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SOME RIGIDITY CHARACTERIZATIONS OF EINSTEIN
METRICS AS CRITICAL POINTS FOR QUADRATIC
CURVATURE FUNCTIONALS

GUANCGYUE HUANG, BINGQING MA, AND JIE YANG

ABSTRACT. We study rigidity results for the Einstein metrics as the crit-
ical points of a family of known quadratic curvature functionals involving
the scalar curvature, the Ricci curvature and the Riemannian curvature
tensor, characterized by some pointwise inequalities involving the Weyl
curvature and the traceless Ricci curvature. Moreover, we also provide a
few rigidity results for locally conformally flat critical metrics.

1. Introduction

A well-known example of a Riemannian functional is the Einstein-Hilbert

functional
we [
M

on .4 (M™), where R denotes the scalar curvature and .#;(M™) is the space
of equivalence classes of smooth Riemannian metrics of volume one on closed
Riemannian manifold M™, n > 3. Furthermore, it is easy to see that Einstein
metrics are critical for the functional H (see [3,11]). In this paper, we are
interested in studying the functional

(1.1) .7-}75(9)2/ |Ric|2+t/ R2—|—s/ |Rm|?,
M M M

where ¢, s are real constants, Ric and Rm denote the Ricci curvature and the
Riemannian curvature tensor, respectively. It is easy to observe from (2.4) that
every Einstein metric is critical for F; ¢. In [6], Catino considered the curvature
functional F; ¢ and obtained some conditions on the geometry of M"™ such that
critical metrics of F; o are Einstein. Certainly, there exist critical metrics which
are not necessarily Einstein (for instance, see [3, Chapter 4] and [19]). For some
development in this direction, see [1,5,9,10,12,13,15,18,22] and the references
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therein. Therefore, it is natural to ask that under what conditions a critical
metric for the functionals F; 4(s # 0) must be an Einstein one.

Barros and Da Silva in [2] show that locally conformally flat critical metrics
for Fi s with n+4(n—1)t+4s = 0 (when n > 5) and some additional conditions
are space form metrics (see [2, Theorem 3]). In this paper, we give some new
characterizations, by some pointwise inequalities involving the Weyl curvature
and the traceless Ricci curvature, on critical metrics for F;  on 4 (M™) with
n+4(n — 1)t +4s # 0. In order to state our results, throughout this paper,
we denote by Ric and W the traceless Ricci tensor and the Weyl curvature,
respectively. We denote by @® the Kulkarni-Nomizu product.

Our main results are stated as follows:

Theorem 1.1. Let M™ be a closed manifold of dimension n > 5 with positive
scalar curvature and g be a critical metric for Fi s on A1 (M™). Suppose that

(n—4)[4s + (n — (n—2)s
W_\@an—®@s+ Rm@dm”HW/ ‘& 2“

) [3n — 44 2n(n — 1)t + 8]

(1.2) <A R
where t, s satisfy
s> —%
(1.3) n+4(n—1)t+4s <0
3n—44+2nn—1)t+8s<0
or
s < —"T_Q
(1.4) n+4n—1)t+4s>0

3n—4+2n(n—1)t+8s > 0.
Then M™ is FEinstein.

Theorem 1.2. Let M™ be a closed manifold of dimension n > 5 with positive
scalar curvature and g be a critical metric for Fi s on A1 (M™). Suppose that

(n —4)[4s + (n — / (n—2)s
v \/%W_Q)(Ss—i—n RIC @g‘\RM * ‘83 2“

) [Bn — 4+ 2n(n — 1)t + 8]
n—l n(8s +mn — 2)

(1.5) R|R,

where t, s satisfy

- <s< -3
(1.6) n+4n—1)t+4s>0
3n—4+2n(n—1)t+8s>0.
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Then M™ is FEinstein.

