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ON A NEW CLASS OF FUNCTIONS RELATED WITH
MITTAG-LEFFLER AND WRIGHT FUNCTIONS
AND THEIR PROPERTIES

DEEPAK BANSAL AND KHALED MEHREZ

ABSTRACT. In the present paper, we define new class of functions
Tw,3(A; z) which is an extension of the classical Wright function and the
Mittag-Leffler function. We show some mean value inequalities for the
this function, such as Turdn-type inequalities, Lazarevié-type inequalities
and Wilker-type inequalities. Moreover, integrals formula and integral
inequality for the function T, g();z) are presented.

1. Introduction

The Mittag-Leffler function is defined by
o0 Zn
1.1 E, = v ) ) ) ) :
(1.1) 5(2) ;manm) (@, 8 € C, R(a) > 0, R(B) >0, 2 € C)

This function was first introduced by G. Mittag-Leffler in 1903 for « = 1 and
by A. Winman in 1905 for the general case (1.1). The Mittag-Leffler func-
tion arises naturally in the solution of fractional order differential and integral
equations, and especially in the investigations of fractional generalization of
kinetic equation, random walks, Lévy flights, super-diffusive transport and in
the study of complex systems. These functions interpolate between a purely ex-
ponential law and power-law like behavior of phenomena governed by ordinary
kinetic equations and their fractional counterparts [4-6,12]. The most essential
properties of these entire functions, investigated by many mathematicians, can
be found in [1,2].

The Wright function, denoted by W, 5(z), was studied in [13] in connection
with the asymptotic of the number of some special partitions of the natural
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numbers. It was defined through the convergent series

(oo}
ZTL

(1.2) Wap(2) =Y Tan T h) (a>—-1,8€C, 2€C).

n=0

If @« > —1, the series (1.2) is absolutely convergent for all z € C, while for
« = —1 this series is absolutely convergent in the unit disk D := {z : |z| < 1}.
Moreover, for a > —1, W, g is entire function of z. The Wright functions have
been used widely in the asymptotic theory of partitions, in the Mikusinski op-
erational calculus and in the theory of integral transforms of Hankel type. Also,
the Wright function appeared as the Green function while solving some initial-
and boundary-value problems for the fractional diffusion-wave equation, i.e.,
for the linear partial integro-differential equation obtained from the classical
diffusion or wave equation by replacing the first or second order time derivative
by a fractional derivative of order a with 0 < o < 2 (see, [3,7]).

The purpose of present work is to define a new function which enable us
to study both Mittag-Leffler and Wright function simultaneously. For this we
define a new function as follows:

n

(1.3) Top(X; 2) = nzz;) Tlan+ B)(An!+ (1= X))’

It is easy to see that

Tap(0;2) = Eap(2)
and

To p(1; 2) = Wo 5(2).

Therefore this function enable us to study both Mittag-Lefler and Wright
function.

Our aim in this paper is to investigate certain types inequalities for this
new function, such as Turan-type inequalities, Lazarevié-type inequalities and
Wilker-type inequalities.

In the proof of the main results we will need the following lemma, see [11],
for more details.

Lemma 1.1. Consider the power series

f(.’L‘) = Z anz" and g(m) = Z bz,

n>0 n>0

where for all n > 0 we have ap,b, € R and b, > 0, and suppose that both
series converge on (—r,r), r > 0. If the sequence {a,/by}n>0 is increasing
(decreasing), then the function x — f(x)/g(x) is increasing (decreasing) too on
0,7).
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2. Turin type inequalities for the function T, g(A; )

Our first main results are asserted in the following theorem.

Theorem 2.1. Let a, > 0 and A € [0,1]. Then the following assertions are
true:
(a) The function f+— T'(8)Ta (A z) = Tag(A ) is log-convex on (0,00).
(b) The following Turdn type inequality
[Ta75+1()\;x)]2 < [Tas(N;2)] [Ta,p42(X; 7))
holds for all x € (0,00).
(c) Forn € N, we define the function T} 5(\;x) by

n k

apAi@) = Tap(hiz) = ; ok + B)(N KL+ (1= N)
oo :Ek
= > C(ak + B)A Kl + (1= X))’

k=n-+1
Then the following Turdn-type inequality
T3 s (N a) T 52 (N ) < [T 5 (%))
is valid for alln € N and a,, 8 > 0 and = > 0.

