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GENERIC LIGHTLIKE SUBMANIFOLDS OF
AN INDEFINITE TRANS-SASAKIAN MANIFOLD WITH
A NON-SYMMETRIC NON-METRIC CONNECTION OF
TYPE (£, m)

CHUL WoO LEE AND JAE WON LEE

ABSTRACT. Jin [7] defined a new connection on semi-Riemannian mani-
folds, which is a non-symmetric and non-metric connection. He said that
this connection is an (¢, m)-type connection. Jin also studied lightlike
hypersurfaces of an indefinite trans-Sasakian manifold with an (¢, m)-
type connection in [7]. We study further the geometry of this subject.
In this paper, we study generic lightlike submanifolds of an indefinite
trans-Sasakian manifold endowed with an (¢, m)-type connection.

1. Introduction

The notion of (¢, m)-type connection on indefinite almost contact manifolds
M was introduced by Jin [7]. Here we quote Jin’s definition as follows:

A linear connection V on M is called a non-symmetric non-metric connection
of type (£, m), and abbreviate it to (¢, m)-type connection, if there exist smooth
functions ¢ and m on M such that V and its torsion tensor T satisfy

(1) (Vxg)(Y,2) = - {0(Y)3(X,2) +0(Z)5(X.Y)}
—m{0(Y)g(JX,Z)+0(Z)g(JX,Y)},
2) T(X,V) = {o(V)X — 0(X)V} +m{0(Y)JX — 0(X)JY},

where J is a (1, 1)-type tensor field and 6 is a 1-form associated with a smooth
vector field ¢ by 6(X) = g(X,(). We set (¢,m) # (0,0) and we denote by
X, Y and Z the smooth vector fields on M. Semi-symmetric non-metric con-
nection and non-metric ¢-symmetric connection are important examples of this
connection such that (1) (¢, m) = (1, 0) and (2) (¢, m) = (0, 1), respectively.
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Especially, in cases: (3) (¢, m) = (1,0) in (1) and (¢, m) = (0, 1) in (2)
(see [10] in details); (4) (¢, m) = (0,0) in (1) and (¢, m) = (0, 1) in (2)
and (5) (¢, m) = (0, 0) in (1) and (¢, m) = (1, 0) in (2), this connection V
reduce to quarter-symmetric non-metric connection, quarter-symmetric metric
connection and semi-symmetric metric connection, respectively.

Remark 1.1. Denote by V the Levi-Civita connection of a semi-Riemannian
manifold (M, g) with respect to the metric g. It is known [7] that a linear
connection V on M is an (¢, m)-type connection if and only if V satisfies

(3) ViV =VgV +0(Y){{X + mJX}.

A lightlike submanifold M of an indefinite almost contact manifold M is
said to be generic if there exists a screen distribution S(T'M) on M such that

(4) J(S(TM)*) c S(TM),

where S(TM)? is the orthogonal complement of S(TM) in the tangent bundle
TM on M, i.e., TM = S(TM) @opn S(TM)*. The notion of generic light-
like submanifolds was introduced by Jin-Lee [8] and later, studied by several
geometers [3,5,6,9]. Its geometry is an extension of that of lightlike hypersur-
faces and half lightlike submanifolds. Much of its theory will be immediately
generalized in a formal way to general lightlike submanifolds.

The subject of study in this paper is generic lightlike submanifolds of an
indefinite trans-Sasakian manifold M = (M, ¢, 0, .J,g) endowed with an (£, m)-
type connection subject to the following two conditions that (1) the tensor field
J and the 1-form 6, defined by (1) and (2), are identical with the indefinite
trans-Sasakian structure tensor J and the structure 1-form 6 of M, respectively,
and (2) the structure vector field ¢ of M is tangent to M.

2. (£, m)-type connections

The notion of trans-Sasakian manifold M, of type («, 3), was introduced by
Oubina [11]. Sasakian, Kenmotsu and cosymplectic manifolds are important
kinds of trans-Sasakian manifolds such that

a=1 B=0; a=0, =1, a=p=0,
respectively. If M is a semi-Riemannian manifold with a trans-Sasakian struc-
ture of type (a, 3), then M is called an indefinite trans-Sasakian manifold as
follows:

An odd-dimensional semi-Riemannian manifold (M, ) is called an indefinite
trans-Sasakian manifold if there exist (1) a structure set {J, ¢, 0, g}, where J
is a (1, 1)-type tensor field, ¢ is a vector field and 6 is a 1-form such that

() JX =X +0(X)¢, 0(Q) =1, 0(X)=eg(X,0),
00J =0, glJX,JV)=g(X, V) co(X)Y),
(2) a Levi-Civita connection V and two smooth functions a and 3 such that

(Vi)Y = a{g(X, V)¢ — e0(YV)X} + B{g(JX, V)¢ — e0(Y)IX},
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where € denotes € = 1 or —1 according as ( is spacelike or timelike respectively.
{J, ¢, 0, g} is called an indefinite trans-Sasakian structure of type (o, B).

