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A Zadeh’s max-min composition operator for two
triangular fuzzy numbers defined on R
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There are many results for Zadeh’s max-min composition operators based on Zadeh'’s
extension principle. We calculate Zadeh’s max-min composition operators for two
triangular fuzzy numbers defined on R.
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1 Introduction

In fuzzy set theory, various types of operations between two fuzzy sets have been
defined and studied. There are many results for Zadeh’s max-min composition op-
erators based on Zadeh’s extension principle. We calculated max-min composition
operators for two generalized triangular fuzzy sets [7], for two generalized quadratic
fuzzy sets [6], and for two generalized trapezoidal fuzzy sets [4]. And we extended
the above results to 2-dimensional case. We proved Zadeh’s extension principle for
2-dimensional triangular fuzzy numbers [2]. We calculated Zadeh’s max-min com-
position operator for two 2-dimensional quadratic fuzzy numbers [1], parametric
operations between 2-dimensional triangular fuzzy number and trapezoidal fuzzy
set [3] and algebraic operations for two generalized 2-dimensional quadratic fuzzy

sets [5]. The fuzzy sets in the above results [7, 6, 4] were defined on R™.
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In this paper, we calculate Zadeh’s max-min composition operators for two trian-
gular fuzzy numbers defined on R. Precisely, for six positive numbers a, b, ¢, p, g, ,
we calculate the operators between two non-positive triangular fuzzy numbers A =
(—a,—b,c) and B = (—p, q,r) defined in Definition 2.5.

2 Zadeh’s max-min composition operators

Let X be a set. A classical subset A of X is often viewed as a characteristic func-
tion pa from X to {0,1} such that pa(zx) = 1ifz € A, and pa(x) = 0if z ¢ A.
{0,1} is called a valuation set. The following definition is a generalization of this

notion.

Definition 2.1. A fuzzy set A on X is a function p 4 from X to the interval [0, 1]. The
function is called the membership function of A.

Definition 2.2. The set A, = {x € X|ua(x) > a} is said to be the a-cut of a fuzzy
set A.

Definition 2.3. A fuzzy set A on R is convex if
pa Az + (1= X)) z2) > min(pa(z1), pa(z2)), Vri,ze € R, YA €[0,1].

Definition 2.4. A convex fuzzy set A on R is called a fuzzy number if (1) There exists
exactly one = € R such that pa(z) =1,

(2) pa(x) is piecewise continuous.

Definition 2.5. A triangular fuzzy number on R is a fuzzy number A which has a

membership function

07 r<ap, az < Zz,
J— r—a
pa(z) = 224 a; <z < ay,
az—x
w02 <x<as.

The above triangular fuzzy number is denoted by A = (aq, az, as).

Definition 2.6. [8] The extended addition A(+)B, extended subtraction A(—)B, extended
multiplication A(-)B and extended division A(/)B are fuzzy sets with membership

functions defined as follows. For all z € A and y € B,

paeB(z) = sup min{ua(x), up(y)}, (x=+,—,-/)

Z=x*Y

Remark 2.1. Let A and B be fuzzy sets and A, = [a{"),a{")] and B, = [b{*,b{")] be
the a-cuts of A and B, respectively. Then the a-cuts of A(+)B, A(—)B, A(-)B and
A(/)B can be calculated as follows.
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1) (A(+)B)a = [a{® + 0\, al™ + 7).
(2) (A(-)B)a = [ai™ — b5, a5 — ().
(3) (A()B)a = [min(a{™b{™, a{b5, albi®, alb5),
N SNCIMONOIMOROIMONON
(4) (A(/)B)a = [min(a{® /6{™,a{ /65" a5 /6§ a5 /657,
max(a{™ /by, a{™ /65" a8 /b1, al™ /bS],

3 Main results

In this section, for six positive real numbers a,b, ¢, p, ¢, r, we consider two trian-
gular fuzzy numbers A = (—a,—b,c) and B = (—p,q,r). The other cases can be

calculated similarly.

