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ON ¢-PSEUDO-KRULL RINGS

ABDELHAQ EL KHALFI, HWANKOO KiM, AND NAJIB MAHDOU

ABSTRACT. The purpose of this paper is to introduce a new class of rings
that is closely related to the class of pseudo-Krull domains. Let H =
{R| R is a commutative ring and Nil(R) is a divided prime ideal of R}.
Let R € H be aring with total quotient ring T'(R) and define ¢ : T(R) —»
Ryiyr) by #(%) = ¢ for any a € R and any regular element b of R. Then
¢ is a ring homomorphism from T'(R) into Ryi(r) and ¢ restricted to R

is also a ring homomorphism from R into Ryjy(r) given by ¢(z) = { for

every © € R. We say that R is a ¢-pseudo-Krull ring if ¢(R) = ) R,
where each R; is a nonnil-Noetherian ¢-pseudo valuation overring of ¢(R)
and for every non-nilpotent element x € R, ¢(z) is a unit in all but finitely
many R;. We show that the theories of ¢-pseudo Krull rings resemble
those of pseudo-Krull domains.

1. Introduction

Throughout this paper, all rings are commutative with identity and all mod-
ules are unital. If R is a ring, we denote by Nil(R) and J(R) the ideal of all
nilpotent elements of R and the Jacobson radical of R respectively. In [22], Hed-
strom and Houston introduced the class of pseudo-valuation domains, which is
closely related to the class of valuation domains. A domain R with quotient
field K is called a pseudo-valuation domain (in short, PVD) if, whenever P
is a prime ideal of R and zy € P with x € K and y € K, then either x € P
or y € P. Any valuation domain is a PVD [22, Proposition 1.1]; any PVD is
quasilocal, in the sense that it has a unique maximal ideal [22, Corollary 1.3].
Additional information about PVDs can be found in the interesting survey ar-
ticle [9]. In [11], D. F. Anderson, Badawi and Dobbs generalized the study of
PVDs to the context of arbitrary rings (possibly with nontrivial zero-divisors).
Recall from [5,19] that a prime ideal P of R is said to be divided if it is com-
parable to every ideal of R, equivalently if P C (z) for any x € R\ P. A
ring R is called a divided ring if every prime ideal of R is divided. Recently A.
Badawi, in [4,6-8,10], has studied the following class of rings: H = {R| R is a
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commutative ring and Nil(R) is a divided prime ideal of R}. If R € H, then
R is called a ¢-1ing. It is easy to see that every integral domain is a ¢-ring.
An ideal I of R is said to be a nonnil ideal if I ¢ Nil(R). If I is a nonnil
ideal of a ¢-ring R, then Nil(R) C I. Let R be a ring with the total quotient
ring T'(R) such that Nil(R) is a divided prime ideal of R. As in [6], we define
¢:T(R) — K := Ryi(r) by ¢(3) = ¢ for every a € R and every regular ele-
ment b of R. Then ¢ is a ring homomorphism from T(R) into K and ¢ restricted
to R is also a ring homomorphism from R into K given by ¢(x) = § for every
x € R. Denote by Z(R) the set of all zerodivisors of R. Observe that if R € H,
then ¢(R) € H, Ker(¢) C Nil(R), Nil(T(R)) = Nil(R), Nil(Ryir)) =
#(Nil(R)) = Nil(¢p(R)) = Z(¢(R)), T(¢(R)) = Rnir) is quasilocal with
maximal ideal Nil(¢(R)), and Ryji(r)/Nil(¢(R)) = T(#(R))/Nil(¢p(R)) is the
quotient field of ¢(R)/Nil(¢(R)). In [6], the author gave another generaliza-
tion of pseudo valuation domains to the context of arbitrary rings (possibly
with nonzero zerodivisors). A prime ideal @ of ¢(R) is said to be K-strongly
prime if xy € Q, v € K, y € K implies that either x € Q or y € Q. A
prime ideal P of R is said to be ¢-strongly prime if ¢(P) is a K-strongly prime
ideal of ¢(R). If each prime ideal of R is ¢-strongly prime, then R is called
a ¢-pseudo-valuation ring (in short ¢-PVR). It is shown in [6, Corollary 7(2)]
that a ring R is a ¢-PVR if and only if Nil(R) is a divided prime ideal and
for every a,b € R\ Nil(R), either a | b or b | ac in R for each nonunit ele-
ment ¢ € R. A ring R is called a ¢-chained ring if Nil(R) is divided prime
and for each z € Ryy(gr) \ ¢(R) we have 271 € ¢(R) [8]. Then it is easy to
see that R is a ¢-chained ring if and only if Nil(R) is divided prime and for
every a,b € R\ Nil(R) either a | b or b | a. Also, recall from [10] that a ring
R € H is called a nonnil-Noetherian ring if every nonnil ideal of R is finitely
generated. It was shown in [10] that a ring R € H is a nonnil-Noetherian ring
if and only if R/Nil(R) is a Noetherian domain. Recall that a ring R is called
a t-closed ring if for every element (a,r,c) € R? such that a3 + arc — ¢ = 0,
there exists an element b € R such that a = b —rb and ¢ = b> —rb?. Also, from
[27] an integral domain R is called an infra-Krull domain if R = (\{Rp| P is
a height-one prime ideal of R}, where this representation is of finite character
and each Rp is a Noetherian ring for every height-one prime ideal P of R.