In the entire discussion of this article, we shall assume that the vector field
¢ is a spacelike one, i.e., € = 1, without loss of generality.

Let V be an (¢, m)-type connection on (M, g). By directed calculation from
(3), (5) and the fact that 8(JY) = 0, we obtain

6)  (Vx))Y = o{g(X, V)¢ - 0(Y)X} + B{g(JX, V)¢ - 0(Y)JX}

— OYV){tJX —mX +mb(X)(}.
Replacing Y by ¢ to (6) and using J¢ = 0 and 8(Vx() = ¢0(X), we obtain
(7) V¢ =(m—a)JX+ ({+B)X — BO(X)C.

Let (M, g) be an m-dimensional lightlike submanifold of an indefinite trans-
Sasakian manifold (M, g) of dimension (m + n). Then the radical distribution
Rad(TM) = TM NTM~* on M is a subbundle of the tangent bundle TM
and the normal bundle TM=, of rank r (1 < r < min{m, n}). In case 1 <
r < min{m, n}, we say that M is an r-lightlike submanifold [3] of M. In this
case, there exist two complementary non-degenerate distributions S(7'M) and
S(TM*) of Rad(TM) in TM and TM~, respectively, which are called the
screen distribution and co-screen distribution of M such that

TM = Rad(TM) ®opin, S(TM), TM* = Rad(TM) ®open, S(TM™L),

where @5, denotes the orthogonal direct sum. Denote by F(M) the algebra
of smooth functions on M and by I'(E) the F(M) module of smooth sections
of a vector bundle E over M. Also denote by (5); the i-th equation of (5). We
use the same notations for any others. Let X, Y, Z and W be the vector fields
on M, unless otherwise specified. We use the following range of indices:

iy gy k.. € {1,...,r} a,bye,... €{r+1,...,n}

Let tr(T'M) and ltr(TM) be complementary vector bundles to TM in TM‘M
and TM* in S(TM)* respectively and let {Ny, ..., N,} be a lightlike basis
of itr(TM),,,, where U is a coordinate neighborhood of M, such that

9(Ni, &) = d0ij,  g(Ni, Nj) =0,
where {{1, ..., &} is a lightlike basis of Rad(T'M),. In this case,

TM = TM @ tr(TM) = {Rad(TM) @ tr(TM)} ®orin S(TM)
= {Rad(TM) & ltr(TM)} @orin S(TM) Sopen S(TM™),

lee>

{&, .., &, N, ..., N., Fryq, ..., Fpy, Eriq, ..., B}
is a quasi-orthonormal field of frames of M, where {F,.1,...,Fy,} is an or-
thonormal basis of S(T'M) and {E,i1, ..., Ep} is an orthonormal basis of

S(TM+*). Denote ¢, = §(Eq, E,). Then €,64 = §(E,, Ep).
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Let P be the projection morphism of TM on S(T'M). Then the local Gauss-
Weingarten formulae of M and S(TM) are given respectively by

(8) VxY = VxY 4+ Y hi(X,Y)N;i+ Y hi(X,Y)E,,
=1 a=r+1

(9) VxNi = —Ay X+ Y 7(X)N;j+ D pia(X)Ea,
j=1 a=r+1

(10) VxEy = =A, X+ Xai(X)Ni+ Y 0an(X)Ep;
i=1 b=r+1

(11) VxPY = VYPY + ) hi(X,PY)&,
=1

(12) Vx& = —ALX =) 1i(X)g,
j=1

where V and V* are induced linear connections on M and S(T M) respectively,
h¢ and h$ are called the local second fundamental forms on M, h! are called
the local second fundamental forms on S(T'M). A, , A, and Af are called
the shape operators, and T;j, pia, Aai and ogp are 1-forms.

Let M be a generic lightlike submanifold of M. From (4) we show that
J(Rad(TM)), J(ltr(TM)) and J(S(TM+*)) are vector subbundles of S(T'M).
Thus there exist two non-degenerate almost complex distributions H, and H
with respect to J, i.e., J(H,) = H, and J(H) = H, such that

S(TM) = {J(Rad(TM)) ® J(Itr(TM))} @oren J(S(TM™Y)) ®open Ho,
H = Rad(TM) ®ortn J(Rad(TM)) Sortr, Ho.
In this case, the tangent bundle TM on M is decomposed as follows:
(13) TM = H ® J(Itr(TM)) ®open J(S(TM1)).