Theorem 1.3. Let M™ be a closed manifold of dimension n > 5 with positive
scalar curvature and g be a critical metric for Fy s on A1 (M™), where 1+ 2t +
2s = 0. Suppose that

2s(n? —3n+4)—|—2( (n—1) 5
+ R Rij|+ w
V2n(n —2)[(n —2) + ®ﬂ|f| n(n— Z‘n 2+%w|

2(n 2) [n? —3n+4+42(n*+n—

Dl gk,

1.7
(1.7) - n—1 2n[(n — 2) + 2ns]
where s satisfy
1

1.8 _Z
(1.8) 5> 1
or

n—2
1.9 - .
(1.9) §< -

Then M™ is Einstein as long as there exists a point such that the inequality in
(1.7) is strict.

Theorem 1.4. Let M™ be a closed manifold of dimension n > 5 with positive
scalar curvature and g be a critical metric for Fy s on M1 (M™), where 1+ 2t +
2s = 0. Suppose that

2s(n® —3n+4) +2(n — (n—1)2 5
+ R ’Rz+u ‘ i
V2n(n —2)[(n — 2) + 2ns Bg|[Rss| n(n—2) 1 (n—2) —|—2ns W]

2(n 2)[n —3n+4+2(n%+n—4)s

1.10 < - RR;
(1.10) - n—1 2n[(n — 2) + 2ns] [Regl,
where s satisfy

n—2 n? —3n+4
1.11 — _—
( ) 2n <8< 2(n?4+n—4)

Then M™ is Einstein as long as there exists a point such that the inequality in
(1.10) is strict.

Theorem 1.5. Let M™ be a locally conformally flat closed manifold of dimen-
sion n > 4 with positive scalar curvature and g be a critical metric for Fi s on
M (M™).

(1) If n =4 and 3t + s+ 1 # 0, then M* is of positive constant sectional
curvature;

(2) If n > 5 and t, s satisfy

s> —"sz
(1.12) (n—1)(n—2)t+2s+(n—2) <0

2n(n — Dt +4(n—2)s+ (n?>—3n+4) <0
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or
s < —”T*Q
(1.13) (n=1)n—-2)t+2s+(n—-2)>0
2n(n — )t +4(n —2)s + (n? —3n+4) > 0,
then M™ is of positive constant sectional curvature.
Taking s = —% in (1.12) and (1.13), respectively, we obtain the following.

Corollary 1.6. Let M™ be a locally conformally flat closed manifold of dimen-
sion n > 5 with positive scalar curvature and g be a critical metric for Fi s
on M(M™). If s = —”T_Q and t # —ﬁ, then M™ is of positive constant
sectional curvature.

Next, we give some rigidity results for n = 3:

Theorem 1.7. Let M3 be a closed manifold with positive scalar curvature and
g be a critical metric for Fy s on 1 (M?), where t, s satisfy

sﬁ—i
(1.14) 2t+2s+1<0
t+s+1<0
or
52—%
(1.15) 2t+2s+1>0
gt+s+1>0.

Suppose that the divergence of Cotton tensor is zero (that is, Cijr; = 0). Then
M?3 is of positive constant sectional curvature.

Taking s = f% in (1.14) and (1.15), respectively, we obtain the following.

Corollary 1.8. Let M? be a closed manifold with positive scalar curvature and
g be a critical metric for Fy s on A1(M?), where s = —5 and t # —%. Then
M?3 is of positive constant sectional curvature provided that the divergence of
Cotton tensor is zero.

Remark 1.9. In particular, when n = 3, we have W = 0 automatically. Hence it
is seen from (2.1) that an Einstein manifold M? with positive scalar curvature
must be of positive constant sectional curvature.

Remark 1.10. When s = 0, it is easy to check that our Theorems 1.1 and 1.3
become Theorems 1.1 and 1.3 of [21], respectively.
Remark 1.11. For n > 4, the Bach tensor is defined (see [4,16]) by

1

1
1.1 Bji = — Wi Wiz RM.
(1.16) i =Wkt + ——5 kiR
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By virtue of (2.3), we have that (1.16) can be written as

(1.17) B;; = Chiji + Wik R™).

n—2 (
Therefore, we can define the Bach tensor on M? by
(118) Bij = Ckij,k~

Thus, when n = 3, Cy;,; = 0 is equivalent to B;; = 0. In [22], Sheng and Wang
studied the case that the critical metrics are Bach-flat (that is, B;; = 0). Our
Theorem 1.7 generalizes partially the results of Sheng and Wang in [22].

