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ON THE DENOMINATORS OF e-HARMONIC NUMBERS

BING-LING WU AND XIAO-HUI YAN

ABSTRACT. Let H, be the n-th harmonic number and let v, be its de-
nominator. Shiu proved that there are infinitely many positive integers n
with v, = vp41. Recently, Wu and Chen proved that the set of positive
integers n with v, = v,41 has density one. They also proved that the
same result is true for the denominators of alternating harmonic num-
bers. In this paper, we prove that the result is true for the denominators
of e-harmonic numbers, where ¢ = {g;}$2, is a pure recurring sequence
with g; € {—1,1}.

1. Introduction

For any positive integer n, let
Hn:1+1+1+~--+l:u—", (Up,vn) = 1,0, > 0.
2 3 n o U
The number H,, is called the n-th harmonic number.

For any prime number p, let J, be the set of positive integers n with p | w,.
Eswarathasan and Levine [2] conjectured that .J, is finite for any prime number
p. Boyd [1] conjectured that |J,| = O(p?(loglogp)®*¢). For any set S of
positive integers and any real number x > 1, let S(z) = |S N [1,«]|. Sanna [3]
proved that

Jp(z) < 129p5 20765,

This was improved by Wu and Chen [5] to
(1.1) Jp(x) < 3a3tFess

Shiu [4] proved that there are infinitely many positive integers n with v, =
Unt1. Recently, Wu and Chen [6] proved that the set of positive integers n
with v, = v,4+1 has density one. They also proved that the same result is true
for the denominators of alternating harmonic numbers.

For any sequence € = {g;}5°,, if there is a positive integer s such that

Eits = Eis 1=1,2,3,...,
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then the sequence ¢ is called a pure recurring sequence and s is a period of the
sequence.
For any positive integer n and any sequence ¢, let

Hie =35 =50 @) =10 >0

The number H,, . is called the n-th e-harmonic number.
In this paper, the following result is proved.

Theorem 1.1. Let e = {£;}52, be a pure recurring sequence with €; € {—1,1}.
Then the set of positive integers n with b, (€) = bp41(€) has density one.

2. Proof of Theorem 1.1

Let ¢ = {&;}$2, be a pure recurring sequence with ¢; € {—1,1} and s
be a period of the sequence. For any prime number p, define each sequence
d; ={6;:}2, (j=0,1,...) as follows:

(21) (5072‘ = &i, 6j+1,'i = 6j,pi7 j = 0, 1, ee
It is clear that the sequences 01,02, ... have a period s and J;; € {1, —1}.

For any prime number p and any positive integer m, let S, . be the set of
positive integers n with p | a,(g), let I, - be the set of positive integers n with

m 1 by (e).

Lemma 2.1. Let ¢ = {g;}32, be a pure recurring sequence with ¢; € {—1,1}
and s be a period of the sequence. Let p be a prime number and let x and y be
two real numbers with 1 <y < p. Write

SpeNz,z+yl={n1 <nyg <--- <m}.
Then, for any integer d > 1, we have
|{Z Ny —Ni—1 = d}‘ S S(d — 1)

Proof. If | < 1, the result is obvious. We may assume that [ > 2. For any
positive integer d and any real number x, let

fa@)=(@+D(x+2) - (x+d),

gl,d(x) = %51 + %82 R %fd’
gg,d(x) = %62 + idix;{;‘?) 4+t idj_xc)igd+l’
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It is clear that g; 4(x) is an integer-valued polynomial. Since g;j4(—1) = (d—1)!
or g; a(—1) = —(d—1)!, it follows that g; 4(z) is a nonzero polynomial of degree
at most d — 1 for every j. Let
s—1
{ni,n9,...,m} = U Aj, Aj={n,eSp.N[z,z+yl:n, =5 (mods)}.
j=0
For every integer 0 < j < s — 1, if there exists an integer n; € A; and
ng+1 — N = d, then

gj'H’d(nt) = (Hnt+1,5 - Hnt,a)fd(nt)
_ (anH—l (5) ant(fi )
- fa(ny).

)
bnipa(€)  bn,(E)
Since
D | Anyiq (e), pl a”t(g)’
it follows that
gj+1,d(ne) =0 (mod p).
Noting that y < p and there are at most d — 1 solutions of the equation
gi+1,4(x) =0 (mod p).

