
Commun. Korean Math. Soc. 35 (2020), No. 4, pp. 1319–1327

https://doi.org/10.4134/CKMS.c200089

pISSN: 1225-1763 / eISSN: 2234-3024

CONJUGACY INVARIANTS OF QUATERNION MATRICES

Joonhyung Kim and Qianghua Luo

Abstract. In this paper, we find new conjugacy invariants of Sl(3,H).

This result is a generalization of Foreman’s result for Sl(2,H).

1. Introduction

It is well known from elementary linear algebra that the trace and the deter-
minant are conjugacy invariants when entries of the matrices are real or com-
plex numbers. However, for quaternion matrices, we cannot apply the same
arguments because of the non-commutativity of quaternions. In Theorem 4.1
of [2], Foreman finds some conjugacy invariants of Sl(2,H). There is an error
in his computation and it is corrected in [7]. Those conjugacy invariants are
used to classify quaternionic Möbius transformations ([2], [7]). Furthermore,
traces play an important role in the study of quaternionic hyperbolic Kleinian
groups in dimension two ([3–5]). For the study of quaternionic Möbius trans-
formations and quaternionic hyperbolic Kleinian groups in higher dimensions,
it is a crucial step to find conjugacy invariants.

In this paper, we generalise Foremann’s result to Sl(3,H). Roughly speaking,
Sl(3,H) is the collection of all 3×3 quaternionic matrices whose complex adjoint
matrix is of determinant 1 (see the following Section for the details). Our main
theorem is the following.

Theorem 1.1. Let

M =

 a b c
d e f
g h l


be an arbitrary matrix in Sl(3,H). Then the following functions on Sl(3,H)
are conjugacy invariants:

F1(M) = 2|b|2Re(dḡf̄) + 2|c|2Re(gd̄h̄) + 2|d|2Re(bh̄c̄) + 2|f |2Re(hb̄ḡ)

+ 2|g|2Re(cf̄ b̄) + 2|h|2Re(f c̄d̄) + 2|a|2Re(eh̄f̄ + lf̄ h̄)

− 2Re(a)
(
|e|2|l|2 + |f |2|h|2 − 2Re(eh̄lf̄)

)
+ 2|e|2Re(aḡc̄+ lc̄ḡ)

Received March 10, 2020; Accepted June 26, 2020.

2010 Mathematics Subject Classification. Primary 15B33, 51M10.
Key words and phrases. Quaternion, quaternion matrix, conjugacy invariant.

c©2020 Korean Mathematical Society

1319



1320 J. KIM AND Q. LUO

− 2Re(e)
(
|a|2|l|2 + |c|2|g|2 − 2Re(aḡlc̄)

)
+ 2|l|2Re(ad̄b̄+ eb̄d̄)

− 2Re(l)
(
|a|2|e|2 + |b|2|d|2 − 2Re(ad̄eb̄)

)
− 2Re(ācl̄hd+ ḡlc̄bd+ ēf l̄gb+ h̄lf̄db)

− 2Re(d̄eb̄cg + ābēfg + f̄ eh̄gc+ l̄hēdc)

− 2Re(b̄ad̄fh+ ēdāch+ c̄aḡhf + l̄gābf),

F2(M) = 2Re
(
gd̄b̄c+ābfg+āchd+bēfg+ēdch+b̄d̄fh+f c̄ḡh+f̄ b̄ḡl+c̄d̄h̄l

)
+
(
4Re(e)Re(l)− 2Re(fh)

)
|a|2 − 4Re(e)Re(aḡc̄)− 4Re(l)Re(ad̄b̄)

+
(
4Re(a)Re(l)− 2Re(cg)

)
|e|2 − 4Re(a)Re(eh̄f̄)− 4Re(l)Re(eb̄d̄)

+
(
4Re(a)Re(e)− 2Re(bd)

)
|l|2 − 4Re(e)Re(lc̄ḡ)− 4Re(a)Re(lf̄ h̄)

