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A Zadeh’s max-min composition operator for two
triangular fuzzy numbers defined on R

Kim Hyun 김현 Yun Yong Sik† 윤용식 Park Jin Won* 박진원

There are many results for Zadeh’s max-min composition operators based on Zadeh’s
extension principle. We calculate Zadeh’s max-min composition operators for two
triangular fuzzy numbers defined on R.
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1 Introduction

In fuzzy set theory, various types of operations between two fuzzy sets have been
defined and studied. There are many results for Zadeh’s max-min composition op-
erators based on Zadeh’s extension principle. We calculated max-min composition
operators for two generalized triangular fuzzy sets [7], for two generalized quadratic
fuzzy sets [6], and for two generalized trapezoidal fuzzy sets [4]. And we extended
the above results to 2-dimensional case. We proved Zadeh’s extension principle for
2-dimensional triangular fuzzy numbers [2]. We calculated Zadeh’s max-min com-
position operator for two 2-dimensional quadratic fuzzy numbers [1], parametric
operations between 2-dimensional triangular fuzzy number and trapezoidal fuzzy
set [3] and algebraic operations for two generalized 2-dimensional quadratic fuzzy
sets [5]. The fuzzy sets in the above results [7, 6, 4] were defined on R+.

∗Corresponding Author.
†This research was supported by Basic Science Research Program through the National Research Foun-
dation of Korea(NRF) funded by the Ministry of Education(NRF-2018R1D1A1B07040648).

∗This research was supported by the 2020 scientific promotion program funded by Jeju National Uni-
versity.
Kim Hyun: Dept. of Math., Jeju National Univ. E-mail: badamul0313@naver.com
Yun Yong Sik: Dept. of Math., Jeju National Univ. E-mail: yunys@jejunu.ac.kr
Park Jin Won: Dept. of Math. Edu., Jeju National Univ. E-mail: jinwon@jejunu.ac.kr
Received on Aug. 6, 2020, revised on Sep. 23, 2020, accepted on Oct. 15, 2020.

http://dx.doi.org/10.14477/jhm.2020.33.5.277


278 A Zadeh’s max-min composition operator

In this paper, we calculate Zadeh’s max-min composition operators for two trian-
gular fuzzy numbers defined on R. Precisely, for six positive numbers a, b, c, p, q, r,
we calculate the operators between two non-positive triangular fuzzy numbers A =

(−a,−b, c) and B = (−p, q, r) defined in Definition 2.5.

2 Zadeh′s max-min composition operators

Let X be a set. A classical subset A of X is often viewed as a characteristic func-
tion µA from X to {0, 1} such that µA(x) = 1 if x ∈ A, and µA(x) = 0 if x /∈ A.
{0, 1} is called a valuation set. The following definition is a generalization of this
notion.

Definition 2.1. A fuzzy set A on X is a function µA from X to the interval [0, 1]. The
function is called the membership function of A.

Definition 2.2. The set Aα = {x ∈ X|µA(x) ≥ α} is said to be the α-cut of a fuzzy
set A.

Definition 2.3. A fuzzy set A on R is convex if
µA (λx1 + (1− λ)x2) ≥ min(µA(x1), µA(x2)), ∀x1, x2 ∈ R, ∀λ ∈ [0, 1].

Definition 2.4. A convex fuzzy set A on R is called a fuzzy number if (1) There exists
exactly one x ∈ R such that µA(x) = 1,

(2) µA(x) is piecewise continuous.

Definition 2.5. A triangular fuzzy number on R is a fuzzy number A which has a
membership function

µA(x) =


0, x < a1, a3 ≤ x,
x−a1

a2−a1
, a1 ≤ x < a2,

a3−x
a3−a2

, a2 ≤ x < a3.

The above triangular fuzzy number is denoted by A = (a1, a2, a3).

Definition 2.6. [8] The extended addition A(+)B, extended subtraction A(−)B, extended
multiplication A(·)B and extended division A(/)B are fuzzy sets with membership
functions defined as follows. For all x ∈ A and y ∈ B,

µA(∗)B(z) = sup
z=x∗y

min{µA(x), µB(y)}, (∗ = +,−, ·, /)

Remark 2.1. Let A and B be fuzzy sets and Aα = [a
(α)
1 , a

(α)
2 ] and Bα = [b

(α)
1 , b

(α)
2 ] be

the α-cuts of A and B, respectively. Then the α-cuts of A(+)B,A(−)B, A(·)B and
A(/)B can be calculated as follows.
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(1) (A(+)B)α = [a
(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ].