Consider local null vector fields U; and V; for each 4, local non-null unit
vector fields W, for each a, and their 1-forms w;, v; and w, defined by

(14) Ul = —JNZ‘ V; = —J&, Wa = —JEa,
(15)  wi(X) = g(X, Vi), wi(X) =g(X,Ui), wa(X) = eag(X, Wa).

Denote by S the projection morphism of TM on H and by F' the tensor field
of type (1,1) globally defined on M by F = JoS. Then JX is expressed as

(16) JX = FX + iui(X)Ni + Zn: wa(X)E,.

1=1 a=r+1
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Applying J to (16) and using (5); and (14), we have
(17) F2X = X +6(X <+Zu, VUi + Z wa (X
a=r+1
3. Structure equations

Let M be an indefinite trans-Sasakian manifold with an (¢, m)-type connec-
tion V. In the following, we shall assume that ¢ is tangent to M. Calin [2]
proved that if ¢ is tangent to M, then it belongs to S(T'M) which we assumed
in this paper. Using (1), (2), (8) and (16), we see that

(18) (Vx9)(Y,Z) Z{he (X, Y)mi(Z) + hi (X, Z)n;(Y)}
—3{0( )9(X. Z) +0(Z2)g(X.Y)}
—m{0(V)g(JX,Z) + 0(Z)g(JX,Y)},

(19) T(X,Y) = {0(Y)X —0(X)Y} + m{0(Y)FX — 0(X)FY},

(20) WX, Y) = hi(Y, X) = m{0(Y )ui(X) — 0(X)us(Y)},

(21) ha(X,Y) = ha(Y, X) = m{0(Y)wa(X) — 0(X)wa(Y)},

for all i and a, where n;’s are 1-forms such that n;(X) = g(X, V).

Theorem 3.1. Let M be a lightlike hypersurface of an indefinite trans-Sasakian
manifold M with an (£, m)-type connection subject such that ¢ is tangent to
M. Then either hf or b is symmetric if and only if m = 0.
Proof. (1) If m = 0, then h! are symmetric by (20). Conversely, if h¢ is
symmetric, then, taking X = ¢ and Y = U; to (20), we have m = 0.

(2) If m = 0, then hS are symmetric by (21). Conversely, if A is symmetric,
then, taking X = ¢ and Y = W, to (21), we have m = 0. O

From the facts that hf(X,Y) = g(VxY,&) and e,hi(X,Y) = §(VxY, E,),
we know that hf{ and hS are independent of the choice of S(T'M). Applying V x
to 9(&,¢&5) =0, g(&, Eq) = 0, g(N;, N;) =0, g(N;, E,) = 0 and g(E,, Ep) =
€dqp by turns and using (1) and (8) ~ (10), we obtain

(X&) +hj(X,6) =0, hi(X,&) = —cadai(X),
(22) i(Ay, X) +n0i(Ay, X) =0, ni(A,, X) = €apia(X),
€40ab + €a0ba = 0; hi(X, &) =0, hi(&,&) =0, AL & =0.
The local second fundamental forms are related to their shape operators by

(23)  hi(X)Y)=g(ALX,Y) +mo(Y) th (X, &) (Y),

(24)  ehi(X,Y) =g(A,, X.Y) +emb(Y Zxak
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(25)  hi(X,PY)=g(A, X, PY)+ {n:(X) + mv;(X)}0(PY).
Replacing Y by ¢ to (8) and using (7), (16), (23) and (24), we have

(26) VxC = (m—a)FX + ((+ B)X — BO(X)C,

(27) 04 X) = —aw(X),  hi(X, () = (m - a)ui(X),
(28) O(Ay, X) = —caqua(X),  BH(X.C) = (m — a)ua(X).
Applying Vx to g(¢, N;) = 0 and using (7), (9) and (25), we have
(29) 0(Ay, X) = —avi(X) + Bni(X),

hi (X, ¢) = (€4 B)m(X) + (m — a)vi(X).