Remark 1.12. Corollary 1.6 is exactly Theorem 4 with positive scalar curvature
of Barros and Da Silva [2]. Therefore, our Theorem 1.5 generalizes Theorem
4 of Barros and Da Silva [2]. Moreover, for n = 3,4, our Theorem 1.5 and
Corollary 1.8 can be seen as a supplement to Theorem 4 of Barros and Da
Silva in [2].

Remark 1.13. By the definition of the Cotton tensor given by (2.2), we have

1
(1.19) / Cijr,iRji = —/ CijkRjk,i = —5/ |Cijl?,
M M M

which shows that if Cj;i; = 0, then we have Cy;, = 0. Therefore, if we add
the assumption on Cjj; = 0 for Theorem 1.1, then M™ is Einstein as long as
we replace (1.3) with

_n=2
s> ]

(1.20) n+4(n—1)t+4s <0
3n—442n(n—1)t+8s < 0.

Similarly, if we add the assumption on Cjji ; = 0 for Theorem 1.2, then M™ is
Einstein as long as we replace (1.6) with

(1.21) n+4(n—1)t+4s <0
3n—442n(n—1)t+8s < 0;

or

(1.22) n+4(n—1)t+4s>0

3n—442n(n—1)t+8s > 0.

Acknowledgment. We would like to thank the referee for suggestions which
make the paper more readable.
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2. Preliminaries

For n > 3, it is well-known that the Weyl curvature tensor and the Cotton
tensor are defined by

1
Wiikt = Rijr — r(Rikgjl — Riugjr + Rjgir — Rjrgi)

2
b ggn— gugy)
(Tl — 1)(1’L — 2) gikdijl gil9jk
1 o o o N
= Riju — m(Rikgjl — Ragjr + Rjigie — Rjrgar)
R
2.1 Y (G — GG,
(2.1) Y p— (9ikgj1 — gugik)
and
1
Cijk = Riji — Riij — W(R,igjk — R jgir)
(22) _f{.. f{,,_|_ n—2 (R,, R)
. = Rkj ki,j 2n(n — 1) 95k 79k ),

respectively. Here R” = R;; — %Rgij denotes the traceless Ricci tensor and the
indices after a comma denote the covariant derivatives. From the definition of
the Cotton tensor, it is easy to see
Cijk = —Cjik, 97 Ciji = 9" Ciji = ¢’* Cij = 0
and
Cijki =0, Ciji + Cjri + Crij = 0.
For n > 4, the divergence of the Weyl curvature tensor is related to the Cotton
tensor by
n—3

(2.3) - mcijk = Wijki.
Moreover, W, = 0 holds naturally on (M3, g), and (M3, g) is locally confor-
mally flat if and only if Cj;;, = 0. For n > 4, (M", g) is locally conformally flat
if and only if Wjj;i = 0.

It has been proved by Catino in [6] (see [6, Proposition 6.1]) that a metric
g is critical for F; s on ., (M™) if and only if it satisfies the equations

. 14+ 2t4 2s

(1+4s)AR;; = (1 +2t +28)R ;5 — T(AR)%]' —2(1 + 25) RigjR
24 2nt —4s _ - 2 o
- = BRy+ (R + s|Rm*)g;,
(2.4) — 25R;kpqRjkpg + 48Rikﬁjk

and

[n+4(n — 1)t +4s]AR = (n — 4)(|Ri;|* + tR? + s|Rm|* — \)
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_ _ 9 mn—2+4s 5 12
= (- [swP + Ry
-1 -1 2
(2.5) n +n(n—1)t+ SR2—)\}7
n(n—1)
where A = F; ;(g) and we used the fact
4 - 2
9. 2 _ 2 2 2
(2.6 Ranf? = W+ 25 IRy +

from (2.1).
Using the formula (2.1), we can also derive

. . 1 . o 1 .