(2) (A(−)B)α = [a
(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ].

(3) (A(·)B)α = [min(a(α)1 b
(α)
1 , a

(α)
1 b

(α)
2 , a

(α)
2 b

(α)
1 , a

(α)
2 b

(α)
2 ),

max(a(α)1 b
(α)
1 , a

(α)
1 b

(α)
2 , a

(α)
2 b

(α)
1 , a

(α)
2 b

(α)
2 )].

(4) (A(/)B)α = [min(a(α)1 /b
(α)
1 , a

(α)
1 /b

(α)
2 , a

(α)
2 /b

(α)
1 , a

(α)
2 /b

(α)
2 ),

max(a(α)1 /b
(α)
1 , a

(α)
1 /b

(α)
2 , a

(α)
2 /b

(α)
1 , a

(α)
2 /b

(α)
2 )].

3 Main results

In this section, for six positive real numbers a, b, c, p, q, r, we consider two trian-
gular fuzzy numbers A = (−a,−b, c) and B = (−p, q, r). The other cases can be
calculated similarly.

Theorem 3.1. Let −a < −p, c > r, µA (0) = α1 and µB (0) = α2. If α1> α2, then
A(+)B and A(−)B are triangular fuzzy numbers, and A(·)B is a general fuzzy number.
And A(/)B has values in (α2, 1] on R.

Proof. Note that

µA(x) =


0, x < −a, c < x,
1

a−b (x+ a), −a ≤ x < −b,
1

c+b (c− x) −b ≤ x < c,

and

µB(x) =


0, x < −p, r < x,
1

q+p (x+ p), −p ≤ x < q,
1

r−q (r − x) q ≤ x < r.

Let Aα = [a
(α)
1 , a

(α)
2 ] and Bα = [b

(α)
1 , b

(α)
2 ] be the α-cuts of A and B, respectively.

From α =
a
(α)
1 +a
a−b and α =

c−a
(α)
2

c+b , we have

Aα = [a
(α)
1 , a

(α)
2 ] = [α(a− b)− a,−α(c+ b) + c].

Similarly,

Bα = [b
(α)
1 , b

(α)
2 ] = [α(q + p)− p,−α(r − q) + r].

1. Addition : By the above facts, Aα(+)Bα = [a
(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ] = [α(a− b)−

a+ α(q + p)− p,−α(c+ b) + c− α(r − q) + r]. Thus µA(+)B(x) = 0 on the interval
[−a− p, c+ r]c and µA(+)B(q − b) = 1. Therefore,

µA(+)B(x) =


0, x < c+ r, −a− p ≤ x,

x+a+p
a−b+q+p , −a− p ≤ x < q − b,
−x+c+r
c+b+r−q , q − b ≤ x < c+ r.
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Hence A(+)B is a triangular fuzzy number.
2. Subtraction : By the above facts, Aα(−)Bα = [a

(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ] = [α(a −

b)−a+α(r− q)−r,−α(c+ b)+ c−α(q+p)+p]. Thus µA(−)B(x) = 0 on the interval
[−a− r, c+ p]c and µA(−)B(−b− q) = 1. Therefore,

µA(−)B(x) =


0, x < c+ p, −a− r ≤ x,

x+a+r
a−b+r−q , −a− r ≤ x < −b− q,
−x+c+p
c+b+q+p , −b− q ≤ x < c+ p.

Hence A(−)B is a triangular fuzzy number.
3. Multiplication : (1) α1 < α ≤ 1

By the above facts,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
2 · b(α)1 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(−α(c+ b) + c) · (α(q + p)− p)].

Thus µA(·)B(x) = α1 at x = (α1(a− b)− a) · (−α1(r− q) + r) and x = (−α1(c+ b) +

c) · (α1(q + p)− p) and µA(·)B(−bq) = 1. Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−rb)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

α1(a− b)− a) · (−α1(r − q) + r) ≤ x < −bq,

bp+cp+bq+cq−
√

(−bp−cp−cq−pc)2−4(bp+cp+bq+cq)(cp+x)

2(bp+cp+bq+cq) ,

−bq ≤ x < (−α1(c+ b) + c) · (α1(q + p)− p).

(2) α2 < α ≤ α1

By the above facts,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
2 · b(α)2 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(−α(c+ b) + c) · (−α(r − q) + r)].