Applying Vx to (14)1,2,3 and (16) by turns and using (6), (8) ~

(14) ~ (16) and (23) ~ (25), we have

( ) (X V) eahz(Xa Wa) = hZ(Xa Uz)7
hi (X

(30) H(X, Vi) = hi(X,V)), eahf (X, Wa) = h3(X, Vi),
ebhi(X W,) = €.h (X W),
(31) VxUi = F(A, X) +ZT” U + Z pia(X
j=1 a=r+1
— {ami(X) + Bui(X)}¢,
(32) VxVi = F(ALX ZTJZ Wi+ > hi(X,&)U;
- Z ea az W Buz( )C
a=r+1
(33) VxWe = F(A, X)+ Y XaiX)Ui+ > oap(X)W,
=1 b=r+1
*Eaﬁwa( )¢,
(34) (VxF)(Y Zul Ay, X + Z wa(Y)A,, X
a=r+1
— Zh" X, Y)U; — Z h (X
a=r+1
+ {ag(X Y)+B3(JX,Y) - 0(X)0(Y)}¢
- (m—a)a( )X — (L+ B)O(Y)FX,
(35) (Vxu) (Y Zu] )7ii(X Z Wa (Y ) Aai (X)

a=r+1
fhf<X7FY> (€4 B)O(Y Jui(X),

(12),
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n

(36) (Vxo) (Y ng 7 (X) + Y cawa(Y)pia(X)

a=r+1

+ Z ui (V)mi(Ay, X) — g(Ay, X, FY)
Jj=r+1
+ (m — )0(Y)n:(X) — (£+ B)O(Y)vi(X).

Theorem 3.2. There exist no generic lightlike submanifolds of an indefinite
trans-Sasakian manifold with an (¢, m)-type connection subject such that ¢ is
tangent to M and F satisfies the following equation :

(VxF)Y = (VyF)X, VYX,Y e (TM).
Proof. Let (VxF)Y = (VyF)X. Using (20), (21) and (34), we obtain

(37) D {uwi(Y)A, X —w(X)A, Y}

=1

- Z{wa V)A, X —wa(X)A, Y} —285(X,JY)C

a=r+1
+{0(X)ui (V) = 0(Y )ui(X)}U; + {0(X)wo(Y) — 0(Y )wa(X)} W,
+ (m—a){0(Y)X —0(X)Y}— ({+ B){0(Y)FX —0(X)FY} =0.
Taking the scalar product with ¢ and using (28); and (29);, we have

a > {ui(Y)vi(X) = ui(X)vi(Y)}
i=1

=8 Z{m(Y)m(X) —ui(X)n;(Y)} — 2B5(X, JY).

Taking X =V;,Y =U; and X = ¢, Y = U; to this equation by turns, we
obtain @ = 0 and § = 0, respectively. Taking X = ¢; to (37), we have

n

0(x ){m£z+€V}+Zug X)A, &+ > wa(X)A, & =0.

j=1 a=r+1
Taking X = ( to this, we have m&; + £V; = 0. It follows that £ =m = 0. It is
a contradiction to (¢, m) # (0, 0). Thus we have our theorem. O

Corollary 3.3. There exist no generic lightlike submanifolds of an indefinite
trans-Sasakian manifold with an (¢, m)-type connection subject such that ¢ is
tangent to M and F is parallel with respect to the connection V.

Theorem 3.4. Let M be a generic lightlike submanifold of an indefinite trans-
Sasakian manifold M with an (¢, m)-type connection such that ( is tangent to
M. If U;’s or Vi’s are parallel with respect to V, then 7,53, =0 and o = 8 =0,
i.e., M is an indefinite cosymplectic manifold.



1210 C. W. LEE AND J. W. LEE

Proof. (1) If U; is parallel with respect to V, then, taking the scalar product
with ¢, V;, W, U; and N; to (31) such that VxU; = 0 respectively, we get

(38) a:ﬂ:07 Tij:0, pia:0, ﬁj(ANiX):O, h;k(X,UJ):O

As o = B =0, M is an indefinite cosymplectic manifold.
(2) If V; is parallel with respect to V, then, taking the scalar product with
¢, Uj, Vj, W, and Nj to (32) with VxV; = 0 respectively, we get

(39) B=0, 7;;=0, hi(X,&)=0, Xi=0, hi(X,U;)=0.

As h4(X,U;) = 0, we get hf(¢,U;) = 0. Taking X = U; and Y = ¢ to (20),
we get hf(U;,¢) = md;j. On the other hand, replacing X by U to (27)a, we
have hf(U;,¢) = (m — «)d;;. It follows that a = 0. Since a = 8 =0, M is an
indefinite cosymplectic manifold. O

4. Indefinite generalized Sasakian space forms

Definition. An indefinite trans-Sasakian manifold M is said to be an indefinite
generalized Sasakian space form and denote it by M(f1, fa, f3) if there exist
three smooth functions f;, fo and f3 on M such that

+
o
—~
=
kel
5l
N
=
|
=0
Il
<
\_N,'
N
>}
+
o
=
I
<
=
N
N
——

where R is the curvature tensor of the Levi-Civita connection V.