A ring S is called an overring of a ring R if R C .S C T(R). Recall from
[28] that an integral domain R is called a pseudo-Krull domain if there exists
a family F = {R;} of overrings of R such that R = (| R;, where each R; is a
Noetherian pseudo-valuation overring of R and every nonzero element of R is
not a unit in only a finite number of members of F. Many characterizations
and properties of pseudo-Krull domains are given in [25], [28], and [29]. In this
article, we are interested in extending the pseudo-Krull property to ¢-rings.
Let R € H. We say that R is a ¢-pseudo-Krull ring if $(R) = () R;, where each
R; is a nonnil-Noetherian ¢-pseudo valuation overring of ¢(R) and for every
non-nilpotent element x € R, ¢(x) is a unit in all but finitely many R;. Among
many results in this paper, we introduce the notions of ¢-t-closed rings and
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¢-infra-Krull rings and we show that a ¢-ring R is a ¢-pseudo-Krull ring if and
only if R is a ¢-t-closed ¢-infra-Krull ring. We also use the trivial ring extension
and the amalgamation of rings to construct examples of ¢-pseudo-Krull rings
which are not integral domains.

2. Results

We start this section by one of the main results on ¢-pseudo Krull rings.
Before we proceed, we recall the following lemma from [1].

Lemma 2.1 ([1, Lemma 2.5]). Let R € H and let P be a prime ideal of R.
Then R/P is ring-isomorphic to ¢(R)/d(P). In particular, R/Nil(R) is ring-
isomorphic to ¢(R)/Nil(¢(R)).

Lemma 2.2. Let R € H. Then R s a nonnil-Noetherian ¢-pseudo valuation
ring if and only if R/Nil(R) is a Noetherian pseudo-valuation domain.

Proof. This follows from [4, Proposition 2.9] and [10, Theorem 1.2]. O

Theorem 2.3. Let R € H. Then R is a ¢-pseudo Krull ring if and only if
R/Nil(R) is a pseudo-Krull domain.

Proof. Assume that R is a ¢-pseudo Krull ring. Then there exists a fam-
ily F = {R;} of overring of ¢(R) such that ¢(R) = (| R; where each R; is
a nonnil-Noetherian ¢-pseudo valuation overring of ¢(R) and for every non-
nilpotent element = € R, ¢(x) is a unit in all but finitely many R;. Since
T(¢(R)/Nil(¢(R)) =T(¢(R))/Nil(¢(R)) = Enir)/Nil(¢(R)), it follows from
Lemma 2.2 that each R;/Nil(¢(R)) is a Noetherian pseudo-valuation over-
ring of ¢(R)/Nil(¢p(R)). Then ¢(R)/Nil(¢p(R)) = (Ri/Nil(¢(R)) and ev-
ery nonzero element of ¢(R)/Nil(¢(R)) is a unit in all but finitely many
R;/Nil(¢(R)). Thus ¢(R)/Nil(¢(R)) is a pseudo-Krull domain. As R/Nil(R)
is ring-isomorphic to ¢(R)/Nil(¢(R)) by Lemma 2.1, we get that R/Nil(R) is
a pseudo-Krull domain.

