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GRADIENT ESTIMATES FOR ELLIPTIC EQUATIONS IN
DIVERGENCE FORM WITH PARTIAL DINI MEAN
OSCILLATION COEFFICIENTS

JONGKEUN CHOI, SEICK KiM, AND KYUNGROK LEE

ABSTRACT. We provide detailed proofs for local gradient estimates for
elliptic equations in divergence form with partial Dini mean oscillation
coefficients in a ball and a half ball.

1. Introduction and main results

We consider second-order elliptic equations in divergence form
(1.1) div(ADu) = div f

with coefficient A and data f which are irregular in one direction. The regular-
ity theory for this type of equations has important applications in the problems
of linearly elastic laminates and composite materials; see [7]. It is known that
any weak solution u to (1.1) satisfies Du € Li. (1 < p < oo) provided that
A is merely measurable in one direction and has small mean oscillation in the
other directions, and that f € LP; see, for instance, [3,9,10].

In a recent paper [5], the first named author and Dong studied L*-theory
for stationary Stokes systems in divergence form. They proved that any weak
solution to the Stokes system has bounded gradient provided that the coeffi-
cients and data satisfy partial Dini mean oscillation condition. We shall say
that a locally integrable function is of partial Dini mean oscillation if its L!-
mean oscillation with respect to 2’ = (z2,...,z4) (after a rotation) satisfies the
Dini condition; see Definition 1.1 for more precise definition. As remarked in
[5], the corresponding regularity result can be established for elliptic equations
other than Stokes systems.

Received November 18, 2019; Revised February 24, 2020; Accepted March 25, 2020.

2010 Mathematics Subject Classification. 35B65, 35J47, 35R05.

Key words and phrases. Elliptic equation, measurable coefficients, partial Dini mean os-
cillation condition, W1*°-estimate, weak type-(1,1) estimate.

J. Choi is partially supported by National Research Foundation of Korea(NRF) under
agreement NRF-2019R1F1A1058826.

S. Kim is partially supported by National Research Foundation of Korea(NRF) under
agreement NRF-20151009350 and NRF-2019R1A2C2002724.

(©2020 Korean Mathematical Society



1510 J. CHOI, S. KIM, AND K. LEE

In this paper, we provide a detailed proof for both interior and boundary
Le°-regularity of weak solutions to the elliptic equation (1.1) with the coeffi-
cient and data which are of partial Dini mean oscillation. This may not be
a surprising result to experts, but it still demands some effort and caution to
deal with regularity theory for elliptic equations with irregular coefficients in
one direction. Thus, we anticipate that our paper fills a gap in the literature
and serves as a good reference to non-experts.

To state our main results more precisely, we introduce some notation and
definitions. We use # = (z1,2’) to denote a generic point in R¢ (d > 2); it
should be understood that z; € R and 2’ = (z3,...,24) € R?"1. We also write
y=(y1,y) and z, = (201, 2)), etc. We denote

By(x) ={y e R |z —y| <1},
Bl(z')={y e R |2/ —y/| <7}
In other words, B,.(x) and B.(2') are the usual Euclidean balls in R? and R4,
respectively. We also denote
Bl (z) = B,(z) NRY, where RY = {z = (21,2/) e R : 21 > 0}.
We warn the readers that B;f (z) is not necessarily a half ball. We shall often

use the abbreviations B,., B, and B, when the center is the origin. We write
D, u= (Dau,...,Dgu) so that Du = (Dyu, Dyu) and

1
u)g = udx:—/udx,
(n = f,uds = oy |

where |Q| denotes the Lebesgue measure of a measurable set 2 C R%.

Definition 1.1. (a) Let f € L'(Bs). We say that f is of partial Dini mean
oscillation with respect to «' in By if the function wy : (0,1] — [0, 00)
defined by

wg(r) = sup ][
v€Bs J B, (x)

satisfies the Dini condition

/1 Lf(r) dr < oo.
0

r

dy

s, rona

(b) Let f € LY(Bf). We say that f is of partial Dini mean oscillation with
respect to ' in B if the function wy : (0,1] — [0,00) defined by

)= sw f i - )| dy
zeB} J Bf (z) B.(z')
satisfies the Dini condition

1yt (r
/ ﬁdr<oo.
0

r
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The main results of the paper are as follows. Let £ be a differential operator
in divergence form
Lu = div(ADu) = D;(a" Dju),
where we use the Einstein summation convention on repeated indices. The

coefficient A = (a™){ ;_, is a d x d matrix-valued function in R?, which satisfies

the strong ellipticity condition, i.e., there is a constant A € (0, 1] such that for
any = € R? and ¢ € R?, we have

(1.2) [A(x)| <A7Y e (@)€6 > Mg

For p € [1,00), we say that u € W1P(Q) is a weak solution of Lu =div f + ¢
in a domain €2 if

[ @ Dunsds = [ (1iDio - g0)ds

Q Q

for any ¢ € C5°(9).

Theorem 1.2. Let p € (1,00) and u € WP(Bg) be a weak solution of
Lu=divf in Beg,

where f = (f1,..., fa) € LP(Bg)? and fi € L>®(Bg). If A and f are of partial

Dini mean oscillation with respect to x' in By, then we have
u € WhH(By).
Moreover, U= aliju — f1 and Dy are continuous in By.
Remark 1.3. One can extend the results in Theorem 1.2 to weak solutions of
Lyu=divf+g in Bg,

where g € L9(Bg) with ¢ > d. Indeed, by [6, Lemma 3.1], there exists G €
W14(Bg)? such that div G = g in Bg, which implies that u satisfies

Lu=div(f+ G) in Bg.

Moreover, by the Morrey inequality, we have that G € C%(Bg)? with a =
1 —d/q, and thus, G is of partial Dini mean oscillation.