Theorem 3.1. Let —a < —p, ¢ > 7, ppa(0) = o and pp (0) = ag. If a1> ao, then
A(+)B and A(—)B are triangular fuzzy numbers, and A(-)B is a general fuzzy number.
And A(/)B has values in (az,1] on R.

Proof. Note that

0, r<—a, c<uw,
pa(z) = 5 (z +a), —a<x< b,
Ci_b(c—z) —-b<z<ec,
and
0, < —p, r<a,
pp(x) = 5@ +p), —p<z<g,
Tiq(rfm) g<zxz<r.
Let A, = [c(zjl)o‘),aéo‘)] and B, = "), b{*)] be the a-cuts of A and B, respectively.
From o = alajbra and a = < 23—, we have
A, = [aga), aéa)] = [a(a—b) —a,—a(c+Db) + .
Similarly,

Bo =B\, b57] = [alg+p) — p, —alr —q) + 7).
1. Addition : By the above facts, A (+)Ba = [a{™ + b, al® + (] = [a(a—b) —
a+a(qg+p) —p,—alc+b) +c—afr —q) +r]. Thus pa4)p(z) = 0 on the interval
[—a —p,c+7]°and pa4)p(q — b) = 1. Therefore,

0, r<c+r, —a—p<uzx,
A+ B(T) = a:i—l",_i;__fpv —a—p<z<q-—b,

—x+c+r _
g 4 b<z<cHr.
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Hence A(+)B is a triangular fuzzy number.

2. Subtraction : By the above facts, Ao (—)Ba = [a'® — 5, a{™ — 5] = [a(a —
b)—a+a(r—q)—r,—a(c+b) +c—a(qg+p)+pl. Thus sy (x) = 0 on the interval
[—a —7r,c+p]°and pu—yp(—b— q) = 1. Therefore,

0, r<c+p —-a—r<uz,
pa—(@) =4 5HE, —a-r<az<-b—g,
—z+ctp
cibratp’ “b—g<z<c+p.

Hence A(—)B is a triangular fuzzy number.
3. Multiplication : (1) &y < a <1
By the above facts,

Aa(')Ba = [aga) 'béa)a aéa) : bga)]
= [(ala=b) —a)- (—alr —q) +7),
(male+0) +¢) - (alg +p) = p)]-
Thus pigyp(z) = atz = (a1(a —b) —a) - (—a1(r —q) +r) and = (—a1(c+b) +
c) - (a1(q+p) —p) and payp(—bg) = 1. Therefore,

aq—2ar+rb—\/(—aq—2ar—7‘b)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—br) ’

ar(a—b)—a) (—a1(r—q)+r) <z < —bg,

bp+eptbgteq—y/(—bp—cp—cq—pe)® —4(bp+cptbgtcq) (cptz)
2(bp+cp+bg+cq) ’

—bg <z < (—a1(c+b)+c) ((g+p)—p).

MA(-)B(UU) =

Q) as<a<m
By the above facts,
Aa(')Ba = [aga) 'béa)aaéa) 'b;a)]
= [(ala =b) —a) - (—a(r —q) + ),
(malc+b)+¢)- (—alr—q) +7)].

Thus pig)p(x) = g at z = (az(a —b) —a) - (—az(r —q) +r) and = (—az(c+b) +
¢)- (—ag(r—q)+r)and payp(r) =y at z = (a1(a —b) —a) - (—ai(r —q) +r) and
z=(—a1(c+0b)+c) (—ai(r — q) +r). Therefore,

aq—2ar+7‘b—\/(—uq—Qar—rb)z —4(—ag+bg+ar—>br)(ar+z)
2(—aq+bg—ar—br) ’

(az(a—=b) —a)- (—aa(r —q) +7) <z
<(ay(a=0b)—a)-(—ai(r—g) +r),

—cq+rb+rc+\/(—cq+cr—rb—rc)2 —4(—bg—cq+br+cr)(—cr+z)
2(—bg—cq+br+cr)

(—ai(c+b)+c) (ailg+p)—p) <z
< (—az(c+b)+c)  (—as(r—q)+r).

MA(-)B(QT) =

B)o<a<a
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There are two cases (i) and (ii).

