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EXACTNESS OF COCHAIN COMPLEXES VIA
ADDITIVE FUNCTORS

FEDERICO CAMPANINI AND ALBERTO FACCHINI

ABSTRACT. We investigate the relation between the notion of e-exactness,
recently introduced by Akray and Zebary, and some functors naturally
related to it, such as the functor P: Mod-R — Spec(Mod-R), where
Spec(Mod-R) denotes the spectral category of Mod-R, and the localization
functor with respect to the singular torsion theory.

1. Introduction

This paper has been inspired by the article [1], in which the authors considered
the following type of “e-exact” cochain complexes of modules over a ring R.

Definition 1.1. Let R be a ring, not necessarily commutative. A cochain
complex

..._>Mi—1fi_7;MiLi>Mi+1ﬂ...

of right R-modules and right R-module morphisms is said to be e-exact if
Fi7H(M?*~1) is an essential submodule of ker(f?) for every i. In particular, a

short e-exact sequence is a cochain complex of the type 0 — Ag i> Br L
Cr — 0 with f a monomorphism, f(Ag) an essential submodule of ker(g),
and g(Bpr) an essential submodule of Cr.

In [1], R denoted a commutative ring. It is immediately clear that the
hypothesis of R commutative is not necessary in this definition, and that one
can consider right modules over any ring R, possibly noncommutative. Here, we
study the relation between this interesting notion and three functors naturally
related to it. The first functor is the functor P: Mod-R — Spec(Mod-R) into
the spectral category of the category Mod-R, as defined by Gabriel and Oberst
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in [5]. The second functor is the localization with respect to the singular torsion
theory (Goldie topology) studied in particular by Goodearl ([7, Chapter 2] and
[9, Examples VI.6.2 and IX.2.2]). This allows us to extend all the results in the
first part of [1] from modules over commutative rings to modules over arbitrary,
possibly non-commutative, rings, essentially replacing the usual torsion-theory
with the singular torsion-theory, and replacing commutative integral domains
with right non-singular rings. In particular, this applies to our third functor, the
functor — ®r @, where R is a right Ore domain and @ is the classical right ring
of fractions of R. It is interesting to notice, as we prove in Theorem 3.8, that
for a ring R, except for the trivial case of R artinian semisimple, there do not
exist additive functors F': Mod-R — A into any abelian category A with the

property that a cochain complex Agr B r — Cg is e-exact in the sense of

Definition 1.1 if and only if the cochain complex F'(Agr) £y F(Bgr) ) F(CRg)
is exact.

In the last section, we partially extend our setting to arbitrary Gabriel
topologies.

In the following, all rings R are associative rings with identity 1 # 0, and all
modules are unitary right R-modules.

2. e-exactness and the spectral category

For any Grothendieck category A, it is possible to construct the spectral
category Spec(A), which is a Grothendieck category obtained from A by formally
inverting all essential monomorphisms of A [5]. More precisely, for any fixed
object A in A, the set of all the essential subobjects of A is downward directed,
because the intersection of two essential subobjects of A is an essential subobject
of A. We will write A’ <, A for “A’ is an essential subobject of A”. If we fix
another object B of A and apply the contravariant functor Hom 4(—, B) to the
essential subobjects A’ of A and to the embeddings A’ — A”, where A’ <, A,
A" <, Aand A’ C A”, we get an upward directed family of abelian groups
Hom 4(A’, B) and abelian group morphisms Hom 4(A”, B) — Hom4(A4’, B).
Take the direct limit hgl Hom(A’, B), where A’ ranges in the set of all essential
subobjects of A. The spectral category Spec(A) of A has the same objects as A
and, for objects A and B of A,

HomSpec(.A) (Av B) = hﬂ HomA(A/a B),

where the direct limit is taken over all essential subobjects A’ of A. The category
Spec(A) can also be constructed as follows. Let £ be the full subcategory of A
consisting of all the injective objects of A. Let Z be the ideal of the category &,
where, for every Eg, Fr € Ob(E), Z(ER, Fr) consists of all morphisms Er — Fg
whose kernel is essential in Fr. Then Spec(.A) is the quotient category £/Z. A
third equivalent presentation of Spec(.A) is as the category of fractions A[S™]
(see [2,4,6]), where S is the class of all essential monomorphisms. There is a
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canonical functor P: A — Spec(.A), which is the identity on objects. It is a left
exact functor that sends essential monomorphisms to isomorphisms.