Thus µA(·)B(x) = α2 at x = (α2(a− b)− a) · (−α2(r− q) + r) and x = (−α2(c+ b) +

c) · (−α2(r− q) + r) and µA(·)B(x) = α1 at x = (α1(a− b)− a) · (−α1(r− q) + r) and
x = (−α1(c+ b) + c) · (−α1(r − q) + r). Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−rb)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

(α2(a− b)− a) · (−α2(r − q) + r) ≤ x

< (α1(a− b)− a) · (−α1(r − q) + r),

−cq+rb+rc+
√

(−cq+cr−rb−rc)2−4(−bq−cq+br+cr)(−cr+x)

2(−bq−cq+br+cr)

(−α1(c+ b) + c) · (α1(q + p)− p) ≤ x

< (−α2(c+ b) + c) · (−α2(r − q) + r).

(3) 0 < α ≤ α2
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There are two cases (i) and (ii).
(i) By the above facts,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
2 · b(α)2 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(−α(c+ b) + c) · (−α(r − q) + r)].

Thus µA(·)B(x) = 0 on the interval [−ar, cr]
c and µA(·)B(x) = α2 at x = (α2(a− b)−

a) · (−α2(r − q) + r) and x = (−α2(c+ b) + c) · (−α2(r − q) + r). Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−rb)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

−ar ≤ x < (α2(a− b)− a) · (−α2(r − q) + r),

−cq+rb+rc−
√

(−cq+cr−rb−rc)2−4(−bq−cq+br+cr)(−cr+x)

2(−bq−cq+br+cr) ,

(−α2(c+ b) + c) · (α2(q + p)− p) ≤ x < cr.

(ii) By the above facts,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
1 · b(α)1 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(α(a− b)− a) · (α(q + p)− p)].

Thus µA(·)B(x) = 0 on the interval [−ar, ap]
c and µA(·)B(x) = α2 at x = (α2(a− b)−

a) · (−α2(r − q) + r) and (α2(a− b)− a) · (α2(q + p)− p). Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−rb)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

−ar ≤ x < (α2(a− b)− a) · (−α2(r − q) + r),

2ap+aq−bp−
√

(−2ap−aq+bp)2−4(ap−bp+aq−bq)(ad−x)

2(ap−bp+aq−bq) ,

(α2(a− b)− a) · (α2(q + p)− p) ≤ x < ap.

Hence A(·)B is a fuzzy number.
4. Division : (1) α1 < α ≤ 1

By the above facts,
Aα(/)Bα =

[
a
(α)
1

b
(α)
1

,
a
(α)
2

b
(α)
2

]
=

[
α(a−b)−a
α(q+p)−p ,

−α(c+b)+c
−α(r−q)+r

]
.

Thus µA(/)B(x) = α1 at x = α1(a−b)−a
α1(q+p)−p and x = −α1(c+b)+c

−α1(r−q)+r ,
µA(/)B(

−b
q ) = 1. Therefore,

µA(/)B(x) =

{
px−a

(q+p)x−(a−b) ,
α1(a−b)−a
α1(q+p)−p ≤ x ≤ −b

q ,

−rx+c
(q−r)x+c+b ,

−b
q ≤ x ≤ −α1(c+b)+c

−α1(r−q)+r .

(2) α2 < α ≤ α1

By the above facts, Aα(/)Bα =
(

a
(α)
1

b
(α)
1

,
a
(α)
2

b
(α)
1

]
=

(
α(a−b)−a
α(q+p)−p ,

−α(c+b)+c
α(q+p)−p

]
.

µA(/)B(x) = α1 at x = α1(a−b)−a
α1(q+p)−p and −α1(c+b)+c

α1(q+p)−p . Therefore
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µA(/)B(x) =

{
px−a

(q+p)x−(a−b) , −∞ < x ≤ (α1(a−b)−a)
(α1(q+p)−p) ,

px+c
(q+p)x+c+b ,

(−α1(c+b)+c)
(α1(q+p)−p) ≤ x < ∞.

Hence A(/)B has values in (α2, 1] on R.

Theorem 3.2. Let −a < −p, c > r, µA (0) = α1 and µB (0) = α2. If α1 = α2, then
A(+)B and A(−)B are triangular fuzzy numbers, and A(·)B is a general fuzzy number.
And A(/)B has values in (α2, 1] on R.