Remark 1.4. Due to Theorem 3.2 with scaling and covering arguments, we see
that Theorem 1.2 still holds for every W' !-weak solutions.

Theorem 1.5. Let p € (1,00) and u € WHP(BZ) be a weak solution of
Lu=divf in By,
u=0 on BgN aRi,

where f = (f1,...,fa) € LP(BH)® and f1 € L>®(B). If A and f are of partial
Dini mean oscillation with respect to ' in BY , then we have

u e Wh>(B).

- - . =t
Moreover, U = alJDju — f1 and Dyu are continuous in By .
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Remark 1.6. By the same reasoning as in Remarks 1.3 and 1.4, one can extend
the results in Theorem 1.5 to W1 !'-weak solutions of

Lu=divf+g int',
u=20 on BﬁﬂaR‘_i._,
where g € LY(Bg) with ¢ > d.

Upper bounds of the L*°-norm of Du and the modulus of continuity of U
and D, u can be found in Sections 2.2 and 2.3. By using the upper bounds and
Remark 1.4 together with the fact that partially Holder continuous functions
are of partial Dini mean oscillation, one can obtain a partial Schauder estimate
for Whl-weak solutions; see Remark 2.8 for more discussions. We note that
the partial Schauder estimate for elliptic equations was studied long time ago
by Fife [21]. See also [7,12,14,17,23,24] and the references therein for some
recent work in this direction.

We say that a function is of Dini mean oscillation if its “full” mean oscillation
satisfies the Dini condition. It is recently shown in [13] that if the coefficients
are of Dini mean oscillation, then solutions to divergence and nondivergence
form elliptic equations satisfy interior C' and C? estimates, respectively. See
also [8] for the corresponding regularity results up to the boundary. Note that
any function that is of Dini mean oscillation is of partial Dini mean oscillation
with respect to any directions. For further discussions about equations/systems
with Dini mean oscillation coefficients, see [4,15,16]. We also refer the reader
to [18,19] for elliptic equations in divergence and nondivergence form with
piecewise Dini mean oscillation coefficients.

The remainder of the paper is organized as follows. In Section 2, we provide
the proofs of the main results, namely, Theorems 1.2 and 1.5. In Section 3,
we give applications of the main theorems to weak type-(1,1) estimates and
WP estimates for W' !l-weak solutions.

We finish this section with a remark that our results can be extended to
strongly elliptic systems because their proofs do not use any scalar structure.

2. Proofs of main theorems
Throughout the paper, we use the following notation.

Notation 2.1. For nonnegative (variable) quantities A and B, we denote
A < B if there exists a generic positive constant C such that A < CB. We
add subscript letters like A <, B to indicate the dependence of the implicit
constant C on the parameters a and b.

2.1. Preliminary lemmas

In this subsection, we prove some preliminary results which will be used in
the proof of Theorem 1.2. We define

Lou = div(ADu),
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where A = A(z1) = (a"(x1))¢;_, are functions of z; satisfying the strong
ellipticity condition (1.2).

The following lemma is about Lipschitz estimates of u and linear combina-
tions of D;u for W1 2-weak solutions to Lou = 0 in a ball. Such a regularity
result is known to experts, and it can be proved by following the arguments
used in deriving [11, Lemma 3.5], where the authors obtained Holder estimates
for linear combinations of derivatives of smooth solutions. See also [19, Lemma
2.7). In this paper, for the sake of completeness, we provide a proof of the
lemma.

Lemma 2.1. If u € Wh%(By,) satisfies
Eou =0 n BQT7

then we have

(2.1) |1 Dull Lo (5,) Sax v~ Y2 Dullr2(s,,).
(22) [U]CO’I(BT) + [Dm/u}co,l(BT) de)\ Tﬁd/271HDuHL2(BQT),
where U := ELUDju and
[U]coa(p,y = sup M
z,yEB, |1‘ - y|
TEY

Proof. We first prove (2.1). By scaling, it suffices to consider the case of r = 1.
Welet 1 < p; < po < 2and i € {2,...,d}. Since the coefficient of Ly is a
function of only z1, we see that

Lo(Dju) =0 in B,,,
and thus by Caccioppoli’s inequality,
[DD;ullz2(B,,) Sdapnee |Dittll2(B,,)-
By repeating this process, we have that for k£ € {0,1,...},
(2.3) IDSullL2 (s ) + D1 Dy ull 25 ) Saak | DullLzs,),

where DF, denotes partial differentiation of order k with respect to 2’. By
the Sobolev imbedding theorem, D, u(z1,2’), as a function of z; € (—1,1),
satisfies

1
sup )Dw'U(fﬂlax/)Pﬁ/ |Daru(yr, &) + [ D1 Daru(y, @) dys.
z1€(—1,1 —1

On the other hand, there exists a positive integer k such that D, u(y;, ") and
Dy Dgu(yr, ') as a function of 2’ € B, satisfy

sup (|Dx/u(y1,x/)\2 + |D1Dz/u(y1,x/)|2)
Bj

z'e

S IDwruyn, ez zyy + D1 Dy, Mz sy
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Combining these together and using (2.3), we get
(2.4) Dol oo (Byy < |1 Dol oo 1,1y B;) S [1Dull2(By)-
Since @ = @' (x1), from the equation Lou = 0, we have
d d
(2.5) DU = —ZZ(L”DU’U,,
i=2 j=1

which together with (2.3) implies that DU has sufficiently many derivatives
in 2’ with the estimates

ID5 U 2B g + ID1DEUll 28 5y Saak [DullL2(s,)

for any k € {0,1,...}. Thus, repeating the same argument as above, we have

(2.6) Ul Lo (By) S 1Dull22(By)-
Notice from the definition of U that
1 L
(2.7) [Dyu| = =7 |U - 22&17Dju Sax |U| + | Dyl
i=

Taking || - [|zc(B,) of both sides of the above inequality and using (2.4) and
(2.6), we obtain that

[ Dullpe(s,) S l1Dullz2(B,)-

We have proved (2.1). We note that by the standard covering argument, we
can replace By by Bs/s in the above.

