N(y(r,1/f) = Sx(r, f), hence
N(Tal/f) = Nl)(rv]-/f) + S)\(T7f)'

Making use of the identity f—lz = gjj(cf) fg'_l(f), we obtain m(r,1/f) = Sx(r, f).

Assuming, as we may, that p — 1 < A < p, we obtain

T(r7f) = Nl)(r71/f) + S)\(Tmf)'
Writing now (7) in the form

where

and

)—'—S)\(T,f), j:1527

/

®  Fol)+ a0 - (ﬁ n h;-) Fo(f) = Ay, =12,

we observe that f(20)g;(f)(20) — A;(20) = 0 as soon zj is a simple zero of f,
outside of all possible zeros and poles of A;, ;. Since (8) holds for both of
7 =1,2, it is easy to see that all possible poles of
Aiga(f) — A2g1(f)

f

9) H=
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are multiple except perhaps at the shift values f(zo + ¢;) and the poles of A,
hence N(r,H) = Sx(r, f). Moreover, m(r,H) = S\(r, f), hence, T'(r,H) =
S)x (Ta f)

Since deg(hy + ha) < p—1 < A, we have T'(r,eM1Th2) = O(r**£). Moreover,
for o := By Bae T2 we have T'(r, @) = S\(r, f).

Consider now a simple zero, say zg, of f. At the same time, we may assume
that bg, 81, B2, ¢ as well as all coefficients of g1(f), g2(f) are non-zero and
finite at zp. Write now (6) in the form

fgi1(f) =bo+ Bie™,  fga(f) =bo+ %6_h1~

Thus, we obtain
e — _@ ___®
b1 bo 31

and so b = ¢ at zp. If b3 — ¢ is not vanishing identically, we conclude that

Ny 1/6) < N (1 e ) 4 83(0) = $100.)

0
Hence, T'(r, f) = Sx(r, f), resulting in a contradiction. It remains to consider
the case that b3 = . We have

by = B1B2e™ 2 = (fg1(f) — bo)(fg2(f) — bo),

resulting in

(10) F91(f)g2(f) = bo(g1(f) + g2(f))-

But now, from

n(aatf) = 222U,

we see that m(r,g1(f)g2(f)) = Sx(r, f), hence, T'(r,g1(f)g2(f)) = Sa(r, f), as
well. Denote now ¢ := ¢1(f)g2(f). Making use of (10), we get

bo + Bre = fai(f) = %m(f)(gl(f) 4 ga(f)) = %gl<f>2 + bo.

Thus we obtain

(11) a(f)?= Mehl.
bo
Similarly,
(12 ga(f)? = 20 ore,
bo
and, further
(gl(f) ) 2 _ &ehl_}”
92(f) Ba '

Recalling the identity (9), we now proceed to considering
(13) Arga(f) — A2gi(f) = H.
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If H vanishes identically, we see that

2 2
(Al> _ (gl(f)) _ @ehﬁm
As 92(f) B2
hence T'(r,eM="2) = S\(r, f). Therefore, deg(h1 — ha) < p — 1. Combining
with deg(hi + ha) < p — 1, we obtain deg hy < p, contradicting deghy = p.
Now, we need to consider (13), assuming that H does not vanish identically.

Squaring (13), and making use of (11) and (12), we get
. A7 Batp che 4 A2 A3 Biyp o 2A1A21/J-

H? by H? by  H?
Multiplying by g¢1(f)?, making use of (11) and (12) again, and recalling that
F291(f)? = (bo + B1e)?, an elementary computation results in

(- () ) (o i)

(14) <62 - 2—22 ) =0.

Then, we have T'(r, e") = Sy(r, ), resulting in a contradiction deg h; < p, pro-
vided not all coefficients in (14) are vanishing identically. Suppose finally that
all coefficients in (14) vanish. Then we immediately observe that A; + Ay = 0
and the equation (13) becomes

(15) 91(f) = r(2)f = g2(f),
where k = Ail' Differentiating (15), we get
(16) (1(f)) =K' (2)f + () f" = (92(f))".