+ |a|2|e|2 + |b|2|d|2 − 2Re(ad̄eb̄) + |a|2|l|2 + |c|2|g|2

− 2Re(aḡlc̄) + |e|2|l|2 + |h|2|f |2 − 2Re(eh̄lf̄),

F3(M) = − 2Re(a)|e|2 − 2Re(a)|l|2 − 2Re(e)|a|2 − 2Re(e)|l|2 − 2Re(l)|a|2

− 2Re(l)|e|2 + 4Re(e)Re(cg) + 4Re(a)Re(fh) + 4Re(l)Re(bd)

− 8Re(a)Re(e)Re(l)

+ 2Re(ad̄b̄+ aḡc̄+ eb̄d̄+ eh̄f̄ + lc̄ḡ + lf̄ h̄− bfg − dch),

F4(M) = |a|2 + |e|2 + |l|2 + 4Re(a)Re(e) + 4Re(a)Re(l) + 4Re(e)Re(l)

− 2Re(bd)− 2Re(cg)− 2Re(fh),

F5(M) = − 2Re(a+ e+ l).
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2. Preliminaries

In this section, we briefly present basic definitions and properties of quater-
nions and quaternion matrices. We recommend [1,6, 8] for more details.

2.1. Quaternions

The skew field H is a real vector space with the basis 1, i, j, k. Multiplication
is defined by the following principles:

i2 = j2 = k2 = −1, ij = k = −ji.
For an arbitrary element a = a1 + a2i + a3j + a4k ∈ H with a1, a2, a3, a4 ∈
R, its real part Re(a) is a1 and its vectorial part (or imaginary part) υ(a)
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is a2i + a3j + a4k. The conjugate and the norm of a are defined by ā =
Re(a)−υ(a) = a1−a2i−a3j−a4k and |a| =

√
a21 + a22 + a33 + a24 respectively.

The inverse of a is a−1 = ā/|a|2.

2.2. Quaternion matrices

Let Mm×n(H) denote the collection of all m × n matrices with quaternion
entries. For A = (ast) ∈ Mm×n(H) and q ∈ H, we define qA = (qast) and
Aq = (astq). In the case of m = n, we denote Mm×n(H) by Mn(H). For
A,B,C ∈ Mn(H), ABC = (AB)C = A(BC) holds. A is called invertible if
AB = BA = I for some B ∈Mn(H), where I denotes the identity matrix. The
following is a well known fact.

Proposition 2.1 (Proposition 4.1 in [8]). For A,B ∈Mn(H), if AB = I, then
BA = I.

As we express a quaternion a = a1+a2i+a3j+a4k = (a1+a2i)+(a3+a4i)j,
a quaternion matrix also can be expressed as A = A1 + A2j ∈ Mn(H), where
A1, A2 ∈Mn(C). Then, the matrix

χA =

(
A1 A2

−Ā2 Ā1

)
∈M2n(C)

is called the complex adjoint matrix of A, and this is uniquely determined by
A. We define the determinant of A to be the determinant of χA. The following
proposition gives a necessary and sufficient condition for a matrix in Mn(H) to
be invertible.

Proposition 2.2 (Proposition 8.1 in [8]). A ∈Mn(H) is invertible if and only
if det(χA) 6= 0.

By computing the determinant of a 3 × 3 quaternion matrix, we get the
following result.