We now turn to the proof of (2.2). Since Lo(Dyu) = 0 in By, we by the
above to get

DDyl pee () S 1DDartl|L2(B,,,) S [[DullL2(s,).,

where we used Caccioppoli’s inequality in the second inequality. This together
with (2.5) yields that

[D1U||Loe(By) + 1D Ull oo,y S [1Dull L2 (5y)-
The lemma is proved. O

Lemma 2.2. Let u € WY2(Bg) satisfy div(ADu) = 0 in Bg and set U =
aYDju. Fiz any q € (0,2]. Then, for any r € (0, 3R] and 6 = (61,0') € R,
we have

1/q
( £ 0=+ D2 - <szu>qudx)
B,

r 1/q
Sosa 5 (f 100+ Do)
Br
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Proof. We first claim that

(2.8) ( ][BT U — (U)g, |7+ | Doru — <Dxfu>qudx)l/q

r 1/q
SdAg & (][ |U|? 4+ |Dyrul? dm) .
Br

By (2.1) and a well-known covering argument (see e.g., [22, pp. 80-82]), we
have
1Dl L (B s) Sang B Dull po(sg)-
From this together with (2.2), it follows that
[U]Co’l(BR/2) + [Dx’u}C(’*l(BR/z) S Rid/QilnDu”LQ(Bm/s)

—dj2—1 (2—q)/2 /2
SR / ”DUHL“’EIB2R/3)”D”| %7(323/3)

S R_d/q_lHDuHLq(BR)‘
Thus we have (recall r < R/2)

i 1/q
(£ 0-@er+ o= rar) s 7 (f 1Dapar)
B, R Br
Since it holds that (using (2.7))

|Du| Sax [U] + |Dyrul,

we conclude (2.8).
We are ready to prove the lemma. For any given 8 = (6;,...,04) € RY, we

set
1 d
— — E =17
UOUO(Il)all<01 - 2(1 -]0])
J:

A direct calculation shows that the function u. given by

Xy d
/
Ue :ue(:cl,x):uf/ ug dy1 — E 0;x;
0 N
=2

satisfies Lou. = 0 in Bg. Therefore, applying (2.8) to u. and using the fact
that

U.=a""Dju.=U —0;, Diu.=Dju—0;, ic{2,...,d},

we have

1/q
([ -t )
B,

1/q
<r ][ U~ 0:)7 + | Dy — 0')7dz | .
R\ Is,

The lemma is proved. (I
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The following lemma is used to obtain weak type-(1,1) estimates.

Lemma 2.3. Let T be a bounded linear operator from L?(Bg,)* to L?(Bg,)*,
where Ry > 4 and k € {1,2,...}. Suppose that there exist positive constants
u<l,¢>1, and C such that for any x, € By, 0 <1 < u, and

g € L*(Bg,)" with gdx =0, suppg C B,.(x,)N By,

we have

(2.9) / Tg|dz < C 9] da.
B1\Ber(x,) B, (z,)NB1

Then the following hold true.
(a) For any f € L*(Bg,)"* with supp f C By and t > 0, we have

1
|{:1c € By : |Tf(z)] > t}| Sdkeyp,e,C ;/ |f| dx.
By

(b) There exists a linear operator S from L'(By)* to L*(B1)¥ such that for
any f € L*(B1),
Sf=TFf in By,
where f is the zero extension of f on Bgr, \ B1. Moreover, for any f €
LY(By)* and t > 0, we have

1
(2.10) o € B SF@)] > )] Sasec ;[ |flda.
B,
In other words, T has an extension on the set

{f € LY(Bg,)* : supp f C B}
to the weak L'(By) space in such a way that for anyt > 0, we have

1
o€ B [T£(0)] > )] Sannec 7 [ |flda.
By

Proof. The assertion (a) follows by applying [8, Lemma 4.1] with L?(B;)* in
place of L?(2) to the operator S on L?(B1)* given by

Sf=T(fxs)xs:-

The assertion (b) is from [5, Lemma 3.3]. Indeed, for a given f € L*(B;)*, one
can find a sequence {f,} C L?*(B1)* such that || f, — fllr:(5,) — 0 as n — .
Then by the assertion (a), the sequence {T'(f,xp,)} is Cauchy in measure
in By and its limit, denoted by Sf, is measurable in B;. By the hypothesis
of the lemma, S also satisfies (2.9) for g € L'(B;)* with fBl gdxr = 0 and
suppg C B,(z,) N By, and thus, by following the proof of [8, Lemma 4.1] we
see that S satisfies (2.10). O

We finish this subsection by establishing a weak type-(1,1) estimate for Du.
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Lemma 2.4. If u € W, ?(By) satisfies Lou = div f in By, where f € L?(By)?
is supported in By, then for any t > 0, we have

1 ~
o € By: [Du(@)] >} San 7 [ 1Flde
B1

Proof. Consider a mapping f — f given by

f1 = (C_lll)_lfl, fz :f;—&“fl, xS {2,,d}

We define a bounded linear operator 7 on L?(By)? by setting T f = Du, where
u e Wy?(By) is a unique weak solution of
(2.11) Lou = div f.
To prove the lemma, we only need to show that the operator T satisfies the
hypothesis of Lemma 2.3 with k = d, Ry = 4, p = 1/2, ¢ = 2, and C =
C(d,\) > 0.

Fix 2, € By and r € (0,1/2). Let u € Wy *(B,) satisfy (2.11) with f €
L?(By)? satisfying
(2.12) fdzr =0, suppf C B.(z,)N By.