Proof. (a) To prove log-convexity of 8 — I'(8)Tq g(A;x), it is enough to show
the log-convexity of each individual term and to use the fact that the sum of
log-convex function is log-convex too. Thus, we need to show that for each
n > 0 we have

0 Y 1 18— w'ian
Tﬁzlo [F(O”H'ﬁ)] = [V (B) = (an+ B)] = 0,
where
()
V) = 1

is the digamma function. But 1) is known to be concave, and consequently the
function 8 — T'(8)Ta s(\; ) is log-convex on (0, 00).

(b) Since the function 8 — T, g(A; z) is log-convex therefore for all 81, B2 >
0, z > 0 and p € [0,1], we have

T +(1—)82) N5 ) < [T g, (A 2)]" [T, (N 2)] 7"
Now choosing 81 = 3,82 = 8+ 2,1 = 1/2, we have
[Tap+1(N2)]* < [Ta,p(X2)] [Ta,p2(X; )]

This completes the proof of part (b).
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(c) Let us take L(k) = X k! + (1 — A) and ¢(k) = L(k)/L(k — 1). Doing
calculation, we get
CNEE-D' AT =Nk - DK — k4 1)
AR+ A=) =D (1 =)
>0 (forall k > 1).

¢(k+1) — o(k)

(2.1)

This implies ¢(k) is a non-decreasing function of k. Now, from the definition
of the function T} 5(\;z), for each n € N, we have

xn-&-l

Ia(n+1)+ B)L(n+1)

Ty s(\z) = T;’:El()\; x) +

and
xn+2

Tlan+2)+B)Lin+2)°

T (Na) = TUE (A x) —
Now

2
T2 s o) T (s w) — [T (x o)

_— . anrl :L.n+2
= Tap X2 (F(a(n +1)+pB)L(n+1) B Na(n+2)+ B)L(n+ 2)>
x2n+3

" T(a(n+1)+ B)L(n+ DT(a(n +2) + B)L(n+2)

oo

_ ghtntl phAn+1
- Z (F(akJrﬂ)L(k)F(a(nJrl) +8)L(n+1) T(a(k—1)+B)L(k—1)T((n+2) +3)L(n+2)>

k=n+3
i 1
Vo L(k)L(n+ 2)T(ak + B)T(a(n + 2) + B)
<F(a(n+2) + B)L(n+2) I'(ak + B)L(k) ) J—
Mam+ 1)+ AL +1)  Talk—1) + ALk 1) |
In view of non-decreasingness of ¢(k) and the fact that % is a increasing

function of = for all a € (0,00), it is easy to see that the second term in the
bracket is a increasing function of k, while the first term is a constant. If we
show that the first term of the summation is negative then all other term will
also become negative. Now
['(a(n +3) + B)L(n + 3) - ['(a(n+2)+ B)L(n +2)
Nan+2)+B)Lin+2) ~ I'(a(n+1)+B)L(n+1)
by again using the same non-decreasingness of ¢(k) and increasingness of
Fif(:)a ). Therefore the first term of summation is negative for k = n 4+ 3 and
hence all the term of summation is also negative. Thus we can conclude that

2
;L,a(k;w)ng?()\;x) - [Ts’gl()\;x)} <0.
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This completes the proof of part (c). O

Remark 2.2. For A = 0 in Theorem 2.1, we get the results proved by Mehrez
and Sitnik in [9,10] and the results corresponding to A = 1 are proved by
Mehrez in [8].

