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ON MULTIPLIER WEIGHTED-SPACE OF SEQUENCES

LAHCEN BOUCHIKHI AND ABDELLAH EL KINANI

ABSTRACT. We consider the weighted spaces ¢P(S, ) and ¢P(S,) for
1 < p < 400, where ¢ and 1 are weights on S (= N or Z). We obtain a
sufficient condition for ¢P (S, 1) to be multiplier weighted-space of £P (S, ¢)
and ¢P(S,v). Our condition characterizes the last multiplier weighted-
space in the case where S = Z. As a consequence, in the particular case
where 1) = ¢, the weighted space ¢P(Z,1)) is a convolutive algebra.

1. Preliminaries and introduction

Let S(S=NorS=7Z) and p € ]1,+oo[. We say that w is a weight on S if
w:S — [1,+00], is a map satisfying:
Zw(n)ﬁ < 400.
nes
We consider the weighted space:

P (S,w) =< (a(n)),cs € C°: Z la(n)|” w(n) < +o0
nes
Endowed with the norm ||  defined by:

14

lal,. = | Y _lam)[Pw(n) | for every (a(n)),cq € £7(S,w),
nes

the space 7 (S,w) becomes a Banach subspace of 7 (S). We say that the weight
w is m-convolutive if a positive constant v = -y(w) exists such that:

1 1 1
wi-r xwl-r <ywl-r,
where * denotes the convolution product. If a= (a(n)), s € ¢(S,w), we define

the complex function F(a) by

Fla)(t) = Za(n)emt for every t e R.
nes
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F(a) is called the Fourier transform of a. If w is an m-convolutive weight,
then the space (EP(S, w), |~|p7w> is a convolutive Banach algebra with unit ([2]
and [4]). The converse is true in the case where S = Z ([3] and [5]). For the
sequence spaces (P(S, ¢) and ¢P(S, 1)), the set MP (S, ¢,1) defined by:
MP(S,0,9) = {b=(by),,cs € C° raxb e P(S,9), Va = (ay),cs € (S, ¢)}
is called the multiplier weighted-space of £7(S, ) and ¢P(S, ).

In this paper, we study the multiplier weighted-space MP (S, ¢, ). We prove
that if the weights ¢ and v satisfy property:
(1) P xYTF <y PTE
for some constant v > 0, then ¢P(S,1)) = MP (S, ¢,1). The converse is true

in the case where S = Z. As a consequence, the weighted space P (Z,1) is an
algebra if and only if ¢ is an m-convolutive weight on Z, i.e., ¢ = ¢ in (1).

2. Link between £P(S, ) and MP (S, p, 1))

We first prove that the property (1) results in MP (S, ¢, 1) = ¢P(S, ).
Theorem 2.1. Let p €]1,+o00[. If ¢ and ¢ are two weights on S satisfying
property (1), then we have:

1) MP (S,,¢) = (S, 9).
2) laxblpy < ’YPT|a|p,<P|b‘p,w for every a € (P(S, p) and b € (P(S,v).

Proof. Tt’s clear that MP (S, ¢,v) C £P(S,1)). Conversely let b = (b(n))nes €
CP(S, ). We put Tp(a) = ax b for every a = (a(n))nes € ¢P(S, ¢) and,

c(m) = Za(m—n)b(n)
nes

= Za (m —mn)b(n) (’(/}(’Il)PLp(m — n>? > for every m € S.

o= Y(n)¥p(m —n)7

Using Holder’s inequality we obtain, for every m € S,

D=

lc(m)] < [Z la (m —n)[" o(m —n) Ib(n)lpw(n)l W (m),
neS

1-p
where W = (<pﬁ * wlflp) . Therefore, for every m € S,

e (m)[ W(m) <Y la(m —n)|” o(m —n) [b(n)]" $(n).

nes
Since y17Py < W, the inequality (1) implies that:

Y le(m)” (m) < (Z la(m —n)["p(m —n) b (n)|p¢(n)>

meS meS \nesS
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< |a|p,<p b|p,w’

ie.,
Ty(a) € P(Z,) for every a € (P (S, ).
Hence
P(S,¢) C MP (S, p,9) and |a *b|, 4 < 7%1|a|p’¢,|b
for every (a,b) € LP(S, p) x LP(S,). As a result:

(S, 1) = MP (S, ¢, 1) and |a*blp,y < ’Y%|a|p,w|b D
for every (a,b) € £P(S, ) x £P(S, ). O

Y

Remark 2.2. Replacing in Theorem 2.1 | - |, , by 7%| “|pe and |- | by

'y% - |pw, We can suppose, without loss of generality, that:
la * by < |alp,,|blpy for every a € £P(S,p) and b € £P(S, ).
If ¢» = ¢, the property (1) becomes:

L o
$5 T <y T,
Therefore 3 is an m-convolutive weight and ¢P(S;v) = MP (S,¢,), ie.,

(e (S,v),| - |p,), endowed with convolution product, is a commutative Banach
algebra with unit. Thus, we have the following result:

Corollary 2.3 ([3] and [5]). Let p €]1,+o0[. If w is an m-convolutive weight
on S, then (€P(S,w), |- |pw) is a commutative Banach algebra with unit.

Now we examine the converse of Theorem 2.1 in the case where S = Z. The
proof will be based on several results.
Let p € ]1,400], ¢ and ¥ be two weight maps on Z. We put:

W = (gpﬁ *zpﬁ)

1-p

and assume that:

(L) = MP(Z, 0, 1)) .
It is clear that W and WT7 are weight maps on Z. Let a € (P(Z,y) and
be ((Z,). Since ((Z,9) = MP (Z, 0, 15), we have a x b € P(Z, ) and

axb(m) = Za(n)g@i(n)b(m—n)z/}%(m—n) T 11 for every m € Z.

nez @7 (n)r (m —n)
Using Holder’s inequality, one has:

axbe P(Z,W) and |ax*bl,w < |alpo|blpy-

Thus, each element b € ¢P(Z, ) define a continuous linear map Ty, of P(Z, ¢)
in P(Z,W), by:
Ty(a) =axb for every a € (P(Z, ).
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For ¢ = (¢(n,m)) () m)ezz € (P(Z2), let:
o (5 e )
neL [‘P(”)¢(m - ’I’L)} me7z

If a € (P(Z,p) and b € ¢P(Z, 1)), a simple calculation shows that:

c= (a(n)b(m) [p(n)p(m)]»

D=

) € (P(Z*) and L(c) =ax*b.
(n,m)€Z?

The properties of the map L will be useful later.

Proposition 2.4. Let p € |1,+00[, ¢ and @ be two weight maps on Z. We
suppose that

P(Z,4) = MP(Z, ,)) -
Then
1) L is a continuous linear map from (P(Z?) into ¢P(Z,W).
2) For c € (P(Z7%),
L < el -

Proof. 1) First, we introduce the transpose S of L, given by:

—1 —1

S(x) = (m (n+m)e? (n)Y™? (m for every z € t1(Z, Wﬁ),

))m m)€ez?

where ¢ = == y . It is clear that S is linear. Let prove that it is an isometric map

of (9(Z, WT7) into £9(Z2). Let x € (4(Z,WT7). Then, for every n,m € Z,
we can write:

—1

2(n+m)e 7 (n)e 7 (m)|? = 2(n +m)|% ™7 (n) ™7 (m).
Thus

1S@)e=3" [Z|x<n+m>|qwé<n>wlip<m>]

meEZ Ln€Z
1
ZlZII )7 ( ww(kn)]
k€Z LneZ
=> lz(k WW ™7 (k) = |27, .
keZ q,Wi-p

This yields,
1S (z)], = |x|q7wﬁ for every z € t1(Z, Wﬁ) .

It follows that L = S. Since the spaces ¢P(Z?) and ¢P(Z, W) are reflexive, the
result follows from [1].
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2) Let ¢ = (c(n,m)) ) myeze € P(Z?). Then, for every m € Z,

P
c(n,m—n) 1
L) (m)[” = > | < (Z |C(n7m—n)|p> ——
nezp(n)(m —n)]» nez W (m)
ie.,
|L(c)(m)|P W (m) < Z le(n,m —n)|" for every m € Z.
neZ
Hence,
S ILEQmPW(m) < >N fe(n,m=n)” = |y .
meZ meZnel
Thus,
IL(e)|,w < lel, - 0
In the following, we assume that p € ]1,+o0[, ¢ = pTTl, ¢ and v are two

weight maps on Z, satisfying:

1) (2, ) = MP(Z, p,1)).
2) There exists a constant M > 0 such that:

laxbl,, <M lal,, |blyy forevery (a,b) € (*(Z,p)x (*(Z,¢)).