By

Note that (2.12) is the condition required in the hypothesis of Lemma 2.3, and
it is used to get (2.16) below. Then for any ¢ € W, *(By), it holds that

d
(2.13) /B&iijuDiqbdm:/B d”le1¢dx—|—Z/B(fi—i-a“fl)Di(bda:.
4 4 =2 4

Take R € [2r,2) so that By \ Br(z,) # 0, and let g € C°(B4)? be supported

in (Bag(z,) \ Br(z,)) N By. Then by the Lax-Milgram theorem, there exists a
R 1,2 .

unique v € Wy (By) satistying

(2.14) Liv=divg in By,

where £ is the adjoint operator of Lo; i.e., Liv = D;(@’"D;v). Moreover, by

the energy estimate we have

(2.15) 1Dvl|2(By) Sax I9]lL2((Bor(@a)\Br(za))nB1)-

By setting ¢ = v in (2.13) and testing (2.14) with u, we have the identity

d
Du-gdr = / fLVdx + Z fiD;vdz,
By By i—o / Ba

where V = @' Djv. From this together with (2.12), it follows that

(2.16) Du-gdx = / fir (V= (V)B,.)) do
By By (o)

d
+ Z/ fi (Di’l) — (D{U)BT(IO)) dx.
i=2 Br(x())
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On the other hand, since v satisfies Liv = 0 in Bg(z,), (2.2) implies
Vieoa(s, (o) + [Davleoa(s, @) S BV HIDvl|L2(8a ()
< R gl La((Ban(wa\Br(ea)nB)
where we used (2.15) in the second inequality. Combining these together,
’ / Du - gdx
(B2r(20)\Br(%,))NB1
S TR?d/Qil”f”Ll(B-p(aiu))||g||L2((BZR(ZE0)\BR(:E0))QBI)-
Thus by the duality and Holder’s inequality, we have
/ |Dulde S rR™|f1l L1 (8, (20)-
(B2r(%0)\Br(o))NB1

For i € {1,...,N — 1}, where NN is the smallest positive integer such that
B; C Byn,(x,), we set R = 2'r. Then we obtain

N-1

[ Dude S Y 2 e S 1 e
Bi\Bar(zo) i=1

which implies that the operator T satisfies the hypothesis of Lemma 2.3. The
lemma is proved. O

2.2. Proof of Theorem 1.2

In this subsection, we assume that the hypotheses in Theorem 1.2 hold. We
shall derive a priori estimates for u under the assumption that the coefficient
A and data f are sufficiently smooth so that u € C'(B,). Then the general
case follows from an approximation argument (see [7, pp. 134-135]) and WO1 P
solvability of elliptic equations (see Theorem 3.4).

Throughout the proof, we shall denote

U= (U, D,u), where U= a'"Dju— f

2
O(xp, 1) 1= einfd <][ |U0%d3:> ,
S B,(zo)

To prove Theorem 1.2, we will use the following decay estimate for ®(z,, 7).

and define

Lemma 2.5. Let x, € B3, r € (0, 1], and v € (0,1). Then, for any p € (0,r],
we have

i
p N N
0o ) Saro (£) @) + 10l ., 0) + 51,0

where Qe p, is a function derived from e as formulated in (2.20); see Re-
mark 2.6.



GRADIENT ESTIMATES 1519

Proof. Let x, = (¥01,%),) € Bz and r € (0, §]. Let the function u. be given by
“ fily)
o a''(y)
We set A = A(z) and note that
div(ADu,) = div(ADu) — Dy f; = div(ADu) — div f
and thus by setting F := (A — A)Du + f — f, we have
div(ADu,) = divF in Bg.

dyy, where g(z1) ::][ g(z1,9y") dy'.

Bi.(z)

Ue = U —

We decompose u, = w+v, where w € W01’2(B4T(330)) is a unique weak solution
of

div(ADw) = div(xp,(z,)F) in B (z,).
Here, x B, (+,) is the characteristic function. Then by applying Lemma 2.4 with
scaling and translation, we have

1
{z € Br(zo) : [Dw(z)| > t}] Sax ;/ |F| da
Br(xo)

for any ¢ > 0. This implies that (c.f. [13, Eq. (2.11)])

2
(2.17) <][ |Dw|? dz) < ][ |F| da.
Br(l’o) BT(IO)

For the estimate of v, we apply Lemma 2.2 to the fact that
div(ADv) =0 in B,(z,)
to get for any 8 = (6,6') € R? that

2
218 (£ W alt  IDe0 = (Do)l i)
Byr(wo)

2
§/{(][ |V—91|§+|Dz/v—9’|édaz>
By (xo)

for any « € (0, 3], where V := @'y D;v.
Now we set U, = @' Dju,, and observe that

(2.19) Dyte = Dyu, U —U, = (alj — dlj) Dju— (f1 — f1).
By (2.17), (2.18), and u. = w + v, we have

2
( ][ (o) [Ue = (V)B,..(2)|? + |Dertte = (Dartie) B, (2,)]2 dx)
Brr(xo

2
5n(][ |V—91|5+|Dx/v—0’|5dm> +F:2d][ \F|do
B (xo) By ()

2
SK(][ |U€_91;+|Dm’ue_0/|;d$> +/<v_2d][ |F|d.’L’
B, (o) B, (z,)
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From this together with (2.19), it follows that
D(z,, k1) < Cy (NCI)(xO, r)+ K/72d||Du||Loo(BT(xo))wA7B3 (r)+ H*def’BS (T)),

where Cy = Cy(d, A) is an absolute constant,

WA, B, () := sup ][
z€B3 J By (x)

and wy, p,(r) is defined in the same way.
We fix a k = £(d, A,7) € (0, 3] so that Cox'~7 < 1. Then, we have
(b(xO? K’T) < K"Yq)(xo’ T) +C (HDu”L“(BT(a:O))wA,B?, (T) + Wy By (T)) )

where C' = C(d, A\, 7). Let the function @ g, be given by

dy,

Aly) - ][ Alyr,2)d!
7(x")

oo

(2.20)  Qo.p,(r) == Z K7 (w5, (K1) [T < 1] + we g,y (1) [k > 1])

where we used Iverson bracket notation, i.e., [P] = 1 if P is true and [P] =0
otherwise. By iterating and using the fact that