Theorem 2.3. Let o, 31,82 >0 and X € [0, 1]

a. If Bo > 1 (B2 < B1), then the function x — To g, (N x)/To g, (A; ) is
increasing (decreasing) on (0,00).
b. If B2 > 1 > 1, then following Turdn type inequality holds:

,32()‘ J}) a,B1— 1(/\ Z‘) 0651()‘ m) a,B2— 1()‘ $)
+ (B2 = B1)Ta,8, (A7) T g, (A ) = 0.
In particular, the Turdn type inequality
(23) T s ) Tapia(N @) — T2 541 (Ns2) + T (5 )T (N ) = 0,
Proof. Using (1.3), we have
Taﬂl ()‘7 x)/Ta,Bz (/\7 .13)
x" x

- nz:% Flan+ B1)(An!+ (1 - )\))/nz:% Flan+ B2)(An! 4+ (1—-X))"

(2.2)

n

In view of Lemma 1.1, we need to study the monotonicity of sequence {u }x>0
defined by:

I V.= e
~ T(ak+B2) I'(ak + 62)
(25) = D(ak+p1)  T(ak+ B2+ (B — B2)) (k= 0).

If B2 > (31, then (2.4) together with the fact that Fgf(';)“) is a increasing
function of z in (0,00) implies that the {uy}r>0 is a monotonically increas-
ing sequence on (0,00) and hence the function = — Ty, g, (A;z)/To g, (A; ) is
increasing in view of Lemma 1.1.

If 51 > B2, then (2.5) together with the fact that F{a:(—a:-)a) is a decreasing
function of x in (0, 00) implies that the {ux}r>0 is a monotonically decreas-
ing sequence on (0,00) and hence the function z — T4 g, (A\;2)/To g, (A ) is
increasing in view of Lemma 1.1.

It is easy to verify that
dd ws(Aia) — Top-1(N2) O(fc 1)Ta7[3()\,x).
Now using (2.6) and part a of Theorem 2.3 for 82 > 81 > 1, we have

761 >\ 33 051 1 aﬂz( )_Taﬁz 1( )Ta 31( ) (/62_ﬂ1) 0/31( )Taﬁz(l‘) > ()
’52 (A ) axT? ; (x) =

(2.6)
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This completes the proof of (2.2). Finally, choosing 51 = 8+ 1 and 83 = 8+ 2
in the inequality (2.2), we obtain (2.3). O

3. Lazarevié¢ and Wilker-type inequalities for the function T, g(A; x)

Theorem 3.1. Let a, 81, 82 > 0 be such that 51 > B > 1. Then the following
inequality holds for all x € R

(3.1) [Ta oy N5 )] 77T < [Tay, (N5 2)] 7

Proof. From Theorem 2.1 the function 5 — log[T, s(A; x)] is convex and hence
it follows that 8 +— log[T4 gra(A;2)] — log[Ty g(A;2)] is increasing for each

a > 0. Thus, choosing a = 1 we obtain that indeed the function 8 — %"’Ziw
is increasing on (0,00). Now providing that 5, > 83 > 1
1 1
[0} = 1 Ta )\, - 1 Toz )‘7 ’
(8) = 5 108l Ty ()] = - o8l (i)

differentiating with respect to x

1 Ta,ﬂlfl()‘;l') Ta,ﬂ2*1()‘;w)

P’ = —
@) = | Tonie) ~ Tamna)

Since the function 8 %’”Zim is increasing on (0,00) and 81 > 2 > 1,

this implies
Ta,ﬁrl@?l“) < Ta,ﬁ271()\;$).
Top (Xz) = Tap,(Aiz)

(3.2)

This gives z — ®(x) is decreasing on (0,00) and increasing on (—oc0,0). Con-
sequently ®(z) < ®(0) = 0 for all x € R. This completes the proof. O

Corollary 3.2. Let «, 31,82 > 0 such that 81 > B2 > 1. Then the following
inequality

Ta B2 ()\7 .’E) B1—=B2
: T, )‘7 pa-1l > 27
Tos, ) om0

holds true for all x >€ R and X € [0, 1].

(3.3)

Proof. Keeping (3.1) in mind, we get

B1=1
Tass ) E  Tas(h2)
Ta,ﬁl ()‘7‘17) Taﬁ1 (/\737)

B1=B2
[Tap, (A )] P2=1 > 1.

In view of this expression and the arithmetic-geometric mean inequality, we get

B1—-1
1 Ta o )\, B1—B2 Ta 5 )\’ Ba—1
UTap K@) | oy 2| > | Fas (i)

> 1.
2 Ta,ﬁl ()‘7 ZC)

- Tap (Az) O
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4. Integral formula and integral inequality for the function

To,(A;2)
Using (1.3) it can be easily seen that
d — (0%
(4.1) e [zﬁTaﬁ_H()\;za)] =P lTaﬁ()\;z ).