Conversely, assume that R/Nil(R) is a pseudo-Krull domain. As R/Nil(R)
is ring-isomorphic to ¢(R)/Nil(¢(R)) by Lemma 2.1, we get ¢(R)/Nil(¢(R))
is a pseudo-Krull domain. By Lemma 2.2 and the fact that

T(¢(R)/Nil(¢(R)) = T(¢(R))/Nil(¢(R)) = Rni(r)/Nil(¢(R)),
we conclude that ¢(R)/Nil(¢(R)) = (Ri;/Nil(¢(R)), where each R; is a
nonnil-Noetherian ¢-pseudo valuation overring of ¢(R). Thus ¢(R) = [ R;.
Since for every non-nilpotent element z € R, ¢(x) + Nil(¢(R)) is a unit in all

but finitely many R;/Nil(¢(R)), we get that ¢(x) is a unit in all but finitely
many R;. Therefore R is a ¢-pseudo Krull ring. (]

For a ring R € H, let ¢ denote the ring homomorphism ¢ : T(R) —
Ryi(r)- We have the following result which is an analog of [28, Theorem 1.6]

Theorem 2.4. Let R € H be a ¢-pseudo Krull ring such that dim(R) > 1.
Then we have:
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(1) Rp is a nonnil-Noetherian ¢-pseudo valuation ring for every height-one
prime ideal P of R.

(2) ¢r(R) = (PR, (Rp) where P runs all height-one prime ideals of R.

(3) Any nonzero proper nonnil principal ideal of R may be expressed as a
finite intersection of (nonnil) primary ideals of height-one.

Proof. Assume that R is a ¢-pseudo Krull ring. Set D := R/Nil(R) and let P
be a height-one prime ideal of R.

(1) It follows from Theorem 2.3 that D is a pseudo-Krull domain, which
implies that Dp/n(r) is a Noetherian pseudo-valuation domain by [28, Theo-
rem 1.6]. As Dp/yiyr) is ring-isomorphic to Rp/Nil(Rp), we get that Rp is
a nonnil-Noetherian ¢-pseudo valuation ring by Lemma 2.2.

(2) First observe that Nil(¢r,(Rp)) = Nil(¢pr(R)). Since Rp/Nil(Rp) is
ring-isomorphic to ¢, (Rp)/Nil(¢pr,(Rp)), Lemma 2.2 implies that ¢, (Rp)
is a nonnil-Noetherian ¢-pseudo valuation ring. Since D is a pseudo-Krull
domain by Theorem 2.3 and D is ring-isomorphic to ¢(R)/Nil(¢(R)) by Lemma
2.1 and [2, Lemma 3.8], we conclude that ¢(R)/Nil(¢(R)) is a pseudo-Krull
domain. Thus

$(R)/Nil(¢(R)) = (| $(R)gn(p)/Nil(¢(R)
= (" ¢r,(Rp)/Nil(¢r(R))

for each height-one prime ideal P of R. Hence one can easily see that ¢(R) =
(\ ®r,(Rp) where P runs all height-one prime ideals of R.

(3) Since D is a pseudo Krull domain by Theorem 2.3, for any nonzero
proper nonnil principal ideal I of R, I/Nil(R) may be expressed as a finite
intersection of primary ideals of height-one by [28, Theorem 1.6]. Therefore I
may be expressed as a finite intersection of (nonnil) primary ideals of height-
one. (]

Let R € H. We say that R satisfies property (x) if each non-nilpotent element
of R is contained in only finitely many prime ideals of height-one. Recall from
[28, Proposition 1.15] that an integral domain R is a pseudo Krull domain if and
only if Rp is a pseudo-Kull domain for every prime ideal P of R and R satisfies
property (x), if and only if Rjs is a pseudo-Krull domain for every maximal
ideal M of R and R satisfies property (x). The following is the analogous
characterization of ¢-pseudo-Krull rings.

Proposition 2.5. Let R € H. Then the following statements are equivalent.
(1) R is a ¢-pseudo-Krull ring.
(2) Rp is a ¢-pseudo-Kull ring for every prime ideal P of R and R satisfies
property (x).
(3) Ry is a ¢-pseudo-Krull ring for every maximal ideal M of R and R
satisfies property (x).

Proof. Set D := R/Nil(R).
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(1) = (2) Since D is a pseudo-Krull domain by Theorem 2.3, we con-
clude that Dp,nii(g) is a pseudo-Kull domain for every prime ideal P of R
by [28, Proposition 1.15]. As Dp/ni(r) is ring-isomorphic to Rp/Nil(R)Rp =
Rp/Nil(Rp) and Rp € H, we get that Rp is a ¢-pseudo-Kull ring by Theorem
2.3. Also, since D is a pseudo-Krull domain, [28, Proposition 1.15] implies that
each nonzero element of R is contained in only finitely many prime ideal of
height-one. Thus each non-nilpotent element of R is contained in only finitely
many prime ideals of height-one.