2. kit = R Wit + ——=(IRij1%gi; — 2RixRjx) — ——— RRy;
@7 Ruafing = RiaWange + 75 (IRis gy = 2RaRye) = s RRyg
and

. 2An—4).
RikpgRikpg = WikpgWikpq + —3 ZWiklekl + CED) RikR;k
2 o 2 o

2.8 ——|Rij?9i; + ———R%gij RR,;.

( ) +(n72)2| J|gJ+n2(n71) gj+n( 1) J

Therefore, (2.4) can be written as

(1+45)ARy; = (142t + 25)R; — 2(1 + 25) Ripji R
24+ 2nt —4s _ o 2 o

— = BRij + ~(|Ry[* + s|Rm[*)g;;
— QSRikqujkpq + 4Sﬁik1§{jk

. 2(n —2) +4ns

=(1+4+2t+2s)R;; — WikiiRit — 25WikpgWitpq

n—2
4s(n? —3n+4)+4(n—2) = o 25,
LT n(n —2)? B+ SV F]a
4s5(n®* =3n+4)+4(n—2) s -
RitR;
(n—2)2 Rk
4—-2n—2 —Dt+4(n—2 .
(2.9) n—2n(n—1)t+4(n )SRRij,
n(n —1)

where é,ij = R;; — =(AR)g;;. It follows from (2.9) that

1
n

1+4s

ARy;|? = (14 48)|VRi; > + (1 4 45)Ri; ARy,
= (1 + 48)|Vﬁij“2 + (1 + 2t + QS)RJ‘]‘RI‘J‘
2(n — 2) + 4ns o o .
- %WikleklRij — 25WikpgWikpeRi;
N 4s(n* —3n+4) +4(n —2)
(n—2)?

RixRijRjs
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4—2n—2n(n—1)t+4(n—2)
n(n—1)

Integrating both sides of (2.10) yields

o —2)(1+2t+2
oz(1+4s)/ |VRZ-J-|2+/ (— (n—2)A+2t+ S)\VR\Q
M M 2n

(2.10) ® RIRy; |2

2(n — 2) +4ns o o .
- %Wik]‘lelRij — 25WikpgWikpeRij
4s(n®> —3n+4)+4(n—2):s =
(n — 2)2 leRij]l
4—2n—-2nn—-1)t+4n—2)s _ =
2.11 R|R:; )

where we used the second Bianchi identity Rk]k = 2R ;. Hence, we obtain
the following result:

Lemma 2.1. Let M" be a closed manifold and g be a critical metric for F
on A1 (M™). Then

(14 45) /M \Vf{ij\Q _ /M ((n - 2)(12—:1— 2t + 2s) VR

2(n —2) + 4ns . .
%WikﬂRklej + 25WikpgWikpaRij
45(n®> =3n+4)+4n—-2)s = =
_ 22 RixRi;Rji
A4—2n—2n(n—1)t+4(n—2)s _ -
(2.12) 3 n—2n(n—1)t+4(n )SRlRij|2)-
n(n—1)

For any closed manifold, we also have the following result (see [21, Lemma
2.2])

Lemma 2.2. Let M™ be a closed manifold. Then

o o o n o o o
/M |VR;;|? = /M (WijklelRik - mRinijm‘
)

1 . (n—2)2 1
2.13 — ——RIRyj* + ——Z—|VR|* + =|Ci;x|?).
( T RIRG P+ TS IVRE £ 5 Cul?)
The next lemma comes from [8,14,20] (for the case of A = 25, see [7]):

Lemma 2.3. For every Riemannian manifold (M™,g) and any A\ € R, the
following estimate holds

' - Wijklﬁjlf{ik + AR”ngRm

n—2 2(n —2)A\? - 3,
<)== (jw)? 7&--2) Rij[?
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P
(2.14) _ Aﬁ;gfhv+

A -
3 =1) Ric ®g||Rsj1°.