Substituting (15) and (16) into (8) for j = 1, we obtain
(/«J —K <gl +h’>> PPH2uff+ (gl +h’> foa(f)
(17) —(92(N))f = g2())f' = Av.
By adding (17) to the equation (8) for j = 2 and keeping in mind 4; + A3 =0,
we get

(18) (gz — % + (hs —hl)’> 92(f) = (n’ — K (gl +h’>> f+26f.

It’s easy to see that
22 _ Ol (hy—hy) #0 and Hl—/@(gl +h/) #0.

Otherwise, we get deg(hy — h2) < p and degh; < p, respectively, which is a
contradiction. Therefore, (18) can be rewritten as

(19) 92(f) = La(2)f — M(2)f",
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where
P a— (% + hll) %
L2 = - B! B ) M = B! B .
7= 5+ (h—h) 7 — 5+ (hi—hy)
Similarly, we have
(20) 91(f) = Li(2)f + M(2)f,
where ,
K — kK (% + h’2>
Ll = B! B! .
=+ —hay
This completes the proof of Lemma 4.4. O

5. Proofs of theorems of Section 2

The proof of Theorem 2.3 follows, to large extent, the corresponding proof
of [8, Theorem 4.4].

Proof of Theorem 2.3. Tt suffices to show that the only cases which may occur,
when max{A(F1), A\(F2)} < p, are (i) and (ii).
Suppose that max{A(F1), A(Fz)} < A for some A < p. Then

(21) fgj(f)_b():ﬁjehja j:172a
where §; are non-vanishing A-small functions of f and hq, hy are polynomials.
Therefore, from Lemma 4.4, we have deg hy = deg ho = p.

Now, if deg(h1 + h2) < p, then, from Lemma 4.4, we obtain the exceptional
case (i) in Theorem 2.3.

Next, we consider the case deg(hy + ha) = p. In this case, we show that the
exceptional case (ii) in Theorem 2.3 is the only possible one. To this end, we
proceed as follows.

(a) Suppose that g1(f) and g2(f) both are A-small functions of f. Then
from the second main theorem of Nevanlinna, we know that

T(r, f) SN(r,f)—l-N(r,jf_l%) —|—N<7",f_lbo> + S(r, f)

91(f) 92(f)
1 1
:N (ﬁl) +N (52) +S)\(T‘,f):S)\(T7f)7
91(f) 92(F)

which is impossible.

(b) Suppose that both of ¢;(f) and g2(f) are not A-small functions of f.
First, we claim that deg(hy — ha) = p. If this is not the case, that is, deg(h; —
hg) < p, then from (21), we have

(22) f (gl(f) - %ehl_hg ol f>) — b (1 B ehl_hz) .
2 B2
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By Lemma 4.1, we obtain

m ( 0 (f) - Blehl-wgzm) = OGP %) 1 S ).

I65;
Without loss of generality, we may assume that p — 1 < A < p. Then
Bi pi—
(23) T (ran(h) = e () ) = 30 4)

If 1 (f) — %ehl’hzgz(f) = 0, then from (22), we get

F(g2(f) = 91(f)) = Bae" — Bre =0,

which contradicts the assumption g1 (f) # g2(f). Thus ¢1(f)— %ehl*hzgg(f) %
0, and therefore, (22) and (23) yield

bo (1 — %ehlihz)
“i(f) - %ehl_hzgz(f)

which is a contradiction. Thus deg(h1 — ha) = p.
Second, recall that the function H defined in (9), i.e.,

A1(g2(f)) — A2(g1(f))
f

is a A-small function of f, where A; and Ay are non-vanishing A-small functions
of f.
Suppose that H is vanishing identically. Then (21) implies that

—,BlAQBhl + 62A16h2 + (A1 — Ag)bo =0.