(i) By the above facts,
Aa()Ba = [0y - b5 a5 - b5]
=[(a(a=0b) —a)- (—a(r —q) + 1),

(male+b) +¢)- (—alr —q) +7)).
Thus pia()p(x) = 0 on the interval [—ar, cr]® and pa()p(x) = az at z = (az(a —b) —

a) - (—az(r —q) +r)and ¢ = (—az(c+b) +¢) - (—aa(r — q) + 7). Therefore,

aq—2ar+7‘b—\/(—aq—Qar—rb)Z—4(—aq+bq+a7’—br)(a7‘+x)
2(—aq+bg—ar—br) ’
(z) = —ar <z < (az(a—0b) —a) - (—ag(r—q) +r),
HA()B B —cq+7‘b+rc—\/(—cq+cr—rb—rc)2—4(—bq—cq+br+cr)(—cr+w)
2(—bg—cq+br+cr)

b

(—az(c+b) +¢) - (a2(qg+p) —p) Sz <cr
(ii) By the above facts,
Aa(")Ba = [aga) 'béa)vaga) : bga)]
[(a(a—0b) —a)- (—a(r—q) + 1),

(a(a—b) —a) - (a(g+p) — )]

Thus pia()p(x) = 0 on the interval [—ar, ap]® and payp(z) = az at & = (az(a—b) —
a) - (—az(r —q)+r) and (az(a —b) — a) - (aa(q + p) — p). Therefore,

aq—2ar+rb—\/(—aq—Qar—T’b)2—4(—aq+bq+ar—br)(ar+z)
2(—ag+bg—ar—br) ’
B —ar <z < (az(a—0b) —a) - (—az(r —q) +r),
Haos(@) = 2ap+ag—bp—+/(—2ap—aq+bp)® —4(ap—bp+aq—bq) (ad—z)
2(ap—bp+ag—bq)

)

(az(a—b) —a) - (a2(q+p) —p) <z <ap.
Hence A(-)B is a fuzzy number.
4. Division: (1) a; < a <1
By the above facts,

8= [ )|

bga) 9 bga)

ala—b)—a —a(c+b)+cj|
a(g+p)—p’ —a(r—q)+r |"
Thus :U/A(/)B(x) =qatz = ai(a—b)—a

_ —aq(e+b)+e
1 (q+p)—p and z = W,
MA(/)B(;qb) = 1. Therefore,

pr—a ar(a—b)—a
pa)s(x) = { @Tp)o—(a=0)

< =b
agipp ==
—rx+c

—b —aq(c+b)+c
@ retetd g =TS Zagtr
2 ay<a<a

CONN )
By the above facts, A, (/)By = ( 1 2 }

@) ) [e
{7 p{)

'U/A(/)B(x) = atx = ai(a—b)—a

<a(a—b)—a —oz(c+b)+c:|
ai(g+p)—p and

a(g+p)—p’ al(qg+p)—p
—ouletblre Tharefore
a1(g+p)—p
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pr—a _ (Oél(a b) a)
() = (¢+p)z—(a—0b)’ 00 <z < (a1(g+p)—p)’
'LLA(/)B pr+c (_al(c+b)+(') <xr< oo
(g+p)z+ct+b? (a1(g+p)—p) — )

Hence A(/)B has values in (a9, 1] on R. O

Theorem 3.2. Let —a < —p, ¢ > 1, pua (0) = ag and pp (0) = as. If a1 = g, then
A(+)B and A(—)B are triangular fuzzy numbers, and A(-)B is a general fuzzy number.
And A(/)B has values in (as,1] on R.

Proof. Let A, = [a{™,a$”] and B, = [b{*),b\")] be the a-cuts of A and B, respec-
N (@)

tively. Since v = L Jga and o = “33—, we have
Ag = [\, ] = [a(a — b) — a, —alc + b) + d].

Similarly,

By = [01%,05")] = [a(q + p) —p, —a(r —q) +71].
1. Addition : By the above facts, Ay (+)Ba = [a{™ + b, a® + ] = [a(a —b) —
a+a(q+p) —p,—alc+b) +c—alr—q) +r|. Thus uA(+)B( x) = 0 on the interval
[—a —p,c+7]°and pa4)p(q — b) = 1. Therefore,

0, r<c+r, —a—p<ux,
ILLA(+)B(Q:‘) = %7 _a_p§x<q_b7
ij)ijt’:], g—b<z<c+r

Hence A(+)B is a triangular fuzzy number.