(2) = (3) This is clear.

(3) = (1) As Ry € H for each maximal ideal M of R, we conclude that
Ryr/Nil(Rpy) is a pseudo-Krull domain for each maximal ideal M of R by
Theorem 2.3 and D satisfies property (). Hence Dy nir) is a pseudo-Krull
domain for each maximal ideal M of R. Thus R/Nil(R) is a pseudo-Krull
domain by [28, Proposition 1.15]. Therefore R is a ¢-pseudo-Krull ring by
Theorem 2.3. (]

We give the following definitions of ¢-t-closed rings and ¢-infra Krull rings.

Definition. Let R € H. Then:

(1) We say that R is a ¢-infra-Krull ring if ¢r(R) = ({ér,(Rp)|P is
a height-one prime ideal of R}, where this representation is of finite
character and each Rp is a nonnil-Noetherian ring for every height-one
prime ideal P of R.

(2) We say that R is a ¢-t-closed ring if for every non-nilpotent elements
a,c of R and each r € R such that a® + arc — ¢ = 0, there exist an
element b € R and wy,wy € Nil(R) such that a = b* — (r — w1)b and
c=0b— (r —wo)b?.

We need the next lemma.

Lemma 2.6. Let R € H. Then
(1) R is a ¢-infra-Krull ring if and only if R/Nil(R) is an infra-Krull do-
main.
(2) R is a ¢-t-closed ring if and only if R/Nil(R) is a t-closed domain.

Proof. (1) Suppose that R is a ¢-infra-Krull ring. Then ¢r(R) = () ¢r,(Rp),
where this representation is of finite character and for each height-one prime
ideal P of R, Rp is a nonnil-Noetherian ring. Since

Nil(¢r,(Rp)) = Nil(¢r(R)),

each ¢, (Rp)/Nil(¢r(R)) is a Noetherian domain by [10, Theorem 1.4]. Then
¢r(R)/Nil(¢r(R)) = (¢rp,(Rp)/Nil(pr(R)), where P runs through the
height-one prime ideals of R and this representation is of finite character. It fol-
lows that ¢r(R)/Nil(¢r(R)) is an infra-Krull domain. As ¢r(R)/Nil(¢r(R))
is ring-isomorphic to R/Nil(R) by Lemma 2.1, we get that R/Nil(R) is an
infra-Krull domain.
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Conversely, assume that R/Nil(R) is an infra-Krull domain. Since R/Nil(R)
is ring-isomorphic to ¢g(R)/Nil(¢r(R)) by Lemma 2.1, ¢r(R)/Nil(¢pr(R)) is
an infra-Krull domain. By [10, Theorem 1.4] and [2, Lemma 3.8], we conclude
that ¢r(R)/Nil(¢r(R)) = ¢rs(Rp)/Nil(¢(R)) , where P runs through the
height-one prime ideals of R and each Rp is a nonnil-Noetherian ring. Thus
or(R) =\ ¢rp(Rp), where this representation is of finite character. Therefore
R is a ¢-infra Krull ring, as desired.

(2) Set D := R/Nil(R). Assume that R is a ¢-t-closed ring and let (a,7,¢) €
D? such that a® +aré— ¢ = 0. We may assume that @ # 0 and ¢ # 0, and so a
and ¢ are non-nilpotent elements of R. Since a®+arc—c? € Nil(R) and Nil(R)
is a divided prime ideal of R, a® + (r — z)ac — ¢* = 0 for some z € Nil(R). As
R is a ¢-t-closed ring, there exist an element b € R and wy,ws € Nil(R) such
that a = b?> — (r —z — w1 )b and ¢ = b3 — (r — z —wo)b%. That implies @ = b*> —7b
and & = b3 — 7b%. Hence D is a t-closed domain.