J
Z KO 0g 5y (K 7) < K06, (KT),
i=1
we obtain
(0, KIT)
(2.21) , B . B ,
< K7 (20,7) + C (|Dul| oo (B, (2,)) 0, Bs (K1) + Gp 5y (7)) -

We note that the above inequality also obviously holds for 7 = 0 so that it
holds for all 5 = 0,1,2,.... Now, for 0 < p < r, let 7 be the nonnegative
integer satisfying x/t1 < p/r < k7. Then by (2.21) with p in place of k77, we
get

(0, p)

. (P\Y . 3 )

KT (;) O(z,, k Jp)+0(”Du”Lm(Bm_jp(Iu))wA,Bg(P)+w‘f733(p))
oq [P\ ~ 3

—7—2d <;) D(z0,7) + C (| Dul| oo (B, (2,)) @A, B () + @55, (p))

where, we used that ®(x,,x 7 p) < k2@ (z,,r). The lemma is proved. O

IN

IN

Remark 2.6. We note that the functions @a g, and @¢ g, in Lemma 2.5 satisfy
oo r o~
; t
> @5, (27r) S / Oolt) gy 00,
=0 o *

where we set
oo

@ (r) = Z K (we(k™'r) [T < 1] + we(1) [k~ 'r > 1]) .

i=1
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We refer to [5, Lemma 8.1] for the proof.

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let 0, , € R? be chosen so that

2
B(wo,7) = <][ U -0, .| dac) .
B, (zo,)

First, we derive L>-estimate for Du. Let z, € By and r € (0, ]. Recall that
we assume A and f are sufficiently smooth so that u € C'(By). Note that
Lemma 2.5 particularly implies lim; ., ®(x,,2 %) = 0 and thus, we have

(2.22) lim 0, 50 = Ulz,).
71— 00
By averaging the obvious inequality
1 1
|0rm%r - 0960#“‘ : 5 |U - emm%r| *+ ‘U - amo,rﬁ
on Bi,(x,) and taking the square, we have
‘awo,%r - awo,r| r<vd,>\,7 (20, %7“) + ®(zo,7).

We apply the above inequality iteratively and use (2.22) to get
(2.23) U (o) = 00, 0| S B(20,2777).
3=0

Averaging the inequality |0, .|z < |U — 0%’,,|% +|U|z on B,(z,) and taking
the square, we obtain

100,.0| S @20, 7) + 17U 2B, (w0)) S 77 NU L2 (B, ()5

Using the above inequality together with Lemma 2.5, Remark 2.6, and (2.23),
we see that

U (20)] S v~ U 1B, (20))

(2.24) N " ot
+ ||DUHL00(BT(:DD))/ A( ) dt+/ ﬁdt
0 0

From the definition of U , we have

d
1 - 15
Dyu= ol U- § :a ‘Dju+fi |,
Jj=2
which implies

(2.25) |Du| < [Dyu| + [Darul Sax U]+ [,
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and thus, we obtain by (2.24) that
_ "wal(t)
U(e0)l < Cor Ul 2+ CollU ooy [ A

T (:} t r (:) t
+ Co||f1||L°°<Br(zo))/ A—()dt+ Co/ ﬂdt’
0 t 0o t
where Cy = Cy(d, A,7y). Choose 1 € (0, %] so that

EPNG) 1
2.26 C —dt < —.
(226) o A s g
Then for any z, € B3 and r € (0, 7], we have

|U ()] < CodeUHLl(BT(xo)) + 37dHU||L°°(Br(wo))

_ T Op(t
3 i+ Co [ 2
0

Here, the constant ry depends only on d, A, v, and wa .

Fork € {1,2,...}, weset 7, = 3—21 =%, Then it holds that By (z,) C By, .,
for any x, € B,,. We take ky sufficiently large such that 2=*0 < r;. Then for
k > ko, it follows from (2.27) with r = 27 that

1Ull~5,,) < Co2™|[U |1 (8s) + 3| Ull (5

dt

(2.27)

Tk-+1)

1 ~
- wp(t
+3 d||f1||Lm(B6)+co/ Lt()dt.

0

Multiplying both sides of the above inequality by 3~

with respect to k = kg, ko + 1,..., we have

and summing the terms

Z 37dk||UHL°°(BT.k) < CU|pyvBg) + Z 37dk|\U||L°°(Brk)
k=ko k=ko+1

1 ~
t
+ O fillLe(Be) + C'/ Lft( ) dt,
0

where C' = C(d, A\, ). Since rg, > 2, we thus obtain

By (1)
Um0y S 0o + Wilmiay + [ “52 .