V2n
3. Proof of main results

3.1. Proof of Theorem 1.1
Notice that (2.13) can be written as

(1 +43)/ |Vfiij|2 = (1 +43)/ ( zgklelek R”R R
M M
L pgope lﬁ:;L, 2, Lia 2
(3.1) IR T VR 50 E).

Combining (3.1) with (2.12), we have

n—2+4 8s R n—4)4s+(n—2) 2 - =
0= / [7WijklelRik + ( )l ( )]Rinijki
M

n—2 (n—2)2
. 3n—44+2nn—1)t+8s _ -
+ QSWikqujkquij + n(n — 1) R‘Rij|2
n—2)n+4(n—1)t+4s 1+4s

dn(n — 1)
which is equivalent to

S n—4)A4s+(n—2)] s o = 2(n—2)s
0= — WimR R — R Ryl — — %
/M[ Rk (n—2)8s+n—2) " IR T R8st —2

o n o (n=2)Bn—d42m(n -1t +8s] L. o
X WikpgWikpgRij n(n—1)(8s +n— 2) R|R;;|
—2)%[n+4(n — 1)t + 4 144

dn(n —1)(8s+n —2) ( +n—2)
as long as 8s +n — 2 # 0. Substituting the estimate (2.14) with

5\ _(n—4)[45+(n—2)}
 (n—2)8s+n-2)
and
o n—1 21
(3.4) WikpaWikpaRis| <\ ——IW[*[Ry;|
into (3.3) gives

[ n—2 4)4s+ (n—2)] _. -
[ n—l‘ 2n n—2)(85—|—n—2)Rlc®g Ry

B /n—l‘ n—2 s‘|W|2‘f{__|_(n—2)[3n—4+2n(n—1)t+8s]
n 18+n-—2 " n(n—1)(8s+n—2)
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(n—2)%[n+4(n 1)t + 4s]

x RIRy[* - -1tz

For the proof of (3.4), we refer to [17, Lemma 2.4]. Noticing that if ¢, s satisfy
(1.3), then we have

1+4s>0

8s+n—-2>0

n+4(n—1)t+4s <0

3n—442n(n—1)t+8s < 0.

(3.6)

Therefore, applying (1.2) and (3.6) into (3.5) gives

| n—2 4)ds+ (n—2)] _. -
[ n—l‘ 2n n—2)(85—|—n—2)Rlc®g Ry

In—1 (n—2)[3n—4+2n(n—1)t+8s]
‘85—&— ‘|W| ‘R”| B n(n—1)(8s+n—2)
(n—2)%[n+4(n — 1)t + 4s]

x RIRy[” - dn(n —1)(8s+n —2) VA
(n—2)(1 +4s) >
(3.7) (SS‘F—TL)'OUM

which shows R” = 0 and hence M™ is Einstein.
Similarly, if ¢, s satisfy (1.4), then we have

1+45<0

8s+n—-2<0

n+4n—-1)t+4s>0

3n—442n(n—1)t+8s > 0.

Therefore, applying (1.2) and (3.8) into (3.5) also yields the estimate (3.7) and
the desired Theorem 1.1 follows.

(3.8)

3.2. Proof of Theorem 1.2
When 85—|—n 2 ;é 0, inserting the estimate (2.14) with A = —%

and (3.4) into ( , we deduce
- 4 -2 o .
0< " ‘ [ 8+( )] Ric@g |Rij|2
2(n—1) 2nn—2)(83+n—2)

In (n—2)[3n—4+2n(n—1)t+8s]
‘85—&—71 2‘| HR”| n(n—1)(8s+n —2)
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(n—2)%[n+4(n — 1)t + 4s]
dn(n —1)(8s+n —2)

(n—2)(1+4s)
2(8s4+mn —2)

x R[Ry;|? — IVR|?

(3.9) |Cigel -

If t, s satisfy (1.6), then we have

14+45<0

8s+n—2>0
n+4(n—1)t+4s>0
3n—442n(n—1)t+8s > 0.