2. Subtraction : By the above facts, Ao (—)Ba = [a'® — 5, a{™ — 5] = [a(a —
b)—a+a(r—q)—r,—a(c+b)+c—a(q+p)+pl. Thus p4—yp(x) = 0 on the interval
[—a —7r,c+p]°and pys—yp(—b— q) = 1. Therefore,

0, r<c+p —-a—r<uz,
:U/A(—)B(:E) = ai-gij:itf —a—r<z<-b- q,
—z+ctp
cibrqrpr P—asz<c+p.

Hence A(—)B is a triangular fuzzy number.
3. Multiplication : (1) a; < a <1
By the above fact,
Aa()Ba = [0 - 55 a1y
= [(ala =b) —a) - (—alr —q) + 1),
(—ale+b) +¢) - (alg+p) —p))-
Thus pac)p(z) = a1 atz = ((a—b) —a)- (—ai(r—¢)+r) and 2 = (—ai(c+b) +
c)- (a1(q¢+p) —p), pacys(—bp) = 1. Therefore,
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aq—2ar+rb—\/(—aq—2ar—bp)2 —4(—ag+bg+ar—br)(ar+z)
2(—aq+bg—ar—br) ’

ar(a—b) —a)- (—aa(r—g) +7r) <z < —bg,

bp+cp+be+ce—\/(—bp—cp—cq—pc)z —4(bp+cp+be+ce)(cp+x)
2(bp+cp+bg+cq) ’

—bg <z < (—a1(c+b)+c) (a(qg+p) —p).

NA(.)B(fE) =

20<a<m
There are two cases (i) and (ii).
(i) By the above fact,

Aa()Bo = [t - b5 af - b))
= [ala=b) —a) - (—a(r —q) + 1),
(—alc+b) +¢) - (—alr—q) +7)].
Thus ia()p(z) = 0 on the interval [—ar, cr]® and pac)p(x) = a1 at z = (a1 (a—b) —
a)-(—aqr(r—q)+r)and = (—ai(c+b) + ¢) - (—a1(r — q) + r). Therefore,

aq72ar+rb7\/(faq72ar7bp)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

—ar <z < (a1(a—0) —a)  (—ar1(r —q) +r),

cq—cr+rb+rc— \/(—cq+cr—rb—rc)2 —4(—bg—cq+bf+cr)(—cr+z)
2(—bg—cq+bf+cr) ’

(—ar(c+b)+c)- (alg+p)—p) <z <cr

MA(-)B(SC) =

(ii) By the above fact,
Aa()Bo = [aga) 'béa)vaga) ‘ bga)]
=[(ala=b) —a) - (—a(r —q) + 1),
(a(a —b) —a) - (alg +p) —p)]-
Thus a()p(x) = 0 on the interval [—ar, ap]® and payp(z) = ar at z = (a1(a—b) —
a) - (—ar(r—q)+r)and = (ay(a — b) — a) - (a1 (¢ + p) — p). Therefore,

aq—2ar+rb—\/(—aq—2ar—bp)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—br) ’

—ar <z < (a1(a—0) —a)  (—a1(r —q) +r),

2ap+aq—bp—\/(—2ap—ae+bp)2 —4(ap—bp+aq—>bq)(ap—=x)
2(ap—bp+aq—bq) ’

(a1(a—0b)—a)-(1(qg+p) —p) <z <ap.
Hence A(-)B is a fuzzy number.

MA(.)B(x) =

4. Division : If oy < o <1, by the above fact,

() (o)
_fa a _ [ala=b)—a —a(ct+b)+c —by\ __
Aa(N)Ba = (3555 ] = (Sapms. S8e0s ] mag)n(32) = 1. Therefore,

—proa o< < ;b7
pa()s(z) = { e 0
GG=ne+etd ¢ =TS

Hence A(/)B has values in (a9, 1] on R. O
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Theorem 3.3. Let —a < —p, ¢ > 1, ua(0) = ag and pp (0) = ag. If a1 < ag, then
A(+)B and A(—)B are triangular fuzzy numbers, and A(-)B is a general fuzzy number.
And A(/)B has values in (a1, 1] on R.