The category Spec(Mod-R) is a Grothendieck category in which every short
exact sequence splits, i.e., in which every object is projective and injective. From
the discussion made above, it is clear that every right R-module Mz becomes
isomorphic to its injective envelope E(Mpg) in Spec(Mod-R). In particular,
P(Mpg) = 0 if and only if Mp = 0. Moreover, a right R-module morphism
f: Mr — Ng becomes a zero morphism in Spec(Mod-R) whenever ker(f) is
an essential submodule of Mg.

If we view the morphisms f: Ag — Bpg in Spec(Mod-R) as morphisms
[+ Ay — Bpg for some essential submodule A, of Ag, the description of the
kernel, cokernel and image of f is the following. The kernel of f’ in Mod-R
has a complement C}, in A%, that is, there exists Cf, < Agr with ker(f’) & Cjy
essential in A%, (equivalently, C'; is maximal in the set of all submodules Xp,
of A%, with ker(f’) N X}, = 0). Then the submodule f'(C%) = C}; of Bg has
a complement D', in Bp, i.e., f'(Cy) @ DY, is essential in Br. Then ker(f) is
the kernel of f in Spec(Mod-R), D/, is the cokernel of f in Spec(Mod-R) and
f/(CR) is its image.

In the description of Spec(Mod-R) as the quotient category £/Z, the kernel
and the cokernel of a morphism f: EFr — Fg are as follows. Assume that f
is represented by a morphism f’: Fr — Fr in Mod-R. The kernel of f’ has a
complement in Eg, that is, there exists Cr < Er with ker(f’) @ Cg essential
in Eg (it suffices to take Cr maximal in the set of all submodules X of Er
with ker(f') N Xr = 0). Then Eg decomposes as Fr = E(ker(f’)) & E(CRg).
Moreover, f'(E(Cr)) = E(CR) is an injective submodule of Fg, so we can write
Fr = f'(E(CR)) @ Dpg for a suitable submodule Dg of Fr. Then E(ker(f)) is
the kernel of f in Spec(Mod-R), Dg is the cokernel of f in Spec(Mod-R) and
f/(E(Cg)) is the image of f.

We want to investigate the relation between the notion of e-exactness (Defi-
nition 1.1) and the functor P: Mod-R — Spec(Mod-R).

Lemma 2.1. Let M~ T M 55 M40 be a cochain complez of right R-
modules and right R-module morphisms. The following conditions are equivalent:
(a) The sequence
. i—1 . i
(1) p(i—Y PULD prariy P
is exact in Spec(Mod-R).
(b) If Cg is a complement of ker(fi=1) in M*~1, then fi=1(Cg) is essential
in ker(f?).

Proof. The kernel of f©=! in Mod-R and the kernel of P(f*~1) in Spec(Mod-R)
coincide because P is left exact. Similarly for the kernels of f¢ and P(f?).

Let Cr be a complement of the kernel ker(fi~!) of f in Mod-R, so that
ker(fi=1) @ Cp is essential in M*~1. Then fi=!(Cg) is the image of P(f~1!).

P(Mi—i-l)
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Hence the sequence (1) is exact in P(M?) if and only if f©=1(Cg) is essential in
ker(f*). O

From the previous lemma we immediately get the following proposition.

Proposition 2.2. Let 0 — Apg i> Bpr BN Cr — 0 be a cochain complex
of right R-modules and right R-module morphisms. The following conditions

are equivalent:

(a) The sequence 0 — P(AR) P P(Bgr) ) P(Cr) — 0 is a short exact

sequence in Spec(Mod-R).
(b) f is a monomorphism in Mod-R, f(Ag) an essential submodule of ker(g),
and if By is a complement of f(Ag) in Br, then g(Bp) is essential in Cg.

Corollary 2.3. Let
(2) OHARL)BRL)CR—)O

be a cochain complex of right R-modules and right R-module morphisms such

that the sequence 0 — P(AR) P P(Bg) P P(Cr) — 0 is a short exact

sequence in Spec(Mod-R). Then the cochain complex (2) is a short e-exact
sequence.