Theorem 2.3. Let

M =

 a b c
d e f
g h l


be a quaternion matrix in M3(H). Then M is invertible if and only if the
following condition is satisfied:

F0(M) := |a|2|e|2|l|2 + |a|2|f |2|h|2 + |b|2|d|2|l|2 + |b|2|f |2|g|2 + |c|2|d|2|h|2

+ |c|2|e|2|g|2 + 2Re(b̄cf̄dḡh+ ēf c̄aḡh+ c̄bēdḡl + f̄ eb̄aḡl + f̄dābh̄l

+ c̄ad̄eh̄l)− 2|a|2Re(eh̄lf̄)− 2|b|2Re(dḡlf̄)− 2|c|2Re(dḡhē)
− 2|d|2Re(bh̄lc̄)− 2|e|2Re(aḡlc̄)− 2|f |2Re(aḡhb̄)− 2|g|2Re(bēf c̄)
− 2|h|2Re(ad̄f c̄)− 2|l|2Re(ad̄eb̄) 6= 0.
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In what follows, we use Sl(3,H) to denote the collection of all 3×3 quaternion
matrices M with F0(M) = 1.

According to [1, 2], one can embed H into M2×2(C) by

a 7→ L(a) =

(
a1 + a2i a3 + a4i
−a3 + a4i a1 − a2i

)
.

By replacing every entry ast of A by the 2 × 2 complex matrix L(a), we can
embed Sl(n,H) into Sl(2n,C): A 7→ L(A). For the embed function L(·), the
relation L(AB) = L(A)L(B) holds.

3. Proof

In this section, we prove Theorem 1.1 and Theorem 2.3.

Proof of Theorem 1.1. We follow the same strategy in [2]. Let us consider the
group homomorphism embedding Sl(3,H) into Sl(6,C):

M =

 a b c
d e f
g h l

 7→ L(M) =


a1 + a2i a3 + a4i b1 + b2i b3 + b4i c1 + c2i c3 + c4i
−a3 + a4i a1 − a2i −b3 + b4i b1 − b2i −c3 + c4i c1 − c2i
d1 + d2i d3 + d4i e1 + e2i e3 + e4i f1 + f2i f3 + f4i
−d3 + d4i d1 − d2i −e3 + e4i e1 − e2i −f3 + f4i f1 − f2i
g1 + g2i g3 + g4i h1 + h2i h3 + h4i l1 + l2i l3 + l4i
−g3 + g4i g1 − g2i −h3 + h4i h1 − h2i −l3 + l4i l1 − l2i

,

where a = (a1 +a2i) +(a3 +a4i)j, . . . , l = (l1 + l2i) +(l3 + l4i)j. By calculating
the characteristic polynomial of L(M), we will obtain the conjugate invariant
functions. Let σι be the sum of all (n − ι)-principal minors of M for ι =
0, 1, 2, 3, 4, 5. Then

x6 + α5x
5 + α4x

4 + α3x
3 + α2x

2 + α1x+ α0 = 0

is the characteristic polynomial of L(M), where αι = (−1)n−ισι for ι =
0, 1, 2, 3, 4, 5. Moreover, αι’s are conjugate invariant functions in the variables
a1, a2, · · · , l3, l4. We claim that Fι(M) = αι for ι = 0, 1, 2, 3, 4, 5.

For ι = 5, we have

α5 = −(a1 + a2i+ a1 − a2i+ e1 + e2i+ e1 − e2i+ l1 + l2i+ l1 − l2i)
= −2Re(a+ e+ l)

= F5(M).

For ι = 4, it is easy to see that each 2-principal minor of L(M) must be a
2-principal minor of the three following matrices:

M1 =


a1 + a2i a3 + a4i b1 + b2i b3 + b4i
−a3 + a4i a1 − a2i −b3 + b4i b1 − b2i
d1 + d2i d3 + d4i e1 + e2i e3 + e4i
−d3 + d4i d1 − d2i −e3 + e4i e1 − e2i

 ,

M2 =


a1 + a2i a3 + a4i c1 + c2i c3 + c4i
−a3 + a4i a1 − a2i −c3 + c4i c1 − c2i
g1 + g2i g3 + g4i l1 + l2i l3 + l4i
−g3 + g4i g1 − g2i −l3 + l4i l1 − l2i

 ,
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M3 =


e1 + e2i e3 + e4i f1 + f2i f3 + f4i
−e3 + e4i e1 − e2i −f3 + f4i f1 − f2i
h1 + h2i h3 + h4i l1 + l2i l3 + l4i
−h3 + h4i h1 − h2i −l3 + l4i l1 − l2i

 .