By the same argument in Remark 2.2, we can assume without loss of generality
that:

(2) |a*blp,y < lalp,e|blp,y for every (a,b) € EP(Z,p)x L(Z, ).
1—
We first prove that ?(Z, W) = MP (Z,p, W), where W = [@ﬁ * wﬁ} g
The following lemmas will be needed:
Lemma 2.5. Let x € (7 (Z, ) and ¢ = (c(n,m)),, ypyezz € ¥ (z2). 1f
k —k
d(n,m) = wa%(m) for every (n,m) € Z2,
keZ v (k)
then d € (7 (2?) and |d|, < ||, |2|,, -
Proof. Observe first that, for every n € Z, we have:
—1
K)o (k € IP(Z, ).
(lem)v7 (1)), e (zv)
Since z € ¢P(Z, p), then

d(n,m) = {<(|C(n,k)| 111771 (kz)) keZ) * x] (m)w%(m) for every m € Z.
Using (2),
D ldn,m)lP < el > le(n, k)"

meZ keZ
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and
> <Z Id(mm)l”) < lefy 1215
neZ \me7z
Thus
de?(z?) and |d|, <[, |z],, O

Lemma 2.6. Let x € (P (Z,p) and y € (1 (Z, WT P) Then
<ol o
1-p q,W1i-»p

)

Txy € LT (Z,Wﬁ> and |x*y\

where T(n) = x(—n) for every n € Z.
Proof. We first prove that S(Z * y) define a continuous linear form on ¢? (Zz)

Indeed, for every ¢ = (c(n,m)), yyez2 € & (22), if
A=Y Eepnem— |
n,me”Z pr (n wp (m)
then,
~ c(n,m
A< Y (7 by (n 4 m)— )
n,mez pr (’I’L P (m)
> <Z 71 (n+m — B ] <k>> Jelmm)l_
n,me€Z \kEZ @ (n)yr (m)
Using the fact that Z(n) = x(—n) for every n € Z, and the change of variable
k = j 4+ n, we obtain:
) . c(n,m
> (Sl G-myl G+ m | ol
n,meZ \ jEZL pr (’Il 11[117 (m)
G ( o Jenm)]) s
<D e (Yl m) T ()
,3621/’ p( ) meZ Y7 (m)
. . c(n,m i,
< 3 180 (Z 15 m)wwpo)) .
njeL mez. ¥ (m)
As S is a linear map from £7( Wﬁ) into ¢4(Z?) and d € (7 (Z*), by Lemma
2.5, S(y) € £ (Z?). Then, using Hélder’s inequality
~ cn,m
A=| S @ rm B < 3 (Swm ) .
er(n)yr(m)| 72

n,me”Z
g |S(y)|q ‘d|p S |S(y)|q |'T|p7<p |C|p :
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Since |S<y)|q = |y|q,Wﬁ’ we obtain:
A=| Y (@xy)(n+m) dnm) | Iyl 2l el
- i1, = 1 .
n,mez go%(n) % m) q,WT-p p,e 1~Ip

As 14 (Zz) is the dual space of /P (Z2), we have S(T x y) € (9 (ZQ) and

S@xy)l, = sup | > (@xy)(n+m)———"F—

Finally, ¥« y € £4(Z, W 7). Indeed:

DI ) (k) (W () = DI %) (k) [7 (075 077 ) (k)

kEZ kEZ

= 1@ y) (k) |7 (Zwlv (k = m)yT <m>>
kEZ mEZ

= 3 1@ y) (B) %977 (k — m)$T7 (m)
k.m€eZ

= 3" |@ ) (n+m) %77 (n) ™7 (m)
n,me”Z

=197 *y)|? < +0

Thus

~ a1 ~ ~
Txy e lYZ,WT7) and |T * y‘q,Wlflp = [S@ *xy)l, < Iz, \y|q7

Proposition 2.7. Assume that p € ]1,+0o0], ¢ = %, @ and v are two weight
maps on Z, satisfying:

1) t2(Z, ) = MP(Z,,¢), and
2) |a*blpy < l|alpelblpy for every (a,b) € LP(Z, )% P(Z,).