(3.10)

Applying (3.10) and (1.5) into (3.9) also yields the following estimate

n—2 B (n—4)[4s+ (n —2)] 3 .
OS/M[ 2(n71)’W \/ﬁ(n—2)(85+n_2)R ®g|[Ri;]

In—1|2(n—2)s 25 | (n=2)[3n—4+2n(n—1)t+8s]
+ n 85+n72‘|W| IR nn—1)8s+n—2)
o__27(n—2)2[n+4(n—1)t—|—4s] 9
x RIRy| dn(n —1)(8s+n — 2) IVE]
(n—2)(1+4s) 9
. Yol (&7 <0,
(3.11) BT CPr—Y ICoar"] <0

and the desired Theorem 1.2 follows.

3.3. Proof of Theorem 1.3
When ¢, s satisfy 1+ 2t 4+ 2s = 0, then the formula (2.10) becomes

1+4s o . 2(n —2) +4ns ER—
2 AR = (1+ 4s)[VRy;[* — %WikﬂRkle‘j
o 4s(n® —3n+4)+4n—2). o =
= 25WikpgWikpgRij + ( (n = 2))2 ( )Rz‘kRijji
4—2n—2n(n—1)t+4(n—2)s _ -
(3.12) =2 - DA = 2)s pg e
n(n —1) '
which gives
—2)(1+4 .
wNRm?
4[(n — 2) + 2ns]
(n—2)(144s) o< E (n—2)s o
- [VRi; = WinjRuRij — =2y 125 raWikpaRi

= 2[(n—2)+2ns]
2s(n? —3n+4) +2(n — 2)
(n—=2)[(n —2) + 2ns]

RixRijRjs
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(n—2)2—n—n(n—1)t+2(n—2)s] 9
+ n(n —1)[(n — 2) + 2ns] R‘RZ”

( )(1+48 22— n—2 ‘ 28n —3n+4)+2(n—2)
2[( —2)+ Rij V2n(n—2)[(n—2)+2ns]
lec@gMRUP V= i e W

n—2)2—-n—nn-1)t+2(n
( n(n —D[(n - 2))—|- 2n5(] 2 ]R‘R” i
provided n — 2 + 2ns # 0. Noticing that
n—2 n? —3n+4 1
a _2(n2+n—4)<_
and if s satisfy (1.8), then we have

(3.13) +

N

14+4s>0
(3.14) n—2+2ns >0
2—n—n(n—1t+2n(n—2)s > 0.
Similarly, if ¢, s satisfy (1.9), then also we have
14+4s<0
(3.15) n—242ns <0
2—n—n(n—1t+2n(n—2)s <0.
Clearly, if (3.14) or (3.15) holds, then from (3.13) and (1.7) we both have
(n —2)(1+ 4s)
A[(n—2) + 2n9)
which shows that \RU |2 is subharmonic on M™. Using the maximum principle,
we obtain that |R”\2 is constant and VR;; = 0, implying that the Ricci cur-

vature is parallel and the scalar curvature R is constant. In particular, (3.13)
becomes

0 n—2 ‘ 2571 —3n+4)+2(n-2)
= S V2n(n —2)[(n — 2) + 2ns
x Ric @g’|Rzg| \/7‘ +2ns‘|W‘2

n=2)2—n—nn-1)t+2(n
n(n —1)[(n — 2) + 2ns]

(3.16) AR [? >0,

— 2)s o -
(3.17) i 28] it | i .

If there exists a point p such that the inequality (1.7) is strict, then from (3.17)
we have |R;;|(p) = 0 which with the fact that |R;;| constant shows that R,;; = 0,
that is, M™ is Einstein, completing the proof of Theorem 1.3.
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3.4. Proof of Theorem 1.4
When 1+ 2t 4 2s =0, (3.12) can also be written as
(n—2)(1+4s) (n—2)(1+4s)

=2 )Uras) pop_ . T U TES) o2
A —2) om0 2M(n—2)  2ns] ¥ Rl T Wik RiaRg
(n—2)s .
=2y +ans " toalWiknaltiy

B 2s(n® —3n+4) +2(n — 2)
(n—2)[(n —2) + 2ns]
- (m=2)2-n—n(n-1)t+2(n
n(n — 1)[(n — 2) + 2ns]

RirRi; Ry

(3.18) 2] gtk 2.