3. Homological lemmas with e-exact sequences

The aim of this section is generalizing some results of [1] to the non-commut-
ative case. We will replace commutative domains with right non-singular
rings and torsion [resp. torsionfree] modules with singular [resp. non-singular]
modules. Let R be a ring and let & denote the family of all essential right ideals
of R. Given a right R module Mg, the singular submodule of My is defined
by Z(Mg) :={x € M | I =0 for some [ € &} = {x € M | Ann,(z) € &}
[7, Ch. 1, Sec. D]. A module My is called singular if Z(Mgr) = Mp and it
is called non-singular if Z(Mg) = 0. If M is a module over a commutative
domain R, then Z(M) is equal to the torsion submodule ¢t(M) of M, so that
M is singular (resp. non-singular) if and only if M is torsion (resp. torsionfree).
Notice that Z(—) defines a functor Mod-R — Mod-R. Indeed, given a right
R-module morphism f: Mp — Npg, we have f(Z(M)) < Z(N), and so a
morphism Z(f): Z(M) — Z(N). The functor Z(—) is an idempotent preradical
(cf. [9, Chapter VI]), but it is not a radical in general. The smallest radical
containing Z is denoted by Zy and it is defined, for every right R-module
Mg, by Zo(M)/Z(M) = Z(M/Z(M)) [9, Proposition 6.2]. A ring R is right
non-singular if Z,(R) := Z(Rgr) = 0 (notice that the dual situation of “singular
ring” never occurs, since 1 ¢ Z(Rg)). If R is a right non-singular ring, then
Z(—) is actually a radical, that is, Z(M/Z(M)) = 0 for every right R-module
Mpg (ie., Zo(M) = Z(M) for every module Mg) [7, Proposition 1.23].

The following results extend to the non-commutative case results proved in
[1]. A morphism f: A — B is said to be e-epi if f(A) is essential in B.
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Proposition 3.1 (4-lemma for e-exact sequences). Let R be a right non-
singular ring and consider the following commutative diagram of right R-module
morphisms with e-exact rows.

A, f1 A, f2 As f3 A,
U
Bl g1 B2 g2 Bg 93 B4.

(1) If t1,t5 are e-epis, t4 is monic and Bs is non-singular, then ts is e-epi.
(2) Ift1 is e-epi and ta,ty are monic, then ker(t3) is a singular module. In
particular, if As is a non-singular module, then t3 is monic.

Proposition 3.2 (5-lemma for e-exact sequences). Let R be a right non-
singular ring and consider the following commutative diagram of right R-module
morphisms with e-exact rows:

f1 f2 f3 fa

A —— Ay Az —— Ay As
N O N O
B 2B 2B, % .B, "B

where Bs is a non-singular right R-modules.
(1) Ifto and ty are e-epis and ts is monic, then t3 is e-epi.
(2) Ifty is e-epi and ta,ty are monic, then ker(ts) is singular. In particular,
if As is non-singular, then ts is monic.
Proposition 3.3 (3 x 3-lemma for e-exact sequences). Let R be a non-singular
ring and consider the following commutative diagram of right R-modules

0 0 0
0 A LA, A, 0
Ul V1 P1
0 B 2B, "B, 0
Uus V2 P2
0 oINS NG 0
0 0 0

where Ag and Az are non-singular modules. If the columns and the two bottom
rows are e-exact, then the top row is also e-exact.
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In order to prove Propositions 3.1, 3.2 and 3.3, recall a procedure to obtain a
functor that, in some sense, can be viewed as a generalization of the “localization
functor” for commutative rings to the non-commutative setting. We refer the
reader to [7, Chapter 2] for more details about this construction. Anyway,
we prefer to adopt the notation used in [9], in which these topics are treated
from a more general point of view (we will discuss this more general framework
in Section 4). Let R be a right non-singular ring, that is, Z.(R) = 0. For
any right R-module A, fix an injective envelope for A/Z(A) and denote it
by Ag. According to [7, Proposition 1.23(a)], Ag is a non-singular module.
Moreover, [7, Lemma 2.1] ensures that, for any given right R-module morphism
f: Ar — Bg, the induced morphism f: A/Z(A) — B/Z(B) extends uniquely
to a morphism fg: Ag — Bg. We have that Rg is a ring containing R, and
(=) : Mod-R — Mod-Re turns out to be an exact functor.