Proof. Let Aα = [a
(α)
1 , a

(α)
2 ] and Bα = [b

(α)
1 , b

(α)
2 ] be the α-cuts of A and B, respec-

tively. Since α =
a
(α)
1 +a
a−b and α =

c−a
(α)
2

c+b , we have

Aα = [a
(α)
1 , a

(α)
2 ] = [α(a− b)− a,−α(c+ b) + c].

Similarly,

Bα = [b
(α)
1 , b

(α)
2 ] = [α(q + p)− p,−α(r − q) + r].

1. Addition : By the above facts, Aα(+)Bα = [a
(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ] = [α(a− b)−

a+ α(q + p)− p,−α(c+ b) + c− α(r − q) + r]. Thus µA(+)B(x) = 0 on the interval
[−a− p, c+ r]c and µA(+)B(q − b) = 1. Therefore,

µA(+)B(x) =


0, x < c+ r, −a− p ≤ x,

x+a+p
a−b+q+p , −a− p ≤ x < q − b,
−x+c+r
c+b+r−q , q − b ≤ x < c+ r.

Hence A(+)B is a triangular fuzzy number.
2. Subtraction : By the above facts, Aα(−)Bα = [a

(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ] = [α(a −

b)−a+α(r− q)−r,−α(c+ b)+ c−α(q+p)+p]. Thus µA(−)B(x) = 0 on the interval
[−a− r, c+ p]c and µA(−)B(−b− q) = 1. Therefore,

µA(−)B(x) =


0, x < c+ p, −a− r ≤ x,

x+a+r
a−b+r−q , −a− r ≤ x < −b− q,
−x+c+p
c+b+q+p , −b− q ≤ x < c+ p.

Hence A(−)B is a triangular fuzzy number.
3. Multiplication : (1) α1 < α ≤ 1

By the above fact,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
2 · b(α)1 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(−α(c+ b) + c) · (α(q + p)− p)].

Thus µA(·)B(x) = α1 at x = (α1(a− b)− a) · (−α1(r− q) + r) and x = (−α1(c+ b) +

c) · (α1(q + p)− p) , µA(·)B(−bp) = 1. Therefore,
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µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−bp)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

α1(a− b)− a) · (−α1(r − q) + r) ≤ x < −bq,

bp+cp+be+ce−
√

(−bp−cp−cq−pc)2−4(bp+cp+be+ce)(cp+x)

2(bp+cp+bq+cq) ,

−bq ≤ x < (−α1(c+ b) + c) · (α1(q + p)− p).

(2) 0 < α ≤ α1

There are two cases (i) and (ii).
(i) By the above fact,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
2 · b(α)2 ]

= [α(a− b)− a) · (−α(r − q) + r),

(−α(c+ b) + c) · (−α(r − q) + r)].

Thus µA(·)B(x) = 0 on the interval [−ar, cr]
c and µA(·)B(x) = α1 at x = (α1(a− b)−

a) · (−α1(r − q) + r) and x = (−α1(c+ b) + c) · (−α1(r − q) + r). Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−bp)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

−ar ≤ x < (α1(a− b)− a) · (−α1(r − q) + r),

cq−cr+rb+rc−
√

(−cq+cr−rb−rc)2−4(−bq−cq+bf+cr)(−cr+x)

2(−bq−cq+bf+cr) ,

(−α1(c+ b) + c) · (α1(q + p)− p) ≤ x < cr.

(ii) By the above fact,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
1 · b(α)1 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(α(a− b)− a) · (α(q + p)− p)].

Thus µA(·)B(x) = 0 on the interval [−ar, ap]
c and µA(·)B(x) = α1 at x = (α1(a− b)−

a) · (−α1(r − q) + r) and x = (α1(a− b)− a) · (α1(q + p)− p). Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−bp)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

−ar ≤ x < (α1(a− b)− a) · (−α1(r − q) + r),

2ap+aq−bp−
√

(−2ap−ae+bp)2−4(ap−bp+aq−bq)(ap−x)

2(ap−bp+aq−bq) ,

(α1(a− b)− a) · (α1(q + p)− p) ≤ x < ap.

Hence A(·)B is a fuzzy number.
4. Division : If α1 < α ≤ 1, by the above fact,
Aα(/)Bα =

(
a
(α)
1

b
(α)
1

,
a
(α)
2

b
(α)
2

]
=

(
α(a−b)−a
α(q+p)−p ,

−α(c+b)+c
−α(r−q)+r

]
. µA(/)B(

−b
q ) = 1. Therefore,

µA(/)B(x) =

{
px−a

(q+p)x−(a−b) , −∞ < x ≤ −b
q ,

−rx+c
(q−r)x+c+b ,

−b
q ≤ x ≤ 0.