The notion of generalized Sasakian space form was introduced by Alegre et
al. [1], while the indefinite generalized Sasakian space forms were introduced
by Jin [4]. Sasakian space form, Kenmotsu space form and cosymplectic space
form are important kinds of generalized Sasakian space forms such that

=3 fo=fs=F A=F fo=fi= fi=fo=f3=%
respectively, where c is a constant J-sectional curvature of each space forms.
~ Denote by R the curvature tensors of the non-metric ¢-symmetric connection
V on M. By directed calculations from (2), (3) and (5), we see that
(41) R(X,Y)Z = R(X,Y)Z
+ (V) ()Y +mJIY} — (Vy0)(Z2){¢X + mJIX}
+OZ{(XOY — (VOX + (Xm)JY — (Ym)JX
—malf(Y)X —0(X)Y] —mpo(Y)JX — 0(X)JY]
—2mBg(X, JY)(}.
Taking the scalar product with & and N; to (41) by turns and, then denote
by R and R* the curvature tensors of the induced linear connections V and




GENERIC LIGHTLIKE SUBMANIFOLDS OF A TRANS-SASAKIAN MANIFOLD 1211

V* on M and S(T'M) respectively. Using the Gauss-Weingarten formulae, we
obtain Gauss equations for M and S(T'M), respectively:

(42) R(X,Y)Z = R(X,Y)Z

+ Y {h(X. 2)A,Y — h{(Y. Z)A,, X}

i=1

+ > {h(X, DAY — hi(Y. Z)A, X}
a=r+1

+ fj{(vth)(x Z) — (Vyhi)(X, Z)

i=1

+ i[rji(X)hﬁ(Y, Z) — i (Y)hS(X, Z)]

+ Z X)h (Y, Z) — Aai(V)RE(X, Z)]
a=r+1

— 6(X)hL(Y, Z) — 6(Y)h!(X, Z)]
— mlB(X)RL(FY, Z) - 0(Y ) (FX, Z)}N,

+ Z {(Vxhy)(Y,Z) = (Vyhy)(X, Z)

a=r+1

+ 2 [iaCORY, 2) = pa (X, 2)

- Z (XY, Z) — 04 (V)R{(X, Z)]
b=r+1
— O(X)he (Y, Z2) = 0(Y)hi (X, Z)]
— m[0(X)h (FY, Z) = 0(Y)ho(FX, Z)]} E,
(43)  R(X,Y)PZ = R*(X,Y)PZ

- i{h;(x, PZ)ALY — B (Y,PZ)Ae, X }

+ Z{(Vxh;")(Y, PZ) — (Vyhi)(X,PZ)
+ Z Tik(Y)hE(X, PZ) — min(X)h(Y, PZ)]
- E[G(X)h;f‘(Y, PZ) = 0(Y)hi(FX,PZ)|
— m[0(X)hi (FY, PZ) = 0(Y)h; (F X, PZ)]}¢;.
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substituting (42) and (40) and using (22)4 and (43), we get
(44)  (Vxh)(Y, 2) = (Vyhi)(X, 2)

+ Z{Tﬂ X)R5(Y, Z) — m(Y)Ri(X, Z)}

+ Z Mai(X)RE(Y, Z) — Mai(V)RE(X, Z)}
a=r+1

— HOX)h{(Y, Z) = 0(Y)hi(X, Z)}

— m{O(X)hL(FY, Z) — e(y)hf(FX Z)}

= m{(Vx0)(Z)uwi(Y) — (Vy0)(Z)u;(X)}

= 0(2){[Xm + mBO(X)|us(Y) — [Y'm +mpBO(Y)]u:(X)}
= fo{ui(Y)3(X, JZ) — ui(X)3(Y, J Z) + 2us(Z)g(X, JY)},

(45)  (Vxhi)(Y, PZ) = (Vyhi)(X, PZ)