T(Thf):T r :S,\(’I“,f),

(24) H =

Since deg(hy — h2) = p, we see from [14, Theorem 1.51] that all coeflicients in
this equation are vanishing identically, which gives a contradiction.

Suppose now that H is not vanishing identically. From here on, we follow
the same reasoning of the proof of [8, Theorem 4.4] omitting most of the details.
From (24), we have

(25) a(f) = %gz(f) S

Differentiating (25), substituting g1 (f) and (g1(f))’ into (8), and then adding
the result to (8), in the case j = 2, multiplied by —A;/As, we obtain

(Bfllf - <i>/> f+ (jf) f'=Dga(f) =0,

_BiA (A1) AiB,
A Ay Ay

where

D:
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and B; = ﬂ;/ﬁj + h;, j = 1,2. The coefficients here, denoted as 71D for f
and T D for f’ (and D for go(f)) are not vanishing identically, see [8, p. 818].
Hence, we may write (25) in the form

(26) @e(f)=T1f+Taf

with A-small coefficients of f. Differentiating now (26), substituting this ex-
pression and (26) into (8) with j = 2 results in

(27)  (T{ = BoT0)f* + (2Th + Tj — BoTo) f f' + To(f')* + Tof f" = A,

Differentiate (27). By a careful analysis of simple zeros of f at this expression
and at (27), we obtain

H 2410 + 24,1 — Ay — Ay BTy

2 1 — ,
(28) "=t - .
where
(29) 7. QAT +245Ty — Ay — Ay BoTy) [ + 34T f"

f
is a A-small function of f. To continue, substitute (28) into (27), implying

(30) Q1f2+Q2ff/+T2(f/)2:A2,

where

H 1 Al
Ql = Tl/ - BQTl + 337 and QQ = g (4T1 + T2/ - 2T2.BQ + 142T2> .
2 2

Here, in particular, ()2 is not vanishing identically, as one may easily see.
Differentiation of (30) now results in

Bl QP+ AU +Q)ff + Qe+ T)(f)? + Qaf [ + 2T f' f" = Aj.
Analyzing simple zeros of f at (27) and (31) we obtain

R Ay — Ax(Q2 + T)

2 1! — !
(32) F=onnlt 94, T, U

where

7. (CAY+ As(Q + TY)) f' + 24T f"
f

is a A-small function of f. Substitute now (32) into (31) to obtain

R 1A R
(Q’l + 2?422%) 2+ <2Q1 + Q5 — *@(Qz +T3) + 7—2622 + AQ> Ir

A/
(33) + ﬁTz(f )? = Aj.
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Adding now (30) multiplied by —A%/As in (33) results in
(34)

_ » _
(Qﬁ Q=5 Ql) [+ <2Q1+Q2—Q2(Q2+T2> fle2+/IfQ> f'=0.

2A.Ty Ay

Looking at the simple zeros of f at (34) results in an immediate contradiction
unless its coefficients satisfy

.
(33) Qi+ o2 - =0

and

(36) 201 +Qh— 3 L@+ TP — 2@+ =0

Eliminate R/A; from (35) and (36) to obtain

T5(4Q1 T3 — Qg) + Q2(4Q:T> — Q3)
(37) — (41 Th — Q3) + T3(4Q1 T2 — Q3) =0

We are now approaching to the final reasoning for a contradiction. If (4Q1T> —
Q3) does not vanish identically, it is not difficult to conclude that e"1+h2 is
of order less than p, a contradiction with the assumption deg(h; + ha) = p.
Therefore, we must have 4Q1 T, = Q3. Denoting h;(z) = az’+--- and ha(z) =
Bzf + -+, we may repeat the reasoning in [8, pp. 821-822], to see that

hi b af 2

lim = =2,

|z| =00 (h/ + h’) (o + B)2 9

Solving the equation % =2
proceed to considering the case a = 2. We may now write