Thus, we obtain

(n—2)(1—|—4s) o

- _ (n—2)(1+4s) 2)(1+4s R 2 n—2 ’ 25 (n?—3n+4)+2(n—2)

= 2[(n—2)+2ns] 2)+2ns Rij V2n(n—2)[(n—2)+2ns]
2 _ 1 2B
lec@g‘|R”| ‘ +2n ‘| %R

~(n=2)2-n-n n—l)t+2(
n(n —1)[(n —2) + 2ns]

If ¢, s satisfy (1.11), then we have

(3.19) )]Rmm2

1+45<0

(3.20) n—2+2ns>0
2—n—nn-—1t+2(n—2)s <0.

Therefore, applying (3.20) and (1.10) into (3.19) yields the estimate

(3.21) —ﬂ@jﬁiﬁi}AﬁMQZO

Then following the proof of Theorem 1.3 line by line we finish the proof of
Theorem 1.4.

3.5. Proof of Theorem 1.5
When Wk = 0, (2.12) becomes

(1 +4s) /M |Vﬁij|2 = /M ((n - 2)(1 2t + 25) |VR|2

2n
B 4s(n® —3n+4) +4(n
(n—2)?

—2) % o o
)RikRijji
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4—2n—-2nn—1)t+4n—2)s _ =
.22 - ij
(3.22) n(n—1) RIRs;] )
and (2.13) becomes
/ ‘VR”F / ( Rz]R]ksz R|RU|2
(n— ) 2 2
(3.23) eI VAP 2|c,],€\ ).

respectively. Thus, combining (3.22) with (3.23), we obtain

—4)[(n — 2) + 4s]
o =0l +s/ww

B 2n[(n— 1)( 2)t+28+ 12
(n—2)[2n(n — l)t + 4(n —2)s+ (n —3n+4)] 9
a 2n(n —1) / IVE]
(3.24) LA =2) n@i R 3n + 4)s / [e

For n > 4, from (2.3) we have Cj;;, = 0 coming from Wj;j; = 0. In particular,
when n = 4, (3.24) becomes

(3.25) 0=(3t+s+ 1)/ (4R|Ry;|* + |[VR]?),
M

which shows that if 3t + s + 1 # 0, then we have R” = 0 and hence M*
is Einstein. This combining with (2.1) gives that M* is of positive constant

sectional curvature.
When n > 5, if ¢, s satisfy (1.12), then (3.24) yields

—4)[(n — 2) + 4s]
0= (n ) n—2)+4s / Vi 2

-2
7271[( —1)(n—2)t + 25+ (n - 2)] 52
(n—1)(n—2) /R‘R”|
s (n—2>[2n(n—1>t;nzt5ln_—12)>s+<” =2t [ wRp 2o

which concludes that M™ is Einstein. Similarly, if (1.13) is satisfied, we also
have that M™ is Einstein and hence M™ is of positive constant sectional cur-
vature.

3.6. Proof of Theorem 1.7
When n = 3, (3.24) becomes

O:(1+4s)/ |vf{ij|2+3(zt+2s+1)/ R|R,;|?
M M
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3t 1
+7+5+ / |VR|2—2(1+43)/ |Cyjk )
3 M M

If Cijk,; = 0, then (1.19) shows that C;jr = 0 and (3.27) becomes

(3.27)

0:(1+45)/ |v1iij|2+3(2t+25+1)/ R|Ry;|?
M M

t 1
(3.28) potrs+l / IVR|’.
3 M

Therefore, if ¢, s satisfy (1.14) or (1.15), we have R” = 0 and hence M3 is of
positive constant sectional curvature. The proof of Theorem 1.7 is finished.
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