Proof. Let Ay = [0l a{] and B, = [\, "] be the a-cuts of A and B, respec-
[e3 )
a; “+a

a—b

«
c—ay
c+b 7

tively, Since o = and o = we have

Ao = [a{,a5] = [a(a — b) — a, —a(c +b) + ¢].

Similarly,

By = [01,05"] = [a(q + p) —p, —a(r —q) +71].
1. Addition : By the above facts, A (+)Ba = [a{™ + b, a’® + (] = [a(a—b) —
a+alqg+p) —p,—alc+b) +c—afr —q)+r]. Thus pa)p(z) = 0 on the interval
[—a —p,c+7]° and pa4)p(q — b) = 1. Therefore,

0, r<c+r, —a—p<uw,
/j’A(-l-)B(x) = af:i;_—fp7 —a—p S r<q-— b7
ij)iftz, g—b<z<c+r.

Hence A(+)B is a triangular fuzzy number.

2. Subtraction : By the above facts, A (—)Ba = [a'® — 5, a{® — 5] = [a(a —
b)—a+a(r—q)—r,—a(c+b) +c—a(qg+p)+p|. Thus ps—yp(x) = 0 on the interval
[—a —7r,c+p]°and pu—yp(—b— q) = 1. Therefore,

0, r<c+p —-a—r<uz,
pa-(@) =4 55, —a-r<z<-b—g,
—z+ctp

) —b—qg<zx<c+p.
Hence A(—)B is a triangular fuzzy number.

3. Multiplication : (1) e < <1

By the above fact,

Aa()Ba = [0 b5 a1y
=[(ala=b) —a)- (—a(r —q) +7),
(—ale+0) +¢)- (g +p) = p)-

Thus pia)p(x) = a2 at & = ag(a —b) —a) - (—az(r —q) +r) and = (—az(c+b) +
c) - (a2(q +p) — p), acys(—bp) = 1. Therefore,

aq—2ar+rb—\/(—aq—2ar—bp)2 —4(—aq+bg+ar—br)(ar+z)
2(—ag+bg—ar—br) ’

ag(a—b) —a)- (—aa(r —gq) +r) <z < —bg,

bp+cp+betce+ \/(—bp—cp—cq—pc)2 —4(bp+cp+be+-ce)(cp+x)
2(bp+cp+be+tce) ’

—bg < x < (—az(c+0b)+c) (a2(qg+p) —p).

pacyp(x) =
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(2) ap<a<as
By the above facts,
Aa()Ba = oy b5 ai™ - b
= [(a(a=b) —a) - (—a(r —q) + 1),
(a(a =b) —a) - (alg +p) —p)l.

Thus piacyp(z) = ar at z = (a1 (a —b) —a) - (—ay(r—¢q) +r) and = = (ai(a —b) —
a)-((g+p) —p) and pac)p(r) = az at = (az(a —b) —a) - (—aa(r —q) +r) and
x = (—az(c+b) +¢) - (a2(q + p) — p). Therefore,

ag—2ar+rb— \/(7aq72a7’7bp)2 —4(—ag+bg+ar—br)(ar+z)
2(—ag+bg—ar—br) ’

ara—b) —a) - (~ai(r —q)+7) <
< (as(a—b) —a) - (—as(r — q) +7),

2ap-|—aq—l)p-‘r\/(—2ap—ae—i—bp)2 —4(ap—bp+aq—>bq)(ap—x)
2(ap—bp+aq—bq) ’

((a—=0b)—a) (a(g+p)—p) <=z
< (—az(c+Dd) +¢) - (az(qg +p) —p).

:“A(~)B(I) =

B)o<a<m

There are two cases (i) and (ii).

(i) By the above facts,

Aa()Ba = [ai” - 557, af - b
= [(a(la=b) —a) - (—a(r—q) +r),
(—alc+b)+c)- (—alr—q) +7)].