6h1(z) _ eZszeF’l(z)’ ehz(z) _ eszePz(z)’

results in either o = 25 or a = %5. We

where Pj(z) and Py(z) are two polynomials of degree p — 1 at most. Recall
that we have go(f) = Thf + T2 f" and

a1(f) = <ﬁ;T1 - i) [+ éTzf
Therefore,
bo + B2’ ) = fou(f) = Tof* + Tof'f
and
bo + 127 1) = fg,(f) = (lel >f2+Tff

By a simple computation,

b pip (1 (A, H A f b\
g?(f)—7+623 (51 <A2T1_142+142T2f_f2>> .
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We next show that go(f) is a small function by computing T'(r, Ty f + Taf).
Indeed,

T(r,T\f +Tof") = m(r,TL f +Tof") + Sx(r, f)

1 1

= — log™ |T1f—|—T2f/|d9+—/ log™ Ty f + Tof'|dO
2T Eq 2 Eo
+ S)\(T, f)a

where F7, resp. Eo, means the part on the circle of radius r such that |f| <1,
resp. |f| > 1. Again, we may repeat the reasoning in [8, pp. 823-824], to get

1 1
*/ log™ | Ty f+Ta f'|d0=Sx(r, f) and*/ log™ T f +Tof'|d6=Sx(r, f).
T JE, 27 J g,

Thus, we obtain

T(r792(f)) = T(Tv Tlf +T2f,) = S)\(Tv f)7

which is a contradiction. Similarly, for the case a/8=1/2, we obtain T'(r, g1(f))
= Sx(r, f), which is a contradiction too. This shows that the case, when ¢ (f)
and go(f) are not A-small functions of f, is not possible. Thus the case (ii) in
Theorem 2.3 is the only possible case.

This completes the proof of Theorem 2.3. O

Proof of Theorem 2.4. Suppose, contrary to the assertion, that A(F) = X < p.
Since N(r, f) = S\(r, f), we have N(r, F') = Sx(r, f) as well. By the standard

Hadamard representation, we may write

(38) frg(f)® = bo + Be",

where [ is a non-vanishing A-small function of f and h is a polynomial of degree
< p. Actually, degh = p. Indeed, if degh < p < p, then

T(r, fg(f)*) = O(r"™9) + Sx(r. f),

leading to p(f) < max {u, A} < p, a contradiction with Lemma 4.3. Differenti-
ating now (38) and eliminating e", we obtain

Py 8, A
(39) "FER BT g

where A := b}, — bo% — bph/ cannot vanish identically as shown in [8, p. 811].
Since n > 2 and N(r, f) = S\(r, f), the equation (39) gives N(r,1/f) =
Sx(r, f). If s > 2, we similarly observe that N(r,1/g(f)) = Sa(r, f). By the
second main theorem,
T(r, f"g(f)*) < N(r, f"9(f)*) + N(r,1/f"g(f)°) + N(r,1/F) + S(r, f)
- S,\('f’, f)v

contradicting Lemma 4.3.
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It remains to consider the case s = 1. Since f is a meromorphic function of
finite order p such that max {N(r, f), N(r,1/f)} = Sa(r, f), f may be repre-
sented as f(z) = v(2)e?®, where T(r,v) = Sx(r, f) and Q is a polynomial of
degree deg Q = p. Write now g(f)(z) = G(f)(2)e®®), where

T(r,G(f)) = O(r"=1F%) + Sa(r, f).

N (7’, g(1f)> =N <7", G(1f)> =O(r"~ ') + S\ (r, f).

Recalling N(r, f) = Sx(r, f), the second main theorem may be applied again
to obtain

T £(1) < (13 )+ (125 )£ (1 )+ NG P00 500)

Hence

f 9(f)
= O(r"~1%) + Sx(r, f).
Thus, p(f"g9(f)) < max{p — 1, A}, contradicting Lemma 4.3. O

Proof of Theorem 2.6. Suppose, contrary to the assertion that
max {A(F), \(f)} < p.