The sum of all 2-principal minors of M1 is

|a|2 +

∣∣∣∣ a1 + a2i b1 + b2i
d1 + d2i e1 + e2i

∣∣∣∣+

∣∣∣∣ a1 + a2i b3 + b4i
−d3 + d4i e1 − e2i

∣∣∣∣
+ |e|2 +

∣∣∣∣ a1 − a2i −b3 + b4i
d3 + d4i e1 + e2i

∣∣∣∣+

∣∣∣∣ a1 − a2i b1 − b2i
d1 − d2i e1 − e2i

∣∣∣∣
= |a|2 + |e|2 + 4a1e1 − 2Re(bd).

In the same way, the sum of all 2-principal minors of M2 is

|a|2 + |l|2 + 4a1l1 − 2Re(cg)

and the sum of all 2-principal minors of M3 is

|e|2 + |l|2 + 4e1l1 − 2Re(fh).

Note that |a|2, |e|2 and |l|2 are multiply counted. Hence we have

α4 = |a|2 + |e|2 + |l|2 + 4Re(a)Re(e) + 4Re(a)Re(l) + 4Re(e)Re(l)

− 2Re(bd)− 2Re(cg)− 2Re(fh)

= F4(M).

For ι ≤ 3, it is difficult to compare αι and Fι(M) directly. According to [6],
one can also embed H into Sl(4,R) by

a = a1 + a2i+ a3k + a4j 7→ LR(a) =


a1 −a2 a4 −a3
a2 a1 −a3 −a4
−a4 a3 a1 −a2
a3 a4 a2 a1

 .

Moreover, LR(ab) = LR(a)LR(b) and LR(ab)(1,1) = Re(ab) for a, b ∈ H.
We then use a computer to verify the other invariants (see Appendix for the
details). �

Proof of Theorem 2.3. Similar to the above proof, we verify that det
(
L(M)

)
=

F0(M) by a computer. We thus finish the proof by Proposition 2.2. �

4. The review of Sl(2,H)

In this section, we review Foreman’s result and show that our results (The-
orem 1.1 and Theorem 2.3) imply Foreman’s result. The set Sl(2,H) is the
collection of all 2× 2 quaternion matrices

A =

(
a b
c d

)
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with α(A) := |a|2|d|2 + |b|2|c|2 − 2Re[ac̄db̄] = 1. One can verify that α(A) is
equal to the determinant of the complex adjoint matrix of A. In [2], Foreman
proves the following theorem (we use the corrected version in [7]).

Theorem 4.1 (Foreman). Suppose that

A =

(
a b
c d

)
is an element in Sl(2,H). Then the following functions on Sl(2,H) are conju-
gate invariant:

β(A) := Re[(ad− bc)ā+ (da− cb)d̄],

γ(A) := |a+ d|2 + 2Re[ad− bc],
δ(A) := Re[a+ d].

Proof. Let

Γ(A) :=

 a b 0
c d 0
0 0 1

 for A =

(
a b
c d

)
∈ Sl(2,H).

Then Γ
(
Sl(2,H)

)
is a subgroup of Sl(3,H) and Fi’s are conjugacy invariants on

Γ
(
Sl(2,H)

)
for i = 0, 1, 2, 3, 4, 5. By applying Theorem 1.1 and Theorem 2.3,

we have

F0

(
Γ(A)

)
= |a|2|d|2 + |b|2|c|2 − 2Re(ac̄db̄) = α(A) = 1,

F1

(
Γ(A)

)
= − 2Re(a)|d|2 − 2Re(d)|a|2 + 2Re(ac̄b̄+ db̄c̄)

− 2
(
|a|2|d|2 + |b|2|c|2 − 2Re(ac̄db̄)