Using this together with (2.25) and U < |Du| + |f1], we get the following
L>-estimate for Du:

1 ~
wg(t)
(2.28)  [[Dullre=(B,) Sanmvwa [1Dullr(ss) + [1f1llLe (56 +/0 it ANZAV S

t

Next, we estimate the modulus of continuity of U. Let z, y € B; with
p:=2lz—y| € (0,%]. By quasi triangle inequalities, for z € B,(z) N B,(y), we
have

U(2)-U®y)|? S |U(@) 0,2 +HU(y)—0y, 2 +|U(2)~0,,,| 7 +U(2) -0, ,|%.
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By averaging over z € B,(z) N B,(y), taking the square, and using (2.23), we
obtain

U(z) —U(y)| < sup |[U(zo) — Oy, + P(x,p) + (y,p)

2,€B

o0
< sup Y (w0, 277 p).
z,€B1 j=0

On the other hand, by Lemma, 2.5 and Remark 2.6, we have for any z, € B,

0 » P oAt Poe(t
> 0(20,277p) S (w0, p) + HDUHLng)/ At( : dt*/ %dt
0 0

5=0
P oalt P Op(t
000 )+ Dl [ A [F2

By combining these together and using ®(z,, 1) < ||U|11(5,), we get

NN P os(t
U@ - U £ 2100+ I1Dulleqay [ A e [P0 ar

Therefore, we obtain by (2.28) that

(2.29) U(z) —Ul(y)|
2lz—yl 4 (t)
Sarcon lo =9 (IDullmy + il + [ 25
1~ 2lz—y| ~
we(t WA (T
+ (10l + Willecay + [ 20 ar) [ A0 g
0 0

for any x,y € By with |z —y| < é. The theorem is proved. O

We close this subsection with a couple of remarks.

Remark 2.7. Note that in the above proof, if z,y € By with |z —y| > %, then
by (2.28), we have

U) = UW)| < 21U ey < [Dulloisn + 1 ilie o)
1 ~
wel(t
<le—yp (uDunLuBG) +lfillmca + [ 210 dt) .

By combining it with (2.29), we have the following modulus of continuity esti-
mate:

2z—y| ~ t
230) U@ UG Sarmn [ L i
0

1 ~
we(t)
+ (100l + 11l + [ 2280)
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2lz=yl =, (¢
X ||z —y|"+ / “alt) dt
O t

Remark 2.8. For vy € (0,1), we define the partial Holder semi-norm with
respect to 7’ by

for any x, y € B;.

lg(z) — g(y)|
gl = sup oo
[ ]019 () 2yeQ ‘Jf/ _ y/"m
$1:y1@/75y/

Note that if [g]c0 (5, < 00 With 70 € (0,7), then for any r € (0, 1], we have

N " @y, ()
S )+ [ 22 e oo™
0 x
Therefore, by Remark 2.7, we recover the following partial Schauder estimate
for U := (U, Dyru):
[Dull1(Bg) + [ fill Lo (Bs) + [Fleo (my)

[Ulcro 1) Saxm. Al n) e
provided that [A]co gy + [Flow pg) < 00
2.3. Proof of Theorem 1.5

In this subsection, we provide the proof and some related remarks of Theo-
rem 1.5.

Proof of Theorem 1.5. The proof is based on odd/even extension technique.
Set

a’(|zy|,2’) for i=j=1 or i,j€{2,...,d},
sgn(z1)a® (|z1|, ')  otherwise,
. fillz1],2") for i =1,
fi(mlyxl) = ’ .
sgn(zq) fi(|x1],2") otherwise,
i(z1,2") = sgn(z1)u(|z1|, 2').
Observe that @ € WP (Bg) satisfies
div(ADu) = div f in Bg,
where A = (Zzij);-{jz1 satisfies (1.2) with the same constant A,
}. = (fla . '7fd) € LOO(BG) X Lp(Bﬁ)d_la

and A and } are of partial Dini mean oscillation with respect to 2’ in By. Thus
by applying Theorem 1.2, we see that @ € W1°°(B;) and that @ D;u — fi
and D, @ are continuous in By, which proves the theorem. Moreover, by using
(2.28), (2.30), and the fact that

wa(r) < 2wi(r), w3(r) < Zw}'(r) for r € (0,1],

a(xy,2) =
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we have
Lot ()
and

2|z—y| a}-‘r
23 U -U)<c | 20 g

Lag ()
c ||Du||L1(BG+)+|\f1||Loo<B;)+/o t

2lz—y| ~+ t
X (|x—y|7 —i—/ wAt( ) dt>
0

U= (U,Dyu), &f(r):= Z/ﬂi (wf(n_ir)[m_ir <1 +wf(W[E"r> 1]),

i=1

for any z,y € Ef, where

and C is a constant depending only on d, A, v, and wz . Here, one can replace
the parameter wz by wX, by taking ro € (0 l} so that

T [,
Co / “alt) 4 o 2C, / ‘*’A ) gt < 3%
n (2.26). O

Remark 2.9. As demonstrategl in Remark 2.8, we recover the following partial
Schauder estimate for U = (U, Dyru):

[Ulcro a1y SdanoAl I1Dull g1 gy + [1f1ll oo gy + [.f]c;’?(Bg')

el B
provided that [A]CZP(BZ() + [ﬁc;",J(Bg) < 0.
Remark 2.10. By using the extensions
g a’(|z1|,2’) for i=j=1or i,j€{2,...,d},
a’(zy,2') = y
sgn(x1)a” (Jz1|,2") otherwise,
. ) sgn(xq) fi(Jz1|,2") for i =1,
fi(xla €)= / .
fi(lz1],2")  otherwise,
w(xy,2') = u(|z], 2"),

and following the steps in the proof of Theorem 1.5, one can obtain the same
estimates (2.31) and (2.32) for weak solutions to the equation with the conormal
derivative condition

Lu=divf in Bf,
aiijuni = fz’flz on B6 n 6Ri,
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where n = (n1,...,n4) is the outward unit normal.

3. Applications
In this section, we give applications of our main theorems.
3.1. Weak type-(1,1) estimate

In this subsection, we prove local weak type-(1,1) estimates under the con-
dition that, for example, in the interior case,

(3.1) wa(r) < Co(ln Z>_ , Vre(0,1],

which is stronger than the partial Dini mean oscillation condition. Such a
condition on the L'-mean oscillation in all the directions was introduced in
[13, Section 3] for the interior weak type-(1, 1) estimates of W' :2-weak solutions.
See also [8] for boundary estimates and [19] for weighted estimates.