Conversely, assume that D is a t-closed ring and let (a,7,¢) € R? such that a
and c are non-nilpotents and a®+arc—c? = 0. Since D is a t-closed domain and
a®+arc—¢e* = 0, there exists an element (0 #)b € D such that @ = b*> —7b and
¢ = b3 —7b%. Hence a—b*>+rb € Nil(R) and c—b®>+7rb? € Nil(R). That implies
a—b%+rb = w1b and c—b>+rb* = wyb? for some wy, ws € Nil(R) since Nil(R)
is divided and b ¢ Nil(R). Thus a = b? — (r — w1)b and ¢ = b® — (1 — wq)b2.
Therefore R is a ¢-t-closed ring. O

It is well-known [29, Proposition 3.6] that an integral domain R is a pseudo-
Krull domain if and only if R is a t-closed infra-Krull domain. We have a
similar characterization for ¢-pseudo-Krull rings.

Theorem 2.7. Let R € H. Then R is a ¢-pseudo-Krull ring if and only if R
is a ¢-t-closed ¢-infra-Krull ring.

Proof. Set D := R/Nil(R). Assume that R is a ¢-pseudo-Krull ring. Since
D is a pseudo-Krull domain by Theorem 2.3, we conclude that D is a t-closed
infra-Krull domain by [29, Proposition 3.6]. Hence Lemma 2.6 implies that R
is a ¢-t-closed ¢-infra-Krull ring.

Conversely, since R is a ¢-t-closed ¢-infra-Krull ring, it follows by Lemma
2.6 that D is a t-closed infra-Krull domain. Thus D is a pseudo-Krull domain
by [29, Proposition 3.6], and so R is a ¢-pseudo Krull ring by Theorem 2.3. [

We have the following pullback characterization of ¢-pseudo-Krull rings.

Theorem 2.8. Let R € H. Then R is a ¢-pseudo-Krull ring if and only if (R)
s ring-isomorphic to a ring A obtained from the following pullback diagram:

A S

|

T——T/M
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where T is a zero-dimensional quasilocal ring with mazimal ideal M, S := A/M
is a pseudo-Krull subring of T/M, the vertical arrows are the usual inclusion
maps, and the horizontal arrows are the usual surjective maps.

Proof. Suppose that ¢(R) is ring-isomorphic to a ring A obtained from the
given diagram. Then A € H and Nil(A) = Z(A) = M. Since A/M is a
pseudo-Krull domain, A is a ¢-pseudo-Krull ring by Theorem 2.3, and thus R
is a ¢-pseudo-Krull ring.

Conversely, suppose that R is a ¢-pseudo-Krull ring. Setting 7" := Ry (r),
M := Nil(Ryi(r)), and A := ¢(R) yields the desired pullback diagram. O

Recall that an ideal J of a commutative ring R is called a Glaz-Vasconcelos
ideal or a GV-ideal, denoted by J € GV (R), if J is finitely generated and the
natural homomorphism « : R — Hompg(J, R), defined by a(r)(a) = ra, Vr € R,
Ya € J, is an isomorphism. An R-module M is called a GV-torsion-free module
if whenever Jz = 0 for some J € GV(R) and x € M, one has ¢ = 0. A GV-
torsion-free R-module M is said to be a w-module if Exth(R/.J, M) = 0 for any
J € GV(R). Let R € H. Recall from [26] that a nonnil ideal J is a ¢-GV-ideal
of R if ¢(J) is a GV-ideal of ¢(R). Recall that a nonnil ideal I is a ¢-w-ideal
if ¢(I) is a w-ideal of ¢(R), and R is called a ¢-strong-Mori ring if it satisfies
the ascending chain condition (a.c.c.) on ¢-w-ideals.

It is well-known [25, Proposition 3.3] that if R is a one-dimensional integral
domain, then R is a pseudo-Krull domain if and only if R is a t-closed strong-
Mori domain. We have the following analogous result for ¢-pseudo-Krull rings.

Proposition 2.9. Let R € H be a one-dimensional ring. Then R is a ¢-
pseudo-Krull ring if and only if R is a ¢-t-closed ¢-strong-Mori ring.

Proof. Set D := R/Nil(R). Clearly D is a one-dimensional integral domain.
Now assume that R is a ¢-pseudo-Krull ring. Hence D is a pseudo-Krull domain
by Theorem 2.3, and so D is a t-closed strong-Mori domain by [25, Proposition
3.3]. Thus R is a ¢-t-closed ¢-strong-Mori ring by Lemma 2.6(2) and [26,
Theorem 2.4]. Conversely, assume R is a ¢-t-closed ¢-strong-Mori ring. Then
D is a t-closed strong-Mori domain by Lemma 2.6(2) and [26, Theorem 2.4].
That implies D is a pseudo-Krull domain by [25, Proposition 3.3], and hence
R is a ¢-pseudo-Krull ring by Theorem 2.3. O