Hence A(/)B has values in (α2, 1] on R.



284 A Zadeh’s max-min composition operator

Theorem 3.3. Let −a < −p, c > r, µA (0) = α1 and µB (0) = α2. If α1 < α2, then
A(+)B and A(−)B are triangular fuzzy numbers, and A(·)B is a general fuzzy number.
And A(/)B has values in (α1, 1] on R.

Proof. Let Aα = [a
(α)
1 , a

(α)
2 ] and Bα = [b

(α)
1 , b

(α)
2 ] be the α-cuts of A and B, respec-

tively, Since α =
a
(α)
1 +a
a−b and α =

c−a
(α)
2

c+b , we have

Aα = [a
(α)
1 , a

(α)
2 ] = [α(a− b)− a,−α(c+ b) + c].

Similarly,

Bα = [b
(α)
1 , b

(α)
2 ] = [α(q + p)− p,−α(r − q) + r].

1. Addition : By the above facts, Aα(+)Bα = [a
(α)
1 + b

(α)
1 , a

(α)
2 + b

(α)
2 ] = [α(a− b)−

a+ α(q + p)− p,−α(c+ b) + c− α(r − q) + r]. Thus µA(+)B(x) = 0 on the interval
[−a− p, c+ r]c and µA(+)B(q − b) = 1. Therefore,

µA(+)B(x) =


0, x < c+ r, −a− p ≤ x,

x+a+p
a−b+q+p , −a− p ≤ x < q − b,
−x+c+r
c+b+r−q , q − b ≤ x < c+ r.

Hence A(+)B is a triangular fuzzy number.
2. Subtraction : By the above facts, Aα(−)Bα = [a

(α)
1 − b

(α)
2 , a

(α)
2 − b

(α)
1 ] = [α(a −

b)−a+α(r− q)−r,−α(c+ b)+ c−α(q+p)+p]. Thus µA(−)B(x) = 0 on the interval
[−a− r, c+ p]c and µA(−)B(−b− q) = 1. Therefore,

µA(−)B(x) =


0, x < c+ p, −a− r ≤ x,

x+a+r
a−b+r−q , −a− r ≤ x < −b− q,
−x+c+p
c+b+q+p , −b− q ≤ x < c+ p.

Hence A(−)B is a triangular fuzzy number.
3. Multiplication : (1) α2 < α ≤ 1

By the above fact,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
2 · b(α)1 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(−α(c+ b) + c) · (α(q + p)− p)].

Thus µA(·)B(x) = α2 at x = α2(a− b)− a) · (−α2(r − q) + r) and x = (−α2(c+ b) +

c) · (α2(q + p)− p), µA(·)B(−bp) = 1. Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−bp)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

α2(a− b)− a) · (−α2(r − q) + r) ≤ x < −bq,

bp+cp+be+ce+
√

(−bp−cp−cq−pc)2−4(bp+cp+be+ce)(cp+x)

2(bp+cp+be+ce) ,

−bq ≤ x < (−α2(c+ b) + c) · (α2(q + p)− p).
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(2) α1 < α ≤ α2

By the above facts,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
1 · b(α)1 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(α(a− b)− a) · (α(q + p)− p)].

Thus µA(·)B(x) = α1 at x = (α1(a− b)− a) · (−α1(r − q) + r) and x = (α1(a− b)−
a) · (α1(q + p)− p) and µA(·)B(x) = α2 at x = (α2(a− b)− a) · (−α2(r − q) + r) and
x = (−α2(c+ b) + c) · (α2(q + p)− p). Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−bp)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

α1(a− b)− a) · (−α1(r − q) + r) ≤ x

< (α2(a− b)− a) · (−α2(r − q) + r),

2ap+aq−bp+
√

(−2ap−ae+bp)2−4(ap−bp+aq−bq)(ap−x)

2(ap−bp+aq−bq) ,

(α1(a− b)− a) · (α1(q + p)− p) ≤ x

< (−α2(c+ b) + c) · (α2(q + p)− p).

(3) 0 < α ≤ α1

There are two cases (i) and (ii).
(i) By the above facts,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
2 · b(α)2 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(−α(c+ b) + c) · (−α(r − q) + r)].