Theorem 3.1. (a) Let Ty be a bounded linear operator on L?(Bg)? defined by
Tof = Du,
where u € Wy'%(Bg) is a unique weak solution of
{div(ADu) =divf in B,
u=0 on 0Bg.
If A satisfies (3.1), then Ty has an extension on the set
{f € L'(Bs)" : supp f C B1}

in such a way that for any t > 0, we have
C
{oe B M@ > < T [ Ifldr
where C = C(d, \,wa,Cp).
(b) Let Ty be a bounded linear operator on L*(Bg )¢ defined by
T,F f = Du,
where u € Wol’Q(Bg') s a unique weak solution of
div(ADu) =div f in By,
u=0 on OB{.

If A satisfies (3.1) with wX in place of wa, then T, has an extension on
the set

{feL"(B)*:supp f C B}
in such a way that for any t > 0, we have

C
{ee Bt T s@l>0l< S [ il
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where C = C(d, \,wk, Cp).
Proof. We first prove part (a). We denote by £* the adjoint operator, i.e.,
L*u = div(ATDu), AT = (/)¢

Q=1
We note that AT is also of partial Dini mean oscillation with respect to z’ in
By satisfying war = wa. Moreover, it follows that (see [13, Eq. (3.5)])

-2

. r
WAT (T) §d7>\700 (ln Z) R Vr € (0, 1],
which implies
r o~ t 4 —1
(3.2) / ‘”%()dtg (m ) . Wre (0,1
0 T

Consider a mapping f — f given by
fl = (an)_lfl, fz =fi— a“fh i€{2,...,d}.

We define a bounded linear operator 7' on L?(Bg)? by setting Tf = Tof.
It suffices to show that T satisfies the hypothesis of Lemma 2.3 with k& = d,
Ro=6,u= %, ¢=06,and C = C(d, \,wa,Cpy) > 0. Fixz, € By and r € (0, %)
Let f € L2(Bg)? be a function satisfying

]"d:c =0 and supp]Ac C By(z,) N By.
Bs

Let Tf = Du, i.e., u € Wy*(Bg) is a unique weak solution of
(3.3) div(ADu) =div f in Bg.

Take R € [6r,2) so that By \ Br(z,) # 0, and let g € C°(Bg)? be a function
supported in (B2g(x,) \ Br(z,)) N B1. By the Lax-Milgram theorem, there
exists a unique v € W, *(Bg) satisfying

(3.4) L*v=divg in Bg.

Set V := (a/'D;jv, Dyv). Since v satisfies £*v = 0 in Bg(z,), by a similar
calculation that lead to (2.30), we obtain

V(z) = V(y)l

_ x* — v 2[z—y| o t
Sdaqwa B d/2||D”||L2<BR(zO>>(< Ry|> +/ A;()dt)
0

for any x,y € B,(z,) C Bg/s(w,). From this together with (3.2), we get
(3.5) IV = (V)B, (o)l (B, (@)

_ r\” 0!
Sd,)\,’Y,UJA,CO R d/2||D'U|L2(BR(xa))<(R> + (1DT> )




1528 J. CHOI, S. KIM, AND K. LEE

Testing (3.3) and (3.4) with v and u, respectively, one can obtain that

/ D'LL . gd"E = / .f . (V - (V)B7($o)) de
(Bar(20)\Br(z0))N B Br(@o)

Thus by Holder’s inequality, duality, (3.5), and the L2-estimate

Dol 2(Bs) S 19l 22((Bar(2o)\Br(20))nB1)s

we have
1/2
/ |Du|dx < Rd/2</ |Du|2dx)
(B2r(%o)\Br(zo))NB1 (B2r(20)\Br(%,))NB1

N 1NN L
§<<R> +<lnr) )”f”Ll(Br(l'o))'

Let N be the smallest positive integer such that By C Ban.3..(%,). Then by
taking R =2%-3-r,i € {1,..., N —1}, and using the fact that N —1 < In(1/r),
we obtain

N—1

Du|dx < 277+ (/7)) "N F e oy SNFpr st oy
/B Dl S 3 7 I ) S 1 s ey

i=1
which implies that the operator T satisfies the hypothesis of Lemma 2.3.

To prove part (b) one may use a similar argument as above; see the proof
of [5, Theorem 5.6]. However, in this case, it is easier to directly extend the
operator TOJr by

T0+ f=Tf |Bl+
on the set {f € Ll(Bg')d :supp f C Bf'}, where Tp is the operator from part
(a) with A in place of A. Here, A and f are odd or even extensions of A and f
as in the proof of Theorem 1.5. Then the extension is well-defined. Moreover,

since A also satisfies (3.1), by the result in part (a), we obtain the desired
estimate. The theorem is proved. ([

3.2. LP-estimates for Wl l-weak solutions

In [2] (see also [1, Appendix]), Brezis proved W1P-regularity for W1l-weak
solutions to divergence form elliptic equations with Dini continuous coefficients.
This regularity result was extended in [13,19] to the equations with (piecewise)
Dini mean oscillation coefficients. We also refer the reader to [13,18,20] for
similar results on nondivergence type equations. The proofs in those papers are
based on duality and bootstrap arguments combined with regularity theories,
in particular, the boundedness of the gradient of solutions.

In the same manner, by using our results in Theorems 1.2 and 1.5, we prove
the following W1 P-regularity for W' !-weak solutions when the coefficient A
is of partial Dini mean oscillation.

Theorem 3.2. Let p € (1,00).
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(a) Let u € WH1(Bg) be a weak solution of
(3.6) div(ADu) =div f in B,

where f € LP(Bg)%. If A is of partial Dini mean oscillation with respect

to 2’ in By, then we have u € WYP(By) with the estimate

lullwir ) < C (HUHWLl(BG) + ”fHLP(Ba)) ;

where C' = C(d, \,wa, p).