Then ?(Z,W) = MP (Z,p,W) and
la x|,y <lal,, [blp,w for every (a,b) € (*(Z,p) x LP(Z,W).

Proof. Tt’s clear that MP (Z,p, W) C ¢*(Z,W). Conversely, let b € (?(Z, W)
and Tp(a) = a * b for every a € (P(Z, ). We will show that Ty(a) € ¢P(Z, W)

for every a € (P(Z,¢) and |a x|,y < lal, , [b]p,w. Fory € £ (Z, W7 ), we
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have axy € ¢4 (Z7 Wﬁ) by Lemma 2.6, where a(n) = a(—n) for every n € Z.

Therefore,
Z (@ *y)(m)b(m)| < +oo.
meZ
Moreover,
> (ax y)(m)b(m)’ = (Za (n—m)y (n)> b (m)‘
meZ meZ \neZ
=| 3 atn—m)bm)y ()
n,mez
=D _(axb)(n)y(n)|.
nez
Thus

axbe (6@ W)) = @z, W)

Furthermore, by Holder’s inequality and Lemma 2.6, we obtain:

> (axb)(n)y(n)

neZ

> (@xy)(m)b(m)

meZ

<lax* y\q,Wﬁ 6], w

<lalyy W1, 4y i35 1Plpw -
Consequently:
Ty(a) € €7(Z,W) and |a*bl,y <lal, , |blpw-

O

Let b € ¢P(Z, ). Since (P(Z,)) = MP (Z, ¢, 1)), one has a x b € (P(Z, 1)) for

every a € (P(Z,p). Using Holder’s inequality, we obtain:

la * b(m)[PW (m) < Z|a(n)\p¢(n)\b(m —n)|Pip(m — n) for every m € Z,

ne”Z

this yields, a * b € (P(Z,W) and Ty, : P(Z,p) — P(Z,W), a — a*bis a

continuous map satisfying:
Ty (@)l w < lal,, [blpy-
Now, we consider the map T defined by:
T:P(Z,0) = L P(Z, ), P (Z,W)] : b Ty,

where L [P (Z, ), tP(Z,W)] is the space of all continuous linear maps of ¢7(Z, ¢)

into ¢P(Z,W). We have the following result:
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Proposition 2.8. T is a one-to-one continuous linear map and its inverse is
also continuous for the operator-norm.

Proof. Observe first that ¢7(Z, W) is a Banach space. Thus L.[¢?(Z, ), P (Z,W)]
is also a Banach space. And we have:

ITo]l = sup |Tp(a)|pw < |blpy for every b e (P(Z,).

lalp,e <

Hence T is continuous. Moreover, T, = 0 if and only if a x b = 0 for every
a € (P(Z, ). Applying the last relation with a = (8o, )nez, where dp, =0 or 1
according to whether n # 0 or n = 0, we obtain:

b, = Z(Som_mbm =0 for every n € Z,
meZ

so b =0. Thus T is one-to-one. Thereby T is a continuous map from ¢*(Z, 1))
into T(¢P(Z,)). It remains to show that:

T=1 T (P(Z,4)) — P(Z,9) : Ty — b

is also continuous. To proceed, we show that T (¢P(Z,1))) is closed in the

space L. [lP(Z,p),P(Z,W)] and conclude by Banach theorem. Indeed, let

(b)) >0 C £P(Z,1h) be a sequence such that (T(b(’“)))k>0 converges to u in
L P(Z, ), P(Z,W)].