Thus µA(·)B(x) = 0 on the interval [−ar, cr]
c and µA(·)B(x) = α1 at x = (α1(a− b)−

a) · (−α1(r − q) + r) and x = (−α1(c+ b) + c) · (−α1(r − q) + r). Therefore,

µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−bp)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

−ar ≤ x < (α1(a− b)− a) · (−α1(r − q) + r),

cq−cr+rb+rc−
√

(−cq+cr−rb−rc)2−4(−bq−cq+bf+cr)(−cr+x)

2(−bq−cq+bf+cr) ,

(−α1(c+ b) + c) · (α1(q + p)− p) ≤ x < cr.

(ii) By the above facts,

Aα(·)Bα = [a
(α)
1 · b(α)2 , a

(α)
1 · b(α)1 ]

= [(α(a− b)− a) · (−α(r − q) + r),

(α(a− b)− a) · (α(q + p)− p)].

Thus µA(·)B(x) = 0 on the interval [−ar, ap]
c and µA(·)B(x) = α1 at x = (α1(a− b)−

a) · (−α1(r − q) + r) and x = (α1(a− b)− a) · (α1(q + p)− p). Therefore,
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µA(·)B(x) =



aq−2ar+rb−
√

(−aq−2ar−bp)2−4(−aq+bq+ar−br)(ar+x)

2(−aq+bq−ar−br) ,

−ar ≤ x < (α1(a− b)− a) · (−α1(r − q) + r),

2ap+aq−bp−
√

(−2ap−aq+bp)2−4(ap−bp+aq−bq)(ad−x)

2(ap−bp+aq−bq) ,

(α1(a− b)− a) · (α1(q + p)− p) ≤ x < ap.

Hence A(·)B is a fuzzy number.
4. Division : If α1 < α ≤ 1, by the above fact,
Aα(/)Bα =

(
a
(α)
1

b
(α)
1

,
a
(α)
2

b
(α)
2

]
=

(
α(a−b)−a
α(q+p)−p ,

−α(c+b)+c
−α(r−q)+r

]
. µA(/)B(

−b
q ) = 1. Therefore,

µA(/)B(x) =

{
px−a

(q+p)x−(a−b) , −∞ < x ≤ −b
q ,

−rx+c
(q−r)x+c+b ,

−b
q ≤ x ≤ 0.

Hence A(/)B has values in (α1, 1] on R.

4 Conclusion

We have computed Zadeh′s max-min composition operator for two non-positive
triangular fuzzy numbers A and B. In the case of B0 ⊂ A0, we got three kinds
of conclusions according to the three magnitude relationship between µA (0) and
µB (0), i.e., µA (0) > µB (0), µA (0) = µB (0) and µA (0) < µB (0). For each case,
A (+)B and A (−)B were triangular fuzzy numbers, and A (·)B was a slightly dis-
torted triangular fuzzy number, but A (/)B was a different type of fuzzy number.
In conclusion, A (+)B, A (−)B, A (·)B can be applied where the shape of the tri-
angular fuzzy number comes out, and A (/)B can be applied where appropriate.

Firstly, in the case of µA (0) > µB (0), the fuzzy number defined on the whole real
number can be applied to a place with the value of the closed interval [µB (0) , 1].
In other words, it can be applied to the case where the membership function of a
fuzzy number F is µF (·) : R → (µB (0) , 1].

Secondly, in the case of µA (0) = µB (0), the fuzzy number defined on the interval
(−∞, 0] can be applied to the place with the value of the closed interval [µB (0) , 1] .

In other words, it can be applied to the case where the membership function of a
fuzzy number F is µF (·) : (−∞, 0] → [µB (0) , 1].

Finally, in the case of µA (0) < µB (0), the fuzzy number defined on the interval
(−∞, 0] can be applied to the place with the value of the closed interval [µA (0) , 1].
In other words, it can be applied to the case where the membership function of a
fuzzy number F is µF (·) : (−∞, 0] → [µA (0) , 1].

Remark 4.1. We calculated Zadeh′s max-min composition operator for two non-
positive triangular fuzzy numbers A = (−a,−b, c) and B = (−q, p, r) for six positive
numbers a, b, c, p, q, r. Our results were obtained for the case of −a < −p and r < c.
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Similar results can be obtained when −a < −p and c < r, although the calculation
is complex.
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