- Z {ri;(X)h3(Y, PZ) — 7;(Y)h}(X, PZ)}

- Z ca{pia(X)3(Y, PZ) = pia(Y)h3(X, PZ)}
a=r+1
+ XT: {hﬁ(X’ PZ)ni(ANjY> - hﬁ(}/a PZ)ni(ANjX)}
— KON (V. PZ) ~ 0(Y)h; (X, PZ)
— m{0(X)hI(FY,PZ) — 0(Y)h; (FX,PZ)}
— (VxO)(PZ2){ni(Y) + mvi(Y)} + (Vy0)(PZ){€ni(X) + muvi(X)}
— 0(PZ){[Xl+ mabd(X)|n;(Y) — [YL+ mad(Y)]n;(X)
+ [Xm +mBO(X)]vi(Y) — [Ym +mpo(Y)]vi(X)}
= fi{lg(Y, PZ)ni(X) — g(X, PZ)n;(Y)}
+ fo{viV)g(X,JPZ) — v (X)g(Y,JPZ) + 2v;,(PZ)g(X,JY)}
+ f3{0(X)n:i(Y) = 0(Y)ni(X)}0(PZ).
Theorem 4.1. Let M be a generic lightlike submanifold of an indefinite gen-

eralized Sasakian space form M(f1, f2, f3) with an (£, m)-type connection such
that ¢ is tangent to M. Then the functions «, B, f1, fo and f3 satisfy

(1) « is a constant on M,
(2) af =0, and
(3) fi—fo=a*=p% and fr — f3=a® — B> = (B.
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Proof. Applying Vx to §(U;) = 0 and 6(V;) = 0 by turns and using (8), (31),
(32) and the facts that g(FX,{) =0 and ¢ € I'(S(T'M)), we get
(46) (Vx0)(U;) = ani(X) + Boi(X), (Vx0)(V;) = Bus(X).
Applying Vi to (30)1: h(Y,U;) = h2(Y,V;) and using (5), (16), (23), (25),
(27)2, (29)2, (30)1,2,4, (31) and (32), we obtain

(VxP{)(Y,Us) = (Vxhi) (Y, V;)

— Z{mg Vi (Y, Us) + (X )Wy (Y, Vi) }

— Z i (X)RE(Y,Ui) + €apia(X)RE(Y, V)}

a=r+1

+ Y (Y Up)hi (X, &) + hi (X, Ui, (Y, )}
k=1
- g(AszaF(Ale)) 79(AZJY7F(AN1-X))

= > WX Vi) (A,Y)
k=1

+ Blm — a){u; (Y)vi(X) — u; (X)vi(YV)}

+ a(m — )u; (Y)ni(X) = B(E+ B)u; (X)mi(Y).
Substituting this and (29) into the modified equation (44) which is change @
with j and Z with U;, and using (22)3, (30)3 and (46);, we have

(Vxhi)(Y,V;) = (Vyhi) (X, Vj)

—Z{m Vi (Y, V) — e (V)R (X, Vi) }

n

- Z Ea{pia(X)hZ(Y’V”_pia(y)hZ(X’Vj)}

a=r+1

+ Y A V(AL Y) = b (Y, Vimi(Ay, X))
k=1
— OOONI(FY. V) + 60V )b (FX. V)
+ Blm = 2a){u; (Y)vi(X) = uj(X)vi(Y)}
+ (08— o + B){u; (V)i (X) — u; (X)n:(Y)}
= folu;(Y)mi(X) = u;(X)mi(Y) 4 20359(X, JY)}.
Comparing this with (45) such that PZ =V} and using (46)2, we obtain
{fi = fa— 0 + B2 Hu; (V)mi(X) — u; (X)n;(Y)}
= 208{u;(Y)vi(X) — u(;X)v:(Y)}.
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Taking Y =U;, X =§; and Y = U;, X =V} to this by turns, we have
h—fa=a®=p%  af=0.
Applying Vx to 8(¢) = 1 and using (7) and the fact: 6 o J =0, we get
(47) (Vx0)(¢) = —t0(X).
Applying Vx to n;(Y) = g(Y, N;) and using (1) and (9), we have

(48) (Vxn)(Y) = —g(A, X, Y) + > 7;(X)n; (V)
j=1
— {n;(X) + mu;(X)}0(Y).
Applying Vx to b (Y, () = (£ + B)ni(Y) + (m — a)v;(Y) and using (25), (26),
(36), (48) and the fact that a5 = 0, we get

(Vxhi)(Y,¢) = X(£+ B)mi(Y) + X(m — a)ui(Y)

+ (04 0{—9(Ay, X,Y) = g(A, Y, X) + ZTij(X)nj(Y)
+ BOX)n:(Y) = L10(Y)ns(X) + 0(X)n: (V)]
—m[0(Y)vi(X) + 0(X)v:(Y)]}

+ (m—a){-g(Ay, X, FY) - g(A Y, FX)

n

+ ZUJ )T (X Z €aWa (Y)pia(X)

a=r+1
+Z% J1i(Ay, X) + (m — 0)0(Y )n:(X)