We may write

(40) Fg(f)* = bo + Be",

where [ is a non-vanishing A-small function of f and h is a polynomial of degree
p. Differentiating (40) and eliminating e”, we obtain

G L G
(41) e I A P 13) I

Since s > 2, we conclude from (41) that

(42) N (r, g(lf)) = Sx(r, f).

By this and (41), we conclude again that

(43) N <r, f(g(lf))> <N (r, }) + A (r, f)-

By using the second main theorem of Nevanlinna, we get

Tl J(0(0)) < N a0 + N (r gtz )+ 8 (rogs ) +56)

(44) SN(T’, }) + Sx(r, f)-

From (44) and Lemma 4.3, we obtain p = p(f(g9(f))*) < A(f) < p, a contra-
diction.
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Suppose now that p ¢ N. Then, clearly, A(f) = p. On the other hand, by
Lemma 4.3 again, we have p(F) = p ¢ N. Hence A\(F) = p. d

Proof of Theorem 2.7. As one may clearly see, our reasoning here is to some
part similar to the reasoning applied by Alotaibi in [1].

Suppose, contrary to the assertion that A(F) < p. On the other hand, since
by is a non-vanishing A-small function of f, we have F' = by F™*, where

= () -
0

Clearly, A(F) = A(F*) and p(F') = p(F*) = p. So, in the following, we consider
only F'*.
Put b;, 1 = bi m+1 = 0 and since b; () = 1 for every 0 <4 < n, we have

n m-+1

~(f) = ZZbiJ‘f(j)(Z + Ci) = Z Z bi,jf(j)(z + Ci).

=0 j=0 =0 j=—1
Using the fact that b} ,,,, = 0, we have

Z 9z +e) +Zzb FUTD (2 4 ;)

=0 j=0

0
M:

=0

3 h

+
(45)

I
M:

(b/i,j + bivj_l)f(j)(z + Ci).

Il
o
o

i Jj=

Since §(f) =Yy Zm+1 bi;f9 (2 + ¢;), we find that w = f solves the delay-
differential equation

n m-+1
(46) Z Z dmw(j)(z + Ci) =
i=0 j=0
where
dij = b, +b; I and do ey = 1
2J 1,j—1 7 g(f) 7,7 0,m~+1

forevery 0<i<n,0<j<m+1.
Let w = ww, where v = by/g(f)*. By using Leibniz’ rule in (46) and the
convention C¥ = 0 for k > j, we get

n m-+1 n m-+1
ZZd,] w) 9 (z + ¢;) ZZdz]ZCJI'CU(]“)(ZJFCi)U(j*k)(Z+ci)
1=0 j=0 =0 j=0 k=0

n m+1l m+1

S S <o

=0 j=0
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Dividing the right hand side by v(z) we get

n m-+1 m—+1 ’U k)(Z—l-C) n m-1
OZZZu( (z+¢) ZC’“ i ! :E:z:flwﬂ(,z')u(k)(z—l—ci)7
i=0 k=0 (Z) i=0 k=0
where, again since C’-“ =0 for k > j,
m—+1 :
IR (2 + ¢ )
(47) Z Cld; ; (z) :
In particular, this gives
n n m+l ]) Z+CZ
> =303 b e
i=0 j=0
n m+l ~ ;
a(f) v (z +¢;)
S5 (o by 2,
2,7 2,3 ~ 2,
(48) _ g(v) — gg((]})) g(v)
v(z)
We claim now that
(49) Z Aio #0.
i=0
To prove this, we suppose the contrary. By using (48), we get
v 90
v) == V).
g(v) () g(v)

We consider two cases:
Case 1: If g(v) # 0, then by simple integration of the above equation, we get

g(v) = cg(f),
where ¢ is a non-zero constant. Defining H := v—cf, linearity of g implies that
g(H) = 0. By assumption, T'(r, H) = Sx\(r, f). Further defining G := f + %H,
we see that

—e andgj(f)z@(f—kiH) ey

Therefore, T'(r, G) = T(r, f) + Sx(r, f). On the other hand, since v = by /g(f)*,
we get

c ~ s
= %Gg(f) = %G!J(G) .