)
= − 2Re(a)|d|2 − 2Re(d)|a|2 + 2Re(ac̄b̄+ db̄c̄)− 2α(A)

= − 2β(A)− 2,

F2

(
Γ(A)

)
= 4Re(d)|a|2 − 4Re(ac̄b̄) + 4Re(a)|d|2 − 4Re(db̄c̄) + 4Re(a)Re(d)

− 2Re(bc) + |a|2|d|2 + |b|2|c|2 − 2Re(ac̄db̄) + |a|2 + |d|2,
= 4β(A) + γ(A) + α(A) = 4β(A) + γ(A) + 1,

F3

(
Γ(A)

)
= − 2Re(a)|d|2 − 2Re(a)− 2Re(d)|a|2 − 2Re(d)− 2|a|2 − 2|d|2

+ 4Re(bc)− 8Re(a)Re(d) + 2Re(ac̄b̄+ db̄c̄)

= − 2β(A)− 2γ(A)− 2δ(A),

F4

(
Γ(A)

)
=|a|2 + |d|2 + 1 + 4Re(a)Re(d) + 4Re(a) + 4Re(d)− 2Re(bc)

= γ(A) + 4δ(A) + 1,

F5

(
Γ(A)

)
=− 2Re(a+ d)− 2 = −2δ(A)− 2.

Note that Sl(2,H) and Γ
(
Sl(2,H)

)
are isomorphic. Observing the above

identities, since F1(Γ(A)) = −2β − 2 is a conjugate invariant, β is a conjugate
invariant. Furthermore, since F2(Γ(A)) = 4β+γ+1 is a conjugate invariant, γ
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is a conjugate invariant. Similarly, from F5(Γ(A)) = −2δ − 2, δ is a conjugate
invariant. Hence we conclude that β, γ, δ are conjugate invariants in Sl(2,H).

�

5. A conjugacy invariant in high dimensions

Let Sl(n,H) be the collection of all n×n quaternionic matrices whose com-
plex adjoint matrix is of determinant 1. We have the following result.

Theorem 5.1. Let M = (mij)n×n be an arbitrary matrix in Sl(n,H). Then
the following function on Sl(n,H) is an invariant:

n∑
i=1

|mii|2 + 4
∑
i<j

Re(mii)Re(mjj)− 2
∑
i<j

Re(mijmji).

Proof. One can obtain this invariant by calculating the characteristic polyno-
mial of L(M). This conjugation invariant is equal to the sum of all 2-principal
minors of L(M). For an arbitrary 2-principal minor of L(M), it must be a
2-principal minor of the matrix

Mij :=

(
L(mii) L(mij)
L(mji) L(mjj)

)
for some 1 ≤ i < j ≤ n. The sum of all 2-principal minors of Mij is

|mii|2 + |mjj |2 + 4Re(mii)Re(mjj)− 2Re(mijmji).

On the other hand, |mii|2 is multiply counted for i = 1, 2, . . . , n. Hence the
sum of all 2-principal minors of M is

n∑
i=1

|mii|2 + 4
∑
i<j

Re(mii)Re(mjj)− 2
∑
i<j

Re(mijmji).
�

6. Appendix

Below is a Mathematica program. The readers can use it to verify the
invariants.

LM =


a1 + ia2 a3 + ia4 b1 + ib2 b3 + ib4 c1 + ic2 c3 + ic4
−a3 + ia4 a1− ia2 −b3 + ib4 b1− ib2 −c3 + ic4 c1− ic2
d1 + id2 d3 + id4 e1 + ie2 e3 + ie4 f1 + if2 f3 + if4
−d3 + id4 d1− id2 −e3 + ie4 e1− ie2 −f3 + if4 f1− if2
g1 + ig2 g3 + ig4 h1 + ih2 h3 + ih4 l1 + il2 l3 + il4
−g3 + ig4 g1− ig2 −h3 + ih4 h1− ih2 −l3 + il4 l1− il2