Lemma 3.4. Let R be a right non-singular ring and let f: A — B be an e-epi
right R-module morphism. Then

(1) f: AJZ(A) — B/Z(B) is e-epi,

(2) fo: As — B is surjective.

Proof. (1) Let b € B\ Z(B). By hypothesis, there exists I <. Rp such that
0% bI C f(A), and therefore (b+ Z(B))I C f(A/Z(A)). Moreover, bl ¢ Z(B).
Indeed, if bI C Z(B), then b+ Z(B) € Z(B/Z(B)) = 0, which contradicts the
fact that b ¢ Z(B). It follows that f is e-epi.

(2) By (1), f(A/Z(A)) is essential in By = E(B/Z(B)), therefore fe(Ae) <c
Bg. Since Bg is a non-singular module, then so is fg(Ag). In particular,
fe(Ag) is injective by [9, Proposition 7.4], hence fs(As) = Be. O

Corollary 3.5. Let R be a right non-singular ring. If 0 — Ar — Br —
Cr — 0 is a short e-exact sequence, then the sequence 0 — Ag — By —
Cs — 0 is exact.

Proof. Since (—)g is an exact functor, it preserves kernels and images. By
Lemma 3.4(2), if f: M — N is an e-epi right R-module morphism, then
fe: Mg — Ng is surjective. O

Lemma 3.6. Let R be a right non-singular ring and let f: A — B be a right
R-module morphism, where B is non-singular. If fs: A — Bg is surjective,
then f is e-epi.

Proof. Assume, by contradiction, fe: Ag — Bg surjective, but f not e-epi.
Then there exists a nonzero submodule C of B such that f(A) N C = 0. Now
f factorizes as f = € o f', where f' = f|/(4): A — f(A) is the corestriction
of f and e: f(A) — B is the inclusion. It follows that the image f(A) of ¢ is
not essential in B, so that F(B) = E(f(A)) @ C’ for some non-zero module
C’. Applying the functor (—)g to the factorization f = o f’, we get that
fe =cs o fis. Now fg epi implies e epi. But since f(A) < B are non-singular
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modules, eg is the splitting embedding of E(f(A)) into E(B), which is not epi
because C’ # 0.

By assumption, B <, Bg = E(B). Fix b € B\ {0}. Then there exists
a € Ag such that fg(a) = b. Moreover, there exists I <. Rg such that
ol C A/Z(A). Hence for every i € I there exists a(¥) € A such that ai = a(®.
Thus f(a® + Z(A)) = bi + Z(B) = bi, and so f(a'?) = bi. It follows that
bl C f(A) and bl # 0, because B is non-singular. Therefore f is e-epi. O

We are now in a position to prove Propositions 3.1, 3.2 and 3.3. Since all
these results can be proved using the same procedure, we only write the proof
of Proposition 3.1(1) and we leave the other proofs to the reader.

Applying the functor (—)g to the diagram

A, f1 Ay f2 As f3 A,
T
Bl g1 32 g2 BS g3 B4

we get a commutative diagram of Rg-modules with exact rows. Since ¢ and t3
are e-epi, (t1)e and (t3)e are surjective by Lemma 3.4. The classical 4-lemma
ensures that (t2)g is surjective, hence t9 is e-epi by Lemma 3.6. This proves
Proposition 3.1(1). The other proofs are similar.

We now want to discuss the previous situation in the particular case in which
R is a right Ore domain. A domain R is said to be right Ore if aRN bR # 0
for every pair of nonzero elements a,b € R, that is, if every nonzero (principal)
right ideal of R is essential. Given a right Ore domain R, it is possible to
construct its classical right ring of fractions @ := Q7;(R) (see [8, Chapter 4]).
We have that @ is a division ring which turns out to be a flat left R-module.
Every element of @ is of the form rs~! for suitable elements 7, s € R and s
nonzero. Moreover, R can be embedded into @ via the ring homomorphism
defined by r — 717!, For any right R-module Mg, we can consider the
“right localization” M(R \ {0})™' = M ®g @, which is a right Q-module
with elements of the form ms™! for m € M and s € R\ {0}. There is a
natural map M — M (R\ {0})~! whose kernel is the torsion submodule of M,
t(M) :={m e M | mr =0 for some nonzero r € R} = Z(Mpg). Since in a right
Ore domain all nonzero right ideals are essential, @ = Rg as rings and the
functor — ®g @ is naturally isomorphic to (—)g. Hence we have the following
result.