This leads to T'(r, Gg(G)®) = Sx(r, f), which is a contradiction with Lemma
4.3.
Case 2: If g(v) =0, then

SA(T7 f) = T(?‘,’U) = ST(T’ 1/g(f)) + S,\(’I“, f)
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= 8T (r,g(f)) + Sx(r, ),

a contradiction with the condition T'(r, g(f)) # Sx(r, f).
Returning to our proof now, we have

u= = ) = F 1,
So F* 4+ 1 solves the linear delay-differential equation
n m+1l
ZZA‘k z+cz)—0.
i=0 k=0
Hence
n m-1 n
(50) Z Z Air( F* k) (z+¢)= ZAzo(Z)
i=0 k=0 i=0

From (47) and (42) we deduce that
T(r, Aig) = O 7%) 4 Sx(r, f),
Since A(F*) < p, we may write

(51) F*(z) _ ﬁ*(z)eh(z)7
where T'(r, 8*) = Sx(r, f), and h is a polynomial of degree equal to p. Obviously
(52) F*(k) (Z + ci) — wk(z 4 Ci)eh(2+ci)’

where ¢ (k = 0,...,m + 1) are differential polynomials in 5 and h. By
substituting (51) and (52) into (50) and since Y., A; 0 # 0, we get
n m+1

3 Z 2)r(z + ¢;) hlete)—h(z) _ _g=h(z)
Zl OAZ O( )

=0 k=0

Hence

T(r,e") = O(rP=1) + S\ (r, f),
resulting in a contradiction deg h = p(f) < max{p — 1,A} < p. This completes
the proof of Theorem 2.7. O

6. Proofs of results from Section 3

Proof of Theorem 8.1. (1) Suppose that A\(F) < p. Writing F' = f"g(f) = Be”,
where T'(r, 8) = Sx(r, f) and h is a polynomial, we get
G W) F
T B

If f vanishes at zp, then F(z9) = 0, unless g(f) has a pole at zp. This may
happen at the coefficients of g(f) and the poles of f(zo+¢;) only, contributing
at most by Sx(r, f). Therefore, A(f) < p, and the claim follows.

(2) In this case, we may write f(z) = 7(2)e®*", where a (o # 0) is a constant
and 7 is a A-small function of f. Then, of course, f(z+c;) = 7(2+¢;)7j(2)e*’,

hl
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where 7; is a meromorphic function of order p — 1. Therefore, it is not difficult
to see that g(f) = T'(z)e®*”, where T(z) is a differential polynomial of 7, of its
shifts and of its derivatives. Therefore p(T') < A, implying that A(F) < p.

We divide the proof of Part (2)-(i) into three parts:

(a) If M(f) < p — 1, then p(F) = p by Lemma 4.3. Write now f(z) =
T(z)eh(z), where h is a polynomial of degree = p > 2, and 7 is a A-small
function of f where A < p — 1. Recalling that

k

g(f) =D bi(2) f*) (2 + ¢;)
j=1
with k£ > 2, we may write
k .
fE) (2 4 ¢))
ZT] Z+CJ —;bj(Z)ﬂch)]f(Z—FC])

Suppose first, contrary to the claim, that A(F) < p — 1. Writing, as we may,
F(2) = 0(2)e?®) where ¢ is a A-small function of f where A < p—1 and Q is
a polynomial of degree p. Therefore, we now have

k

o(z) = Z ;i (2)efi )

j=1

where a;(z) = 7"(2)7;(2)7(2 + ¢;) are A-small functions of f with A < p—1
and f;(z) = nh(z) + h(z +¢;) — Q(2) for every 1 < j < k. Set also,

R(2) = by 2™ + by 12™ 4 -+ b, by # 0,
where b,,, b;n_1, . ..,bg are constants and m = p > 2. Hence, for every i # j
Bi(2) — Bj(2) = h(z +¢;) — h(z + ¢;) = mby(c; — ;)™ +---.