For a ring R, let R’ denote the integral closure of R in T(R) and let R*
denote the complete integral closure of R in T(R). Recall that a ring R € H
is said to be ¢-integrally closed (resp., ¢-completely integrally closed) if ¢(R) is
integrally closed (resp., completely integrally closed) in T(¢(R)) = Ryi(r)-

Lemma 2.10 ([2, Lemma 2.8]). Let R € H and set D = ¢(R)/Nil(¢(R)).
Then one has that D' = ¢(R)'/Nil(¢(R)) and D* = ¢(R)*/Nil(¢(R)). In
particular, R is ¢-integrally closed (resp., ¢-completely integrally closed) if and
only if D is integrally closed (resp., completely integrally closed), if and only if
R/Nil(R) is integrally closed (resp., completely integrally closed).
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Recall from [2] that a ring R € H is called a ¢-Krull ring if ¢(R) = V4,
where each V; is a discrete ¢-chained overring of ¢(R) and for every non-
nilpotent element x € R, ¢(z) is a unit in all but finitely many V;.

It is well-known that if R is a pseudo-Krull domain, then the complete
integral closure of R is a Krull domain. Also, an integral domain R is a Krull
domain if and only if R is an integrally closed pseudo-Krull domain. We have
the following analogous result.

Theorem 2.11. Let R € H. Then
(1) If R is a ¢-pseudo-Krull ring, then ¢(R)* is a ¢-Krull ring.
(2) R is a¢-Krull ring if and only if R is a ¢-integrally closed ¢-pseudo-Krull
Ting.

Proof. (1) Set D := ¢(R)/Nil(¢(R)). Since D is ring-isomorphic to R/Nil(R)
by Lemma 2.1, we conclude that D is a pseudo-Krull domain by Theorem 2.3.
Since D* = ¢(R)*/Nil(¢(R)) by Lemma 2.10 and D* is a Krull domain, we
get that ¢(R)* is a ¢-Krull ring by [2, Theorem 3.1].

(2) Set D := R/Nil(R). By using [2, Theorem 3.1], R is a ¢-Krull ring if and
only if D is a Krull domain, if and only if D is an integrally closed pseudo-Krull
domain, if and only if R is a ¢-integrally closed ¢-pseudo-Krull ring by Lemma
2.10 and Theorem 2.3. O

It is well-known [28, Proposition 5.5] that a flat overring of a pseudo-Krull
domain is a pseudo-Krull domain. We have the next result.

Proposition 2.12. Let R € H be a ¢p-pseudo-Krull ring. Then every flat
overring of R is a ¢-pseudo-Krull ring.

Proof. Let T be a flat overring of R. Then T € H, Nil(T) = Nil(R), and
T/Nil(R) is a flat overring of R/Nil(R). Since R/Nil(R) is a pseudo-Krull do-
main and T'/Nil(R) is a flat overring of R/Nil(R), we conclude that T/Nil(R)
is a pseudo-Krull domain by [28, Proposition 5.5]. Thus T is a ¢-pseudo-Krull
ring by Theorem 2.3. O

3. Examples of ¢-pseudo-Krull rings

In this section, we use the trivial ring extension and the amalgamation of
rings to construct examples of ¢-pseudo-Krull rings which are not integral
domains.

Let A be a ring and F be an A-module. Then A x E, the trivial (ring)
extension of A by E, is the ring whose additive structure is that of the external
direct sum A® E and whose multiplication is defined by (a, e)(b, f) := (ab,af+
be) for all a,b € A and all e, f € E. (This construction is also known by other
terminology and other notation, such as the idealization A(+)E.) The basic
properties of trivial ring extensions are summarized in the books [21,23]. Trivial
ring extensions have been studied or generalized extensively, often because
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of their usefulness in constructing new classes of examples of rings satisfying
various properties (cf., [3,12,24]).

Proposition 3.1. Let A € H be a ring and E = A ay an A-module. Then
R := A FE is a ¢-pseudo-Krull ring if and only if A is a ¢-pseudo-Krull ring.