(b) Let u € WHY(BZ) be a weak solution of
div(ADu) =div f in B,
{ u=0 on BgN R‘i,

where f € Lp(Bg')d. If A is of partial Dini mean oscillation with respect
to x' in Bf, then we have u € WP (B") with the estimate

lullwrogssy < C (Il + 11 )
where C' = C(d, \,w},p).

To prove Theorem 3.2, we utilize W1 P-solvability result, which can be found
in, for instance, [10, Theorem 8.6], where the authors considered higher order
elliptic systems with lower order terms and leading coefficients which are par-
tially BMO in Reifenberg flat domain. For reader’s convenience, we state the
theorem on the second-order equations without lower order terms; see Theorem
3.4 below.

Assumption 3.3 (y). There exists Ry € (0, 1] such that the following hold.

(i) For z, € Q and 0 < R < min{ Ry, dist(x,, 0)}, there exists a coordinate
system depending on =, and R such that in this new coordinate system,
we have that

(3.7) fBR(Io)

(ii) For any z, € 92 and 0 < R < Ry, there is a coordinate system depending
on z, and R such that in the new coordinate system we have that (3.7)
holds, and

{y:To1 + YR < y1} N Br(z,) C Qr(zo) C {y: ®o1 — YR < y1} N Br(z,),

where x,1 is the first coordinate of x, in the new coordinate system.

dr <~

Alery) - ][ Aler,y) dy
Bl (z!)

Theorem 3.4. Let Q be a bounded domain in R? and p € (1,00). Then there
exists a constant v = y(d, \,p) > 0 such that, under Assumption 3.3 (), the
following holds: for f € LP(Q)?, there exists a unique u € Wol’p(Q) satisfying
div(ADu) =divf in Q
and
||Du||LP(Q) ,Sd,k,p,RoJQ\ H.fHLP(Q)-
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We are ready to prove Theorem 3.2.

Proof of Theorem 3.2. We only prove the first assertion because the second is
an easy consequence of the extension technique as in the proof of Theorem 1.5.
Let 7 be a smooth function in R satisfying

0<n<1, n=1on Bsj, suppnC Bs, |Dn|<al.
We define operators £ and L£* by
Lu=div(ADu), L*u=div(ATDu),

where A = nA + \(1 — n)L. Here, X is the ellipticity constant from (1.2) and
I is the d x d identity matrix. Then one can check that A satisfies the strong
ellipticity condition (1.2), and that

W (r) Sax wh(r) +r.
Thus by [5, Lemma 8.1 (¢)], for any v > 0, there exists
kO = kO(d7 WA;V) = kO(d> AaWA7’7) € (07 1)

such that
sup wp (1) < 7.
r€(0,ko)
From this we see that the following holds:
e For any v > 0, there exists Ry € (0,1], depending only on d, A\, wa,
and +, such that A and Q = By satisfy Assumption 3.3 (7).

Obviously, the same results hold for AT. Therefore, Theorem 3.4 is available
for £ and £* in Q = Be.

Now let u € W11(Bg) be a weak solution of (3.6) with f € LP(Bg)?. Then
for any ¢ € C°(Bg), by testing (3.6) with n¢, we have

ADu-Dpdr = )\/ (1 =n)Du- D¢dx

Bsg Bs

(3.8)

- ADu- Dn¢dx + / f - D(no)de.
Bg BF

We consider the following two cases:

1< <L L< <
P~a-1 qa-1=P=>
L 1<p< g Setp = ;27 > d, and let ¢ € C>°(Bg)? with suppyp C Bs.

By Theorem 3.4, there exists a unique v € Wol’p'(BG) satisfying

(3.9) L*v=divey in Bg
and

(3.10) ”DU”LP’(BG) < C||¢||Lp’(32)v
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where C = C(d,\,p’, Ry) = C(d,\,wa,p). Since AT is of partial Dini
mean oscillation, by using Theorem 1.2 with scaling and covering argument,
we see that Dv is bounded in Bs. Thus, as a test function to (3.9), we can
apply Cu € Wol’l(Bs/z), where ( is a smooth function satisfying

0<(<1, (¢(=1in By, supp(C Bspp, [D¢| Sal

By testing (3.9) with u and setting ¢ = (v in (3.8), we have
D(Cu) - dx = /
Bsg

Since 1) are supported in By and ( = 1 in By, the left-hand side of the
above identity is equal to

wADC-Dv—vADu-DCdx+ | f-D(Cv)d.
Bg Bs

Du - dx.
By

Hence by using Holder’s inequality, the Sobolev inequality, and (3.10), we
get

Du - dx
B2

S (Wallwrs sy + 1F U zo(y,2) ) 18] (12

Therefore, by duality and the Sobolev inequality, we have

(3.11) [ullwrr sy S lullwrr(ss)z) + 1 F e (Bs))-
ii. % < p < oo: Following the same argument used deriving (3.11), for
1_T§R§2andd%‘llgq<oo,weseethat
(3.12) lullwracs,) < Cllullwiar gy + 1 FllLa(sr)),
where C' = C(d, \,wa, q,7, R) provided that u € W' (Bg). Here, ¢* is
any number in (1,q) if ¢ = ﬁ and ¢* = dd—fq if ¢ > ﬁ. Let k be the
smallest positive integer such that
dp—p—d
A e
p
We set
dp i
i = -, m=14+—-, 1€{0,1,...,k}.
=g " +o et }

By applying (3.12) iteratively, we have
lullwresy) S lullwroe s,y + 11F 2o (B2)-

Since pi < %, using (3.11) with p = p, we get the desired estimate.
The theorem is proved. (|
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