If for all j, degf;(2) > p — 1, then, by [14, Theorem 1.51], o(z) = 0 and
a;(z) =0 for j =1,...,k. Hence F vanishes, a contradiction. If this is not
the case, then deg ﬁj(z) < p—1 for some 1 < jy < k, which is a contradiction.
Therefore,
k
0(2) = ajy(2)ef0D = 3" a;(z)ef).
Jj=1,j#jo

Since deg(f; — 5;) = p— 1 for every 1 < i # j § k, by [14, Theorem 1.51]
again, a;(z) = 0 for all j # jo, and o(z)e 0 (*)(2) = a;,(2). This implies
that 7;(2)7(z + ¢;) vanishes for all j # jo, hence g(f) includes just one term, a
contradiction.

We point out to the reader that it is impossible to have deg8; < p — 1 for
all 1 < j <k, since deg(8; — B;) =p— 1 for every 1 <i# j <k.
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(b) Suppose next that A(F) > p — 1. We may write g(f) as
(53) ZTJ (z+ ¢ eh(zte;)=h(2) | Sh(2)

Since deg(h(z + ¢j) — h(z)) = p — 1 and 7;(2)
functions of f with A < p — 1, then A(g(f)) <
A(f) < p—1 implies a contradiction

p—1<AF)=Xf"g(f)) <p—1

p—
(c) If finally A(f) = p—1, then, from (53), A(F') < p—1. On the other hand,
we have

(54) nN (7‘, }) =N (r, gg)) <N (r, ;) + Sx(r, f).

By (54) and since A < p — 1 we obtain p — 1 = A(f) < A(F). This completes
the proof of Part (2)-(i).

To prove Part (2)-(ii), we may write f(z) = 7(2)e"*), where h is a poly-
nomial of degree p > 1 and 7 := % is a meromorphic function where 7y, 7o
are the canonical products of zeros and poles, respectively. Since A(f) = \*
(p—1 < A < p)and A < \*, we have p(11) = A* and p(72) < A\*. This leads to
p(T) = A*. By this and (53) we deduce that A(g(f)) < A*, hence A(F) < A*.

On the other hand, from (54) and since A < \*, we deduce that A(F) < A*.

As to Part (2)-(iii), we may use the same reasoning as in (2) above to obtain
that g(f) = T'(z)e®* where « is a constant and 7' is a meromorphic function of
order 0. Therefore, \(F') = 0. O

(

<j<k), 7(z) are A-small
-1

1
p This inequality and

Proof of Theorem 3.4. (i) Suppose that d (# 0) is the Borel exceptional value
of f(z) and

Clearly, the order p is an integer and f(z) can be written in the form

(55) f(z) = d+m(z)e*”,

where « # 0 is a constant and 7(z) is a non-vanishing meromorphic function
satisfying p(7) < p. Thus

(56) flz+¢j) = d—|—7r(z+cj)7rj(z)eo‘zp,

where 7; is a meromorphic function of order p— 1. On the other hand, we may
write g(f) as

(57) 9(f) =Y b f(z+ )+ Y bi(2) 5 (2 +¢p),

Jj€n j€ls
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where Iy = {1<j<k:k; =0} and I, = {1 <j<k:k; >0}. Hence, for
every j € Ip
(58) PO (2 + ¢) = Quy (),
where @y, is a meromorphic function of order less than p. By substituting (56)
and (58) into (57), we get

F(z) = d*A(z) + d(B(2) + C(2) + w(2) A(2)) "
(59) +7(2) (B(2) + C(2)) e,

where

A(z) =) bi(2) (#0), B(2) := Y w(z + ¢;)m;(2)b;(2)
JEIL I
and

() = 3 bi()Q, (2.
jelz
By Lemma 4.3, we know that p(F) = p. If F(z) has a Borel exceptional value
d*, then

(60) F(z) = d* +7*(2)e®*",

where § (3 0) is a constant, and 7*(z) (# 0) is a meromorphic function of
order less than p. By (59) and (60), we have

(61)
d(B(2)+C(2)+7(2) A(2))e®* +7(2)(B(2)+C(2))e2*" —n*(2)eP* =d* —d? A(z).