+ 69( Joi(Y) = (£+ B)0(Y)vi(X)}.
Substituting this and (29)s into (45) with PZ = ¢ and using (47), we get
{XB+(fi — f3—®+ B)O(X)In:(Y)
—{YB+(fi— fs— o+ B2O(Y) I (X)
= (Xa)v(Y) = (Ya)v;(X).
Taking X =(, Y =¢&; and X = U;, Y = V; to this by turns, we have
fi—fa=a*—p*— (B, Uja = 0.
Applying Vx to h{(Y,¢) = (m — a)u;(Y) and using (26) and (35), we get
(Vxh)(Y,¢) = X(m — a)ui(Y) — (€ + B)h (Y, X)

n

— 704 ZUJ T]z Z eawa(Y)Aai(X)

a=r+1
+%afm+wmpm+w(ma)
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+ B )ui(X) — 0(X)us (Y]}
Substituting this into (44) with Z = ¢ and using (20) and (47), we have
(Xa)u; (V) = (Ya)u; (X).
Taking Y = U; to this result and using the fact that U;a = 0, we have Xa = 0.

Therefore « is a constant. This completes the proof of the theorem. O

Definition. (1) A screen distribution S(T'M) is said to be totally umbilical [3]
in M if there exist smooth functions 7; on a neighborhood U such that
hi (X, PY) = vig(X, PY).

In case v; = 0, we say that S(T'M) is totally geodesic in M.
(2) An r-lightlike submanifold M is said to be screen conformal [4] if there
exist non-vanishing smooth functions ¢; on U such that

(49) hi(X, PY) = il (X, PY).

Theorem 4.2. Let M be a generic lightlike submanifold of an indefinite gener-
alized Sasakian space form M(f1, fa, f3) with an (£, m)-type connection subject
such that C is tangent to M. If

(1) S(TM) is totally umbilical, or
(2) M is screen conformal,

then M (f1, f2, f3) is an indefinite 3-Kenmotsu manifold with a semi-symmetric
non-metric connection such that

a:m:O, B:_E#Oa flz_ﬁ2a f2:07 f3:_C6
Proof. (1) If S(T'M) is totally umbilical, then (29), is reduced to
%i0(X) = (£+ B)ni(X) + (m — a)vi(X).
Taking X = (, X =&; and X =V to this equation by turns, we have

(50) Vi :05 é: _ﬁa m=a,
respectively. As v; = 0, we obtain h} = 0. Thus. from (30); 2, we have
(51) (X, U;) =0, hs (X, U;) = 0.

Replacing Y by U; to (20) and using (50); and the result: m = a, we get
i (U, X) = af(X)d;;.

Taking X = ¢ to this and using (27)2 such that m = «, we have o = 0.

Asa=m =0and 8 = —¢ # 0, M is an indefinite S-Kenmotsu manifold
with a semi-symmetric non-metric connection and f; + 52 = f» by Theorem
4.1. Taking PZ = U; to (45) and using (46)1, (50) and (51), we have

JoA[v; (Y)ni(X) = vy (X)mi (V)] + [0s(Y)n; (X) = 0i(X)n;(Y)]} = 0.
Taking X =¢; and Y = Uy, we get fo = 0. Thus f; = —p% and f3 = —(p.
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(2) If M is screen conformal, then, from (28)s, (29)2 and (49), we have
(£+ B)mi(X) + (m — a)ui(X) = @i(m — a)ui(X)}.

Taking X = &, and X =V to this equation by turns, we see that { = — and
m = a, respectively. As a8 = 0, it follows that

(52) Im =La=mp =0, 0 = —p2, ma = o?.
Denote by p; the r-th vector fields on S(T'M) such that p; = U; — ¢;V;. Using
(30)1,2,3,4 and (49), we see that
(53) hE(X, ps) =0, he (X, i) = 0,
9(pi, p5) = — (05 + ©i)dij, Jpi = Ni — i&i.