Proof. First we show that R is a ¢-ring. It is easy to see that Nil(R) =
Nil(A) x E. Since Nil(A) is prime, Nil(R) is a prime ideal of R. Now we
show that Nil(R) is divided. Let (a,e) € R\ Nil(R) and let (b, f) € Nil(R).
Hence a € A\ Nil(A) and so b = ac for some ¢ € Nil(A) since A € H. Then
(b, f) = (ac,ad + ce) for some d € E. Thus (b, f) = (a,€)(c,d) € (a,e)R, and
hence Nil(R) is a divided prime ideal of R. Now observe that R/Nil(R) =
A/Nil(A). Then R is a ¢-pseudo-Krull ring if and only if R/Nil(R) is a pseudo-
Krull domain, if and only if so is A/Nil(A), if and only if A is a ¢-pseudo-Krull
ring. O

We combine this proposition with [23, Theorem 25.1] to get the following
corollary.

Corollary 3.2. Let A be a pseudo-Krull domain with quotient field K and
Krull dimension n. Then A x K € H is a ¢-pseudo-Krull ring with Krull
dimension n.

The following is an example of a ¢-pseudo-Krull ring which is not a ¢-Krull
ring.

Example 3.3. Let A be a pseudo-Krull domain with quotient field K which is
not a Krull-domain. Then R := A x E is a ¢-pseudo-Krull ring by Proposition
3.1 which is not a ¢-Krull ring by [2, Theorem 3.1] since R/Nil(R) is ring-
isomorphic to A.

Example 3.4. Let L C K be a proper finite algebraic field extension and let
T = K[[X1,...,X,]] be a ring of power series in n > 2 variables over K. Then
T=K+ M, where M = X;T + ---+ X, T is the unique maximal ideal of T
Note that T is an n-dimensional Noetherian domain. Let A = L + M with
quotient field F and let R = A x E. Then:

(1) R is a ¢-t-closed ¢-strong-Mori ring with Krull dimension n.

(2) R is not a ¢-pseudo-Krull ring.
Proof. (1) By [25, Remark 3.5] A is a t-closed strong-Mori domain. Since
Nil(R) = 0 x E and R/Nil(R) is ring-isomorphic to A, it follows that R
is a ¢-t-closed ¢-strong-Mori ring with Krull dimension n by Lemma 2.6(2),
[26, Theorem 2.4], and [23, Theorem 25.1].

(2) Note that A is not a pseudo-Krull domain by [28, Example 3.6]. Then

R is not a ¢-pseudo-Krull ring by Proposition 3.1. O

Let A and B be two rings, J be an ideal of B, and f: A — B be a ring
homomorphism. In this setting, we can consider the following subring of A x B:

Ava! J={(a, f(a) +j)|a€ A, je T},
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called the amalgamation of A with B along J with respect to f (introduced and
studied by D’Anna, Finocchiaro, and Fontana in [14-16]). This construction
is a generalization of the amalgamated duplication of a ring along an ideal
(introduced and studied by D’Anna and Fontana in [13,17,18] and denoted by
A ).

In [20,30], the authors studied when the amalgamation of rings is a ¢-ring.
Now we study when A >/ J is a ¢-pseudo-Krull ring.

Proposition 3.5. Let A and B be two rings, J an ideal of B such that J C
Nil(B), and f : A — B be a ring homomorphism. Set R := A <! J and
assume that R € H. Then R is a ¢-pseudo-Krull ring if and only if so is A.

Proof. First observe that Nil(R) = {(a, f(a) +J)|a € Nil(A),j € JNNil(B)}.
It is easy to see that if J C Nil(B), then Nil(R) = Nil(A) </ J. Now, assume
that R is a ¢-pseudo-Krull ring. Hence R/Nil(R) is a pseudo-Krull domain by
Theorem 2.3. Since A/Nil(A) is ring-isomorphic to R/Nil(R), it follows that
A/Nil(A) is a pseudo-Krull domain. Thus A is a ¢-pseudo-Krull ring. The
converse follows by similar reasoning. O

We combine [20, Corollary] with Proposition 3.5 to get the following exam-
ples.

Example 3.6. Let B be a pseudo-Krull domain with quotient field K. Set
A:=Bx K and I :=0x K. Then the amalgamated duplication R := A< [
is a ¢-pseudo-Krull ring.

Proof. By [20, Corollary 2.5], R is a ¢-ring since I = Nil(R). Thus Proposition
3.5 completes the proof. O

Example 3.7. Let C' be a pseudo-Krull domain with quotient field K. Let
f:Cx K:=A— B:=K x K be the natural injection and set J := 0 x K.
Then A a/ J is a ¢-pseudo-Krull ring.
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Professor Abdelmoujib Benkirane.
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