It follows that, for every integer 0 < j < s — 1, there are at most d — 1 integers
ny € Aj with ngy1 —ny = d. Therefore, for any integer d > 1, we have

{i:n;—n;—1 =d}| <s(d—1).
This completes the proof of Lemma 2.1. O

Lemma 2.2. Let € = {&;}2, be a pure recurring sequence with ¢; € {—1,1}
and s be a period of the sequence. For any prime number p and any real numbers
xz,y with 1 <y < p, we have

W

|Sp.e N [, +y)| < Bsty
Proof. Let
SpeN[zz+yl={n <ng <---<m}
and
ag = |{i:n; —nj—1 =d}|.
Let z = (y/s)'/%. By Lemma 2.1 we have
Zad < sZ(d— 1) < 522 = sl/?’yg/?’.
d<z d<z
Clearly,
-1

1/3
%Zadzzzad SZdeZZ(ni+1 _nz) =n;—n Sy

d>z d>z d i=1
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By the definition of a4 we have
[SpeN[z,z+yll=1=1+ Zad < 14251323 < 351/32/3,
d
This completes the proof of Lemma 2.2. O
Lemma 2.3. For any prime numberp, let§; (7 =0,1,...) be sequences defined
n (2.1). For any real number x > 1, we have

log(64s)

. 1 24 2 1_@
Sp,s;(x) < min < 4s3g3™ Sler  piyT T TEp o

log(64s)

Proof. Firstly, we prove that Sj s, (z) < 4s523 T 5es . Let m be an integer
with m € Sy 5, and m > p, then p | a,,(6;). Write m = pmy +r, where m; > 1
and 0 <r < p. Since

i 0ii U 05 b 1 pbb,, ((5'+1)+aam ((5‘+1)
Hmﬁv: L“‘ #Z*‘F*Hm 5. = 137 1\7J ,
o ; i ; i a p VYT Pabpm, (0541)
pti pli
where a and b are coprime integers, it follows that p | pbbm,, (6j41)+a@m, (8;41)-
Noting that p { a, we have p | am, (6;11) and so my € Sp5,, ;-
Let k be the integer with p* < < pF*t1. Let A = 38%(]) — 1)%. In view of
Lemma 2.2,

Sp.s; () < |Sps, N[1,p— 1] + > S5, 0 [pn,pn +p — 1]

nESp, s, N1, E]

)

x
<A+ AlS 4 1 [17 ;]l

X
<A+ A+ A%Sp5,,, N [1,}?“

X

<At + AN ARS, s N L)

2\ 23
< (A+1)k 4 AF. (331/3 (k)
P

< (A+ 1)k (1 +3s1/3 (;)2/3>
o (3

3
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By p* < 2 < p**! we have

1
k< o8t
logp
Therefore
Sp,5j (g;) S (45%)k+1$% S 43%x%+10:%;§1(c16)g4;) .
log 3
Now, we prove that S, s, (z) < p?z'~Tsr . It is easy to prove that Sy, = 0.
We may assume that p > 3. In view of Lemma 2.1, there is no integer n such
that both n and n + 1 are in S, 5,. It follows that

Sp.s; () < |Sp,s, N[Lp— 1] + > |Sp.5; 0 [pn,pn +p —1]|
n€Sp75j+lﬂ[1,%]
p+1 p+1 x
<EZrT-o P . d
=7 + D) |S 205+1 N [1, p]'
2 2
p+1 p+1 p+1 T
< 92 +< 2 ) +( 2 ‘575j+2m[17]§“

-2 2
k+1
p+ p+1
<t - gt -
R
k42
< (p+ 1)
- 2
k42

< (%

—\3

§ 9\ k1 )

- T

=13 p

Since
3 k+1 log§
— log p
@)
it follows that
logé
Sy, () < pPat e

This completes the proof of Lemma 2.3. (|

Lemma 2.4. For any prime numberp, let§; (7 =0,1,...) be sequences defined
n (2.1). For any positive integer k, we have

Ly .= {pknl +r:ng €Sp5, U{0}, 0<r< Pk — 1}\ {0}.
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Proof. 1t is clear that n € I . if and only if v,(H,, . ) = vp(an(€)) —vp(bn(e)) >
—k.

If n < p¥, then v,(Hy) > —1p([1,2,...,n]) > —k. Son € L. In the

following, we assume that n > p®. Let
n:pknlJrT, Ogrgpkfl, ny >1, ny,r € Z.
Write
" em 1 c an, (Ok) pcby, (0k) + day,, (0r)
H, .= Mmooy H, s = 1 — 1 L\ Ok)
- mzzl m PR T G R, (6) prdb, (6k)
pHm

where p{d and (an, (6k), bn, (0%)) = 1.

If ny € Sps,, then p | an, (0x) and p 1 by, (dx). Thus, p | peby, (0k) + day, (5x)
and v, (p*dby,, (6%)) = k. So vp(H, ) > —k, and then n € L ..

Ifny ¢ Sps,, then p{ ap, (6) and p 1 peby, (0x) +dan, (6x). Thus, v,(Hy ) <
—k, and then n ¢ I ..

Therefore n € Ik . if and only if n; € S, 5, U{0}. This completes the proof

of Lemma 2.4. O
Lemma 2.5. Let m,, be the least common multiple of 1,2, ..., Ln1/4j and let
T. ={n:my1by(e)}. Then
x
T, .
(x) < Tog 7

Proof. By Lemmas 2.3 and 2.4, for any prime p and any positive integer k, we
can prove that for z > p¥,

log(64s)
3logp

2+
3 1k g+log(64s)
< bs3p3 3T Blogp |

1 X
Ib’“,s(x) < 583pk (pk)

and for z < p*,

wln

k
Ip’“,a(x) <z <p3zw 353%}7 T 3Tog p
Therefore,
k2, log(64s)
(2'2) kaﬁ(x) < 5s%p§x§+ 3g10gp .