Thus p14(.yp(x) = 0 on the interval [—ar, er]® and pacys(r) =aratr = (ai(a—0b)—
a) - (—ai(r—q¢)+r)and z = (—ai1(c+0b) +¢) - (—a1(r — q) + r). Therefore,

aq—2a7'+rb—\/(—aq—QaT—bp)2 —4(—aq+bg+ar—br)(ar+x)
2(—agq+bg—ar—br) ’

—ar <z < (a1(a—=0b)—a)  (—ar(r—q) +r),

cq—cr+rb+rc— \/(7cq+crfrb7rc)2 —4(—bg—cq+bf+cr)(—cr+z)
2(—bg—cq+bf+cr) ’

(—aa(c+b)+c)- (lg+p) —p) <a<cr

MA(-)B(I) =

(ii) By the above facts,
Aa()Ba = [ 15 af™ 5]
=[(a(a=b) —a) - (—a(r—q) +r),
(a(a =b) —a) - (alg +p) —p)l.
Thus f14(.yp(x) = 0 on the interval [—ar, ap]® and pia()p(z) = oy at z = (a1(a—b) —
a)- (—ar1(r—q) +r)and z = (a1(a — b) — a) - (a1(q + p) — p). Therefore,
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aq—2ar+rb—\/(—aq—2ar—bp)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

—ar <z < (a1(a—0) —a)  (—ar(r —q) +r),

2ap+aq—bp—1+/(—2ap—aq+bp)®> —4(ap—bp+ag—bg)(ad—xz)
2(ap—bp-+aq—>bq) ’

(ar(a=b) —a) (a(qg+p) —p) <z <ap.
Hence A(-)B is a fuzzy number.

NA(~)B(x) =

4. Division : If oy < o <1, by the above fact,
al® ol ala—b)—a —a(ct+b)+c —b
Ao(/)Ba = ( } = ( } “A(/)B(T) = 1. Therefore,

b7 i) algrp)—p’ —alr—q)+r
Ty, o<z <2,
pagp(z) = { e e, I
m, 7 = MRS 0.
Hence A(/)B has values in (a1, 1] on R. O

4 Conclusion

We have computed Zadeh’s max-min composition operator for two non-positive
triangular fuzzy numbers A and B. In the case of By C Aj, we got three kinds
of conclusions according to the three magnitude relationship between p 4 (0) and
g (0), ie., pa(0) > pp(0), pa(0) = up(0) and pa (0) < pp(0). For each case,
A (+) B and A (—) B were triangular fuzzy numbers, and A (-) B was a slightly dis-
torted triangular fuzzy number, but A (/) B was a different type of fuzzy number.
In conclusion, A(+) B, A(—) B, A(:) B can be applied where the shape of the tri-
angular fuzzy number comes out, and A (/) B can be applied where appropriate.

Firstly, in the case of p4 (0) > up (0), the fuzzy number defined on the whole real
number can be applied to a place with the value of the closed interval [up (0), 1].
In other words, it can be applied to the case where the membership function of a
fuzzy number Fis up (-) : R — (g5 (0),1].

Secondly, in the case of p4 (0) = up (0), the fuzzy number defined on the interval
(—00, 0] can be applied to the place with the value of the closed interval [u5 (0),1].
In other words, it can be applied to the case where the membership function of a
fuzzy number F is up (-) : (—o00,0] — [pgs (0),1].

Finally, in the case of pa (0) < pp (0), the fuzzy number defined on the interval
(—00, 0] can be applied to the place with the value of the closed interval [114 (0), 1].
In other words, it can be applied to the case where the membership function of a

fuzzy number F is up (+) : (—00,0] — [a (0),1].

Remark 4.1. We calculated Zadeh’'s max-min composition operator for two non-
positive triangular fuzzy numbers A = (—a, —b,¢) and B = (—¢, p, ) for six positive

numbers a, b, ¢, p, q, r. Our results were obtained for the case of —a < —p and r < c.
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Similar results can be obtained when —a < —p and ¢ < r, although the calculation

is complex.
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