Integrating (4.1) between the limits 0 to x, we have

(4.2) /0 P, (N 2%)dz = 2P T, gy (N 2%).

Theorem 4.1. Let a« > 0 and f > 0. Then the following integral formula
holds for all x > 0:

/x Top-1(X 2)Ta +1(\; 2)
0

T2
=z (1 — aTa’ﬂH(/\;x)) .

Topr1(X; 2)
Ta,ﬁ@‘; Z)

+(1—-a) dz

A.
(4.3) ap-1(4i2)
Top(X;x)
Proof. Let us consider a function

Top+1(N; 2)
Top(Xz)

Differentiating it with respect to z and using (2.6), we obtain

Gé,ﬂ(z) 1

d 1
4.4 — (G2 5(2)) = — |1 =G 4(z) — 22"

az

and consequently

(4.5) d% (2 G 4(2)) = ! [(a — )G 4(2) +1—

[e%

Gg.ﬂ(z) 1
Gé,ﬁ—l(’z)
Integrating both sides of the above equation over (0,z) and rearranging gives
the required result. O
Theorem 4.2. Let a > 0 and B > 1 then the following inequality
To p+1(A; %) 1 n To pr2(A; %)

Tap(Niz®) — (B+1)  Tap(hja®)
holds true for all x > 0. However, the inequality (4.6) is reversed if 0 < § < 1.

(4.6)

Proof. Since the function

Top(A; 2)
Top+1(X;2)
is increasing on (0, 00), therefore we have
To s\ z
(4.7) Topir(hiz) < Losi2)

B
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This implies that

x 1 x
(4.8) / 2PT, 5\ 2%)dz < 7/ PTyp1(\; 2%)dz.

0 ﬂ -1 0
Integrating by parts, we get

/ Py 5 1(N; 2%)dz :/ P [zﬁfZTaﬂ_l()\;zo‘)] dz
0 0
(4.9) = [zﬁHTaﬁ(/\;zo‘)]g - 2/ 2P 5 (N 2%)dz
0
= 2P, (N 2®) — 2/0 P, s\ 2%)dz.

In view of (4.8) and (4.9) we obtain

x 1 T
/ ZBTaﬁ(/\;zo‘)dz < ﬁ (Iﬁ+1Ta,[3(>\;xo‘) — 2/ zﬁTaﬁ()\;za)dZ) ,
0

0
which implies that

12 [Ty < i
e < -
< Jrﬁ—l)/o z Oéﬂ( ;2%)dz < B—1 Oéﬂ( ;x%),

and consequently the following inequality

4.10 ¥4 ja y R z < ]204 L),

holds true for all 8 > 1 and reversed if 0 < 8 < 1. Moreover, on using integra-
tion by parts and (4.2), we have

T xT
/ PTo (N 2%)dz = / 2 (P71 T s (N 2%)) dz
0 0

= 2T, 51 (N 2%) —/ Py s\ 2%)dz
0

= o7 Lo p41 (X 2%) = T pra (X 2%)].
In view of the above formula and (4.10), we get required result. g

Theorem 4.3. Let a > 0 and B > 0, we define the functions

(4.11) Inpo(Nx) = 2P T, s (N 2%)
and
(4.12) Iaﬁ)n()\;l‘) = / Iaﬁ’n,l()\;t)dt (TL S N)
0
if 6>1and 0 <z <1, then
1
(413) Ia”g,,,H_l()\; l‘) S m]oﬁﬁ’n(k, a:)

In addition, the inequality (4.13) is reversed if 0 < 8 < 1.
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Proof. Let > 1 and 0 < 2 < 1. Applying (4.10) we thus get

Int

Iop1(N ) =/ Ia,ﬁ,o(/\;t)dt=/ 9T, 5(A; %)
0 0
P+

P
B+l
P T, s(\; 2%)
- B+1
- Ia’g’o()\;xa)
S
egrating both sides of the above inequality n times with respect to = yields

Taﬂ ()\, :L’a)

the desired result. O
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