Similarly, by Lemmas 2.3 and 2.4 we can prove that,
log 3 log 3
(2.3) Lk () < 2p*HFToes o1~ Tous
For any prime p and any positive real number z with p < z'/4, let oy, be
the integer such that p®» < z'/4 < p®*+1. By the definition of m,, and T, we
know that
To(z) < Y Devela) =N+ I+ I3,

P§I1/4
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I = Z Lpew (), Iz = Z Lyev (), I3 = Z Iper e(2).

p=(64s)* (64s)2<p<al/12 21/12 < p<pt/t
For I;, by (2.3) and p®» < 2'/*, we have
E : Ipor ()
p<(64s)?
log% log%
E 2p2+04p Tog p xl_ Tog p
p<(64s)?

3 log %
< xl_ 8 Tog(64s)

< .

log
It follows from (2.2) and p®» < x'/* that
12 S Z 583p 3 x3+1c._;,g1(06g4;) < Z % % % x
(64s)2<p<xl/12 p<al/12

If p > 212, then

log(64s) log(64s) log = 4log(64s) log x
T 3logp — @ 3logp <e Tog © — 6410g(645).

For I3, by (2.2) and p®» < 2'/* | we have

« log(64s) xr
I3 < Z 53%1) 3px3+ oz p < Z T12 3 <

p1/12<p<pl/a p<al/4 1ogx
Thus .
L+DL+1Ii << —.
log
Therefore,
x
T. () <
(z) log x

This completes the proof of Lemma 2.5.

Proof of Theorem 1.1. For any prime number p, let ag(d1) = 0. Let
Az = {n:bpya(e) = bale)},
B = {n:p?|n+1 for some prime p > n'/*},
C={n:n+1=pk,p|ar(d)ar_1(5;) for some prime p > n'/%},
D = {n:vy(n+1) > v,(m,) for some prime p < n'/°}.

The proof is similar to Theorem 1.1 in [6]. For the readability of the paper,
we show the whole process. Let n be a positive integer with n ¢ BUCUDUT..
Now we prove that b,41(¢) = b,(e). It suffices to prove that vy(b,+1(g)) =

vp(by(€)) for any prime p.
Let p be a prime. We divide into the following cases:
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Case 1: pfn+ 1. Noting that
an(‘f) En+41 _ an-i-l(E)
bu(e) mAL buri(e)
we have v}, (bp41(€)) = vp(bn(e)).

Case 2: p|n+1and p>n'/? Let n+1 = pk. Since n ¢ BUC, it follows
that k > 2 and p t kay(01)ag—1(01). Noting that ptk and

)

ar—1(01) | ex  ax(d1)

be—1(01)  k be(01)’
we have v, (br—1(01)) = vp(bk(61)). Since

n em 1 b ak,1(51) pbbk,l(él)-i-aak,l(él) an(s)
Hy.= —+—Hy_ L= —+ = —
’ mZ:l mop T pha (Br) paby,_1(31) b (e)
ptm
and
| b ag(d) pbbr(61) + aar(d1)  ant1(e)
Hy1e = — + —-His, = —+ = — ’
+h m2=1 m p k.6 a  pbi(d1) paby(01) bny1(e)
ptm

where a,b are positive integers with p { a, it follows from p 1 kay(61)ar—1(61)
and vp(bg_1(1)) = v, (bk(1)) that

Vp(bnt1(e)) = vp(bn(e)).
Case 3: p|n+1and p <n'/? Byn¢ DUT., we have
vp(n+1) <vp(my) < vp(bn(e)).
It follows from

an(e) | Ent1 _ ant1(8)
bp(e)  m4+1  byyi(e)
that vy (bt (<)) = 7p(ba(2)).
Up to now, we have proved that b,y1(¢) = b, () for any positive integer
n¢ BUCUDUT..
Now we prove that

b

B(z) + C(z) + D(z) + Te(z) < 102 .

As in [6, Theorem 1.1}, we have
B(z) < T, D(z) <« z3.
By the definition of C' and Lemma 2.3 we have

C(z) < C(Vr) +2 Z Sp.6y (T) +m(z+1)

z1/18<p<z
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41 2410 T
<Vzt+ o Y < > +
p log
/18 <p<ax
2
AN x
«vit Y () n
P log x
z1/18 <p<zx
2
x\? x
<vVz+Y (=] + :
o \P log

It follows from the proof of [6, Theorem 1.1] that

1 g zl/3
>(5) <
D log x

p<z

Hence,
x

C(z) < gz’

Therefore, it follows from Lemma 2.5 that

Ac(z) > — B(x) —C(z) — D(z) = T.(z) > = — clogm
for a positive constant c.

For any prime p, we have by(e) = pbp—1(¢). Thus p — 1 ¢ A, for any prime
p. Hence

Ac@)<z—m(z)=2— (1 + 0(1))10gx.

This completes the proof of Theorem 1.1. (I
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