Case 1. If § # « and B8 # 2«, then by (61) and [14, Theorem 1.51], we get
7*(2) = 0, which is a contradiction.

Case 2. If = a and 8 # 2a, then the equation (61) may written as
(d(B(2)+C(2)+7(2)A(2)) =7 (2)) e +7(2)(B(2) + C(2))e*** = d* —d>A(z).

By this and [14, Theorem 1.51], we get 7%(z) = %* (2). Substituting this into
(60) and combining the result with (55), we obtain

FR9NG) = FE) =d + Daze = L pe),
Thus, g(f)(2) = %, contradicting the assumption that g(f) is non-constant.
Case 3. If 8 # a and 8 = 2q, then the equation (61) may written as
d(B(2)+C(2)+7(2) A(2))e®* +(m(2)(B(2)+C(2)) — 7*(2)) 2" =d* —d? A(z).
By this and [14, Theorem 1.51], we get 7*(z) = —g—;w2(z). Substituting this
into (60) and combining the result with (55) , we get

F(e)=d* — (1)~ d)
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Clearly d* # 0 as we would have g(f) = 0 otherwise, which is a contradiction.
Hence

d*—F d*
(62) A" —Flz) _d”

@—JC)P @

We prove now the second identity, from (62) we get

z+c ki) (2 + ¢;) d*i%*—dZ-ehbj(Z)
>t S gt f - T e

Jj€nh j€EI

Suppose contrary to the claim that d* — d? > jer, bj(z) # 0, then from the
above equation, we deduce

" (T’ f id) =0 ) + S\ (r, ).

By this and since d is a Borel exceptional value of f, we obtain

! ( o d) = O(r#19) + 85(r, f),

which is a contradiction.
(ii) Suppose that d # 0 and

j=1,k;=0

Suppose that F' has a finite Borel exceptional value d*. By the same proof as
in (i), we obtain (61) as

d(B(z) + C(2))e + n(2)(B(2) + C(2))e*** —n*(2)eP*" = d*.

If 8#aand f# 2, §=aand 8 # 2a or § # « and S = 2a, then by using
[14, Theorem 1.51], we get 7*(z) = 0 in all three cases, which is a contradiction.

(iii) Suppose that d = 0 is the Borel exceptional value of f. Using the same
method as above, we obtain (59) with d = 0:

F(z) = 7(2)(B(z) + C(2))e***.

Since p(F') = p, then 7(z)(B(z) + C(z)) # 0 and since p(7(B + C)) < p, we
deduce that d = 0 is a Borel exceptional value of f. O

Proof of Theorem 3.8. We shall prove this theorem by contradiction. Suppose
contrary to our assertion that A(F — a) < p, then p is an integer > 1.

If first « = 0, applying the principle of contraposition on the part (1) of
Theorem 3.1, we get A2(f) < A(f) < p, which is a contradiction.

Suppose next that a # 0, then F'(z) can be written as the form

(63) F(z) = f"(2)9(f)(z) — a = 7(2)e?,
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where 7(2) is a A-small function of f and Q(z) is a polynomial of degree p > 1.
Differentiating (63) and eliminating e?(*) yields

I;((j)) = (TT((ZZ)) * Ql(z)) (1 - F((zz)> '

Clearly :/((ZZ)) + Q' (2) £ 0. Indeed, if not, then F’(z) = 0 which contradicts the

fact p(F') = p. Since A\3(f) = p > 1, then there exists a multiple zero z of f
that is not a pole of the coefficients of g(f) and such that T(z0) | Q' (20) #£ 0.

7(z0)
From the above equation, we observe that z is a simple pole of % and a pole
of multiplicity at least 2 of %, which is a contradiction. O

Acknowledgment. The authors would like to thank the referee for his/her
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