Lemma 3.7. Let R be a right Ore domain with classical right ring of fractions
Q and let f: Agr — Bg be a right R-module morphism.

(1) If f is e-epi, then AQp Q ®t g ®r Q is surjective.

(2) f ARrQ %t g ®r Q is surjective and B is non-singular, then f is
e-epi.
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In particular, if 0 = Ar — Br — Cr — 0 is a short e-exact sequence, then the
sequence 0 - AR Qr Q - BR®r Q — Cr ®r Q — 0 is exact.

Corollaries 2.3 and 3.5 show that the notion of short e-exact sequence is
intermediate between that of becoming exact applying the functor P and that
of becoming exact applying the functor (—)g. The next result shows that there
are no additive functors such that the notion of short e-exact sequence coincides
with that of becoming exact applying F'.

Theorem 3.8. Let R be a ring that is not artinian semisimple. Then there do
not exist additive functors F': Mod-R — A into any abelian category A with

the property that a cochain compler Agr 7 Br L Cg is e-exact if and only
F(f) F(g)

if the cochain complex F(AR) r) F(Br) — F(CR) is exact.

Proof. Suppose that such a category A and functor F': Mod-R — A exist.
First of all, notice that the functor F must be exact, because every exact
sequence of R-modules is e-exact. Also, notice that if f: Ag — Bpg is any

essential monomorphism, then the cochain complex 0 — Apg i> Br — 0is

e-exact, so that the cochain complex 0 — F(Ag) e, F(Bgr) — 0 is exact

(F is additive, hence maps zero objects to zero objects and zero morphisms
to zero morphisms). It follows that F' maps essential monomorphisms to
isomorphisms. Now for any singular module Cg, there exists an exact sequence

0 — Ap N Br %+ Cr — 0 with f an essential monomorphism [7,

Proposition 1.20(b)]. Applying the exact functor F, we get an exact sequence

0 — F(Ag) £y F(Bgr) ) F(Cr) — 0 with F(f) an isomorphism, so

F(Cgr) = 0. This proves that F' necessarily annihilates all singular right R-
modules. Now R is not artinian semisimple, so it has a maximal right ideal
that is not a direct summand [3, Lemma 3.16], hence there is a simple right
R-module Sk that is not projective. By [7, Proposition 1.24], Sg is singular.
Now consider the embedding f: Sg — Sr ® Sg into the first direct summand.

The cochain complex Sgr i> Sr ® Sr — 0 is not e-exact, but, if we apply

to it the functor F', we get the exact sequence F'(Sg) £y F(Sp® Sr) — 0.
This contradicts the hypothesis on F' in the statement of the Theorem. (I

4. Gabriel topologies

The results we have seen in Section 3 for the functor (—)e can be extended
to a much more general setting. Let § be any right Gabriel topology on a
ring R [9, Chapter VI §5]. Thus § corresponds to a hereditary torsion theory
in Mod-R. Suppose this hereditary torsion theory stable, that is, the class of
§-torsion modules is closed under injective envelopes [9, Chapter VI §7] and set
for every right R-module Mp, My := limHomp(I, MR), where the direct limit
is taken over the downwards directed family of ideals I € §. The assignment
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M — Mgy defines a left exact functor Mod-R — Mod-R; (see [9, Chapter IX
§1]). We say that a cochain complex
. i—1 g . i1
..._>Ml_1f_>MZL>MH'1 f_>
of right R-modules is §-exact if the cohomology modules ker(f%)/fi=t(M*1)
are §-torsion R-modules for every i. That is, if (f*~'(M'~") : z) € § for every
i and every z € ker(f").