;

I4 = IdentityMatrix[4];

A1 = {{a1,−a2, a4,−a3}, {a2, a1,−a3,−a4}, {−a4, a3, a1,−a2}, {a3, a4, a2, a1}};
A2 = Dot[A1,−I4] + 2DiagonalMatrix[{a1, a1, a1, a1}];
B1 = {{b1,−b2, b4,−b3}, {b2, b1,−b3,−b4}, {−b4, b3, b1,−b2}, {b3, b4, b2, b1}};
B2 = Dot[B1,−I4] + 2DiagonalMatrix[{b1, b1, b1, b1}];
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C1 = {{c1,−c2, c4,−c3}, {c2, c1,−c3,−c4}, {−c4, c3, c1,−c2}, {c3, c4, c2, c1}};
C2 = Dot[C1,−I4] + 2DiagonalMatrix[c1, c1, c1, c1];

D1 = {{d1,−d2, d4,−d3}, {d2, d1,−d3,−d4}, {−d4, d3, d1,−d2}, {d3, d4, d2, d1}};
D2 = Dot[D1,−I4] + 2DiagonalMatrix[{d1, d1, d1, d1}];
E1 = {{e1,−e2, e4,−e3}, {e2, e1,−e3,−e4}, {−e4, e3, e1,−e2}, {e3, e4, e2, e1}};
E2 = Dot[E1,−I4] + 2DiagonalMatrix[{e1, e1, e1, e1}];
F1 = {{f1,−f2, f4,−f3}, {f2, f1,−f3,−f4}, {−f4, f3, f1,−f2}, {f3, f4, f2, f1}};
F2 = Dot[F1,−I4] + 2DiagonalMatrix[{f1, f1, f1, f1}];
G1 = {{g1,−g2, g4,−g3}, {g2, g1,−g3,−g4}, {−g4, g3, g1,−g2}, {g3, g4, g2, g1}};
G2 = Dot[G1,−I4] + 2DiagonalMatrix[{g1, g1, g1, g1}];
H1 = {{h1,−h2, h4,−h3}, {h2, h1,−h3,−h4}, {−h4, h3, h1,−h2}, {h3, h4, h2, h1}};
H2 = Dot[H1,−I4] + 2DiagonalMatrix[{h1, h1, h1, h1}];
L1 = {{l1,−l2, l4,−l3}, {l2, l1,−l3,−l4}, {−l4, l3, l1,−l2}, {l3, l4, l2, l1}};
L2 = Dot[L1,−I4] + 2DiagonalMatrix[{l1, l1, l1, l1}];

α0 = Det[LM ];

α1 = −Tr[Minors[LM, 5]];

α2 = Tr[Minors[LM, 4]];

α3 = −Tr[Minors[LM, 3]];

α4 = Tr[Minors[LM, 2]];

α5 = −Tr[Minors[LM, 1]];

We use A1, A2, . . . , L1, L2 to denote LR(a),LR(ā), . . . ,LR(l),LR(l̄). For a
matrix M , M [[m,n]] is the entry of M in the m-th row and n-th column. From
the definition of LR, A1[[1, 1]] is the real part of a. For matrices M1,M2, . . . ,
Mn, Dot[M1,M2, . . . ,Mn] is the standard matrix product M1M2 · · ·Mn. From
the property of LR, Dot[A1, B1] is equal to LR(ab) and Dot[A1, B1][[1, 1]] is
Re(ab). Tr[Minors[LM, ι]] is the sum of all (6− ι)-principal minors of LM for
ι = 0, 1, 2, . . . , 5. If one run the following commands:

Simplify[−2 ∗A1[[1, 1]]− 2 ∗ E1[[1, 1]]− 2 ∗ L1[[1, 1]]− α5].

One will obtain 0. Hence α5 = F5(M). Similarly, one can verify the other
invariants.
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