Applying Vx to pu; = U; — ¢;V; and then, taking the scalar product with ¢ to
the resulting equation and using (31) and (32), we obtain

9(Vxpi, Q) = — {ani(X) + pvi(X) — piBui(X)}.
Applying Vx to 0(u;) = 0 and using (8) and the last equation, we get
(54) (Vx0)(pi) = ani(X) + pui(X) — ¢ifui(X).
Applying Vy to (49), we have
(Vxh)(Y, PZ) = (Xei)hi (Y, PZ) + ¢i(Vxh)) (Y, PZ).
Substituting this and (49) into (45) and using (44), we have

Z{(Xsﬁi)%' — iTji(X) — 97 (X) — Ui(ANjX)}hﬁ(Y, PZ)

=Y (Y ei)bi; — imi(Y) — @i (V) — ni(Ay, Y)}i(X, PZ)
=1

- Z {€apia(X) + @irai(X) tho (Y, PZ)
a=r+1

+ Y {eapiaY) + idai(Y)Ihi (X, PZ)
a=r+1

(VxO)(PZ){tn;(Y) + mui(Y) — pimu; (Y)}
+ (Vy0)(PZ){fn;(X) + mv;(X) — p;mu;(X)}
— O(PZ){[XL+ o?0(X)|n:(Y) — YL+ a*0(Y )]s (X)
+ (Xm)g(ps,Y) = (Ym)g(pi, X)}
= fi{g(Y, PZ)ni(X) — g(X, PZ)n;(Y)}
+ folg(pi, Y)9(X, JPZ) — g(pi, X)g(Y, JPZ) + 29(pi, PZ)g(X, JY )}
+ f{0(X)m(Y) — 0(Y)ni(X)}0(PZ).
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Replacing PZ by p; to this and using (46) and (52) ~ (54), we obtain
(55) (fr+ B v (V)mi(X) — v (X)mi(Y)}
— @i (f1 + 82){ug (Y )0:(X) — i (X)ma(Y)}
+ (fo+ ) {vi(Y)n;(X) — 0i(X)n;(Y)}
— @i(f2 + ) {ui(Y)n;(X) — wi(X)n;(Y)}
= 2f20i5(pj + ¢i)g(X, JY).
Taking X = ¢; and Y = Vj to this equation, we obtain

fi+ f2=—(a®+ ).
From this result and Theorem 5.1, we see that « = 0. As « = m = 0 and
B = —L#0, M(f1,f2, f3) is an indefinite 3-Kenmotsu manifold with a semi-
symmetric non-metric connection. Taking X = ¢; and Y = U; to the modified
equation (55) which is change j with ¢, we obtain fop; = 0. As all ¢; are
non-vanishing functions, we get fo = 0. Thus f; = —$% and f3 = —(p. (]

Theorem 4.3. Let M be a generic lightlike submanifold of an indefinite gen-
eralized Sasakian space form M (f1, fa, f3) with an (£,m)-type connection such
that ¢ is tangent to M. 1If U;’s or V;’s are parallel with respect to V, then
M(f1, fa, f3) is a flat manifold with an indefinite cosymplectic structure;

a=p=0, fi=rfa=f3=0.
Proof. (1) If U;’s are parallel with respect to the connection V, then we have
the equations of (38). As « = 8 = 0, we get f1 = fo = f3 by Theorem 4.1.
Applying Vy to (38)5 and using the fact that VyU; = 0, we obtain
(Vxhi)(Y,U;) = 0.
Substituting this equation and (38) into (45) with PZ = U;, we have

Ji{vi(Y)mi(X) — v (X)n:(Y)} + fo{vi(Y)n; (X) — vi(X)n;(Y)} = 0.
Taking X = & and Y = Vj to this equation, we get fi + fo = 0. Thus we see
that f; = fo = f3 = 0 and M is flat.

(2) If Vi’s are parallel with respect to the connection V, then we have the
equations in (39). Asa = =0, fi = fo = f3 by Theorem 4.1. Taking ¥ =¢;
and Y = U; to (20) by turns and using (39)s, 5, we have

Pi&, X) =0, hi(U;, X) = mb(X)d;.
Using these two equations and (30), we see that
(56) hi(6, Vi) =0, hi(&i, Vy) = eahf(&i, Wa) =0,

hﬁ(Uijj) =0, hZ(Uijj) :eahﬁ(Uija) =0.
From (30); and (39)5 and using the fact that VxV; = 0, we have
hi (Y, Vj) = 0.
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Applying Vx to this equation and using the fact that VxV; = 0, we have

(Vxhi)(Y, V) = 0.

Substituting the last two equations into (45) such that PZ =V}, we get

> eadpiaVRL(X, V) = pia(X)R5(Y, V5)}
a=r+1
+ ) A{BL(X, Vimi(Ay, Y) = hi (Y, Vimi(Ay, X)}
k=1

= fi{u;(Y)ni(X) = wi(X)m(Y)} + 2f26i;9(X, JY).

Taking X = ¢ and Y = Uj to this equation and using (56), we obtain fi;+2f; =

0.

(1]
2]
3]

(4]

[5]

[6]

[7]

(8]

[9]
(10]

(11]

It follows that f; = fo = f3 = 0 and M is flat. ]
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