Lemma 4.1. Let § be a perfect stable Gabriel topology on R and let f: Ag —
Bpr be a right R-module morphism. N

(a) If B/f(A) is §-torsion, then the induced morphism f: Az — Bg is
surjective. B

(b) Conversely, if the morphism f: Az — Bg is surjective and Bg is §-
torsionfree, then B/ f(A) is §-torsion.

Proof. (a) Assume B/f(A) is §-torsion. We have an exact sequence Ap N
Br — B/f(A) — 0. Since § is perfect stable, the localization functor (—)z
and the tensor product functor — ® g Rg are naturally isomorphic [9, Proposi-
tion XI.3.4(e)] and rRj is a flat left R-module [9, Proposition X1.3.11(b)]. It
follows that the induced sequence Az — By — (B/f(A)z — 0 is exact. But
(B/f(A)z) = 0 because B/f(A) is §-torsion.

(b) Suppose f: Az — Bj; surjective and Bp §-torsionfree. There is a
commutative square

ALB

A

AgT)ng)O.
f

In order to prove that B/f(A) is §-torsion, we must show that for every
element b € B there exists I € § such that bI C f(A). Now ¢p(b) € B;
and f is onto, so that there exists an element @ € Az with f(@) = ).
Since Az = hngom(I, Ag) by [9, Proposition IX.1.7], the element a € Aj is
represented by a morphism ¢g: I’ — Ag in Hom(I’, Agr) for some right ideal
I' € 3. But f(@) = ¢5(b) in Bg, so there exists a right ideal I C I', I € §, such
that the morphisms p,: R — B (right multiplication by b) and fg: I’ — B

have the same restriction to I’. Then, for every i € I, we get that bi = fg(4).
Therefore bI C f(ARr), as desired. O

Lemma 4.2. Let § be a perfect stable Gabriel topology on a ring R. If the
cochain complexr Ag N Br L5 Cg is G-ezact, then the sequence Az N
Bz N C% of right Rg-modules is ezact.

Proof. We have that f = o f’, where ¢: kerg — B is the inclusion and
f't Agp — kerg is the corestriction of f to kerg (which contains f(Ag)).
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Thean’ : Arp — kerg has an F-torsion cokernel, so that the induced map-
ping f’: Az — (ker g)gz is onto by Lemma 4.1(a). Applying the exact functor
— ® Ry to the exact sequence 0 — kerg — Bp 25 Cr, we get the exact

sequence 0 — (kerg)y — Bz —— Cg. Therefore ker(§) = &((kerg)z) =

E(f'(Ag)) = f(Az), as desired. O

As one might expect, it is also possible to prove suitable versions of the 4-
lemma, 5-lemma and 3 X 3-lemma in this setting. Here, we present the 4-lemma
with F-exact sequences. The other statements (and their proofs) are the obvious
ones.

Proposition 4.3 (4-lemma with §-exact sequences). Let § be a perfect stable
Gabriel topology on a ring R, and consider the following commutative diagram
of right R-module morphisms with §-exact rows:

f1 f2 f3

Ay Az Az Ay
N
Bl g1 B2 g2 83 93 B4

(1) Iftq,ts3 are F-epis, tq is monic and Bg is §-torsionfree, then ts is F-epi.
(2) Ifty is §—epi and ta,t4 are monic, then ker(ts) is an §-torsion R-module.
In particular, if As is a §-torsionfree R-module, then t3 is monic.

Proof. Apply the functor — ® Rz to the commutative diagram, getting a
commutative diagram of Rz-modules with exact rows. The classical 4-lemma
and Lemma 4.1 allow us to conclude. O

Remark 4.4. Let R be a non-singular ring and let & be the right Goldie topology,
that is, the Gabriel topology given by the essential right ideals of R. In this case,
the B-torsion R-modules are precisely the singular R-modules and the notion
of G-exactness can be compared with that of e-exactness. Recall that, given a
right R-module extension A < B, if A <. B, then B/A is a singular module,
but the converse may fail to be true (even for abelian groups; see [7, pp. 31-32]).
This means that the notion of e-exactness is stronger than that of &-exactness,
that is, given a cochain complex

..._>Mi—11:MiLi>Mi+1ﬂ...

of right R-modules, if the cochain if e-exact, then it is also -exact, but the
converse is not true in general.
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