Then, for every a € (P(Z,p), the sequence (T (a)), . = (b™) « a)k>0 con-

verges to u(a) in £P(Z, W). So, for every a € P(Z, ), the sequence of functions

(.F(b(k))f(a))k>0 converges uniformly to F(u(a)), in the space C (R, C). It fol-

lows that (.7’-'([1(_’“)))k>0 converges pointwise to a function h € C (R,C). Given
Proposition 2.4, for every a € £P(Z, ), there exists ¢, € £?(Z?) such that:

u(a) = L(cy).
Since, for every a € (P (Z, @), we have:
Flu(a)) = F(L(ca)) = lim F (a . b(’“)) = lim F(a)F (b)) = F(a)h,
¢, 1s of the form:
Cq = acp% ® d, where d € (*(Z),
ie.

Co = (a (n) @¥ (n)d (m)) ez € C DB LD)

By definition of L, we have:

a(n)g@i (n)d(m —n) d(m —n)
L(cq) = ( = a(n)1> .
2 v - 2 am—mt)
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Then, for every m € Z,

a(n)gpi (n)d(m —n) d(m —n) d
L(ca)(m) = — = a(n)——— = [ax— | (m),
nze:z [p(n)p(m —n)]¥ nZE:Z Y(m—n)» ( ' )

ie.,

P

L(cy) = (a * dl> for every a € (P(Z, ).

Hence, for every a € (P(Z, p),

F(L(cq)) = Flax* d )—f(a)f( d1> = F(a)h.

W

Thus, for every a € ¢P(Z, ),

d d
h:‘F(w;> and u(a) = ax* <¢;> :wa% (a).

Consequently:

u=T s eT(C(Z1).

This proves that T (¢ (Z, 1)) is closed in L. [(P(Z, ), ¢P(Z,W)] and the proof
is complete. O

Now, let’s prove the converse of Theorem 2.1 in the case where S = Z.

Theorem 2.9. Letp € |1,400[, ¢ and ¢ be two weight maps, on Z, satisfying:

1) P(Zyp) = MP (Z, 0, 1)) .

2) |la*blpy < l|alpel|blpy for every a € (P(Z, ) and b € (P(Z, ).

Then ) ) )
Iy > 097 kpTr <y pTor.
Proof. We will first show that the space ¢P(Z, y)NEP(Z, W) is dense in £P(Z, W).
Indeed, for every a,b € ¢P(Z), we have:
L ((a® b)(n,m)eZ2) = (aga_%) * (bz/;_%) = wa,% (ago_%) € P(Z,).

Therefore,
L(P(Z)REP(Z)) C tP(Z,)).

Since
L(P(Z%)) = (*(Z, W)
and
L([P()®eP(Z)] N P(Z%)) C LUP(Z)&EP(Z)) N L(EP(Z?)),
we have:

L ([(P(z)&e(Z)] NEP(Z2)) C LP(Z,p) NEP(Z, W) C P(Z, W) = L(¢P(Z?)).

We conclude by the continuity of L and the density of [¢(P(Z)&¢P(Z)] N (P(Z?)
in ¢P(Z?). Now we consider the identity map I defined from ¢?(Z, ) N¢P(Z, W)
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(endowed with the norm of ¢?(Z,W)) into ¢P(Z,). By the continuity of 71,
there exists a constant K > 0, such that:
[blp,py < K sup |Ty(a)|p,w for every b € (P(Z,v) NP (Z, W).
la|p,p<
Moreover, since P(Z, W) = MP (Z,p, W), then for every a € (P(Z,¢) and
b e P(Z, W), we have:

Ty(a) € £7(2,W) and |Ty(a)l, w < lalp.e [blpw-

Therefore |b],.y < K |b|,w for every b € (P(Z,y) N ¢P(Z,W). Hence the
identity I is continuous on ¢P(Z, ) N ¢P(Z, W) to ¢P(Z,+). Thus I extends to
a continuous map on ¢P(Z, W) and ¢?(Z, W) C £(Z, ). And so, there exists a
constant C' > 0 such that:

bl < C |blp,w for every b € (P(Z, W),
which implies that ¢y < CW, and
P x T < YT, where v = CT7. 0
As a consequence, we obtain the following result.

Corollary 2.10 ([3] and [5]). Let p €]1,+00] and w be a weight map on Z.
The following assertions are equivalent:

1) w is an m-convolutive weight.
2) The space ((P(Z,w),| " |pw) is a commutative algebra, for the convolu-
tion product.
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