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ABSTRACT. In this paper, we characterize a class of biharmonic maps from and between
doubly product manifolds in terms of theie warping function. Examples are constructed
when all of the factors are Euclidean spaces.

1. Introduction

Let ¢ : (M™,g) — (N",h) be a smooth map between Riemannian manifolds.
Such ¢ is said to be harmonic if it is a critical point of the energy functional
1
B@) =3 [ ldofan,
M

with respect to compactly supported variations. Equivalently, ¢ is harmonic if it
satisfies the associated Euler-Lagrange equations given as follows :
7(¢) = TryVde = 0.

Here 7(¢) is the tension field of ¢. We refer one to [5, 6, 7, 8, 9] for background
on harmonic maps. As a generalization of harmonic maps, biharmonic maps are
defined similarily, as follows : ahe map ¢ is said to be biharmonic if it is a critical
point of the bi-energy functional

Ba0) =5 [ Ir(o)Pd,
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Equivalently, ¢ is biharmonic if it satisfies the associated Euler-Lagrange equations:

72(9) = ~Try (V?) 7(9) — TryRN (r(6), d)de = 0,

where V is the connection in the pull-back bundle ¢~*(TN) and, if (¢;),.,.,, is a
local orthonormal frame field on M, then o

Try (V)7 (9) = (VEVE = Ve, ) 7 (6),

where we sum over repeated indices. We will call the operator 72(¢), the bi-tension
field of the map ¢. Clearly any harmonic map is biharmonic, therefore it is inter-
esting to construct non-harmonic biharmonic maps (see [1, 2, 3] and [12, 13, 15] for
some constructions of non-harmonic biharmonic maps). In [4], the authors studied
biharmonic maps between warped products where they gave the condition for the
biharmonicity of the inclusion of a Riemannian manifold N into the warped product
M x; N and of the projection 7 : M x; N — M. Moreover, in [10] the authors
gave some extensions of the results in [4] together with some further constructions
of biharmonic maps. They also gave some characterizations of non-harmonic bihar-
monic maps using the product of harmonic maps and warping metric. The author
in [11] studied the f-harmonicity of some special maps from or into a doubly warped
product manifold. He obtained some similar results in [10], such as conditions for
the f-harmonicity of projection maps and some characterizations for non-trivial
f-harmonicity of the special product maps; furthermore, he investigate non-trivial
f-harmonicity of the product of two harmonic maps. In [14], the authors study the
biharmonic maps between doubly warped product manifolds and they gave some
characterizations of non-harmonic biharmonic maps using products of harmonic
maps and the warping metric. In this paper, we give a different constructions
of biharmonic maps on the doubly warped product manifolds. First, we charac-
terize the biharmonicity of the maps q~5 : (M’” X N”,G(aﬁ)) — (PP, k) and

(Q)B)
e (Mm X N",G(a’ﬁ)) — (PP, k) defined by a(a:,y) = ¢ (z) and QZ(x,y) =
(v,
¥ (y). In particular we study the first and the second projection (Theorems 2.3
and 2.7). In this setting we obtain some examples of biharmonic non-harmonic
maps. As a second result, we study the biharmonicity of the inclusion maps iy, :
(M™, g) — (Mm X N”,G(aﬁ)> and iy, : (N, h) — (Mm X N",G(a,5)>
(e, 8) (e,8)
(Theorems 2.11 and 2.13). Finally, we determine the conditions of the bihar-

monicity of the identity maps (Mm X N”,G(a,5)> 14, (M™x N*" . G=g®h)
(a,8)
and (M™ x N G =g®h) 14, (Mm X N”,G(aﬁ)) (Theorems 2.15 and 2.19).
(a7ﬂ)
Some special cases are developed.
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2. Main Results

Let (M™,g) and (N™, h) two Riemannian manifolds and let « € C*° (M) and

B € C* (N) be a positive functions. The doubly warped product M™ x N™ is
(a7ﬁ)
the product manifolds M x N endowed with the Riemannian metric G, g) defined,

for X,Y € T'(T (M x N)), by

Glap) (X,Y) = (Bo0) g(dn(X),dr(Y))+ (aom)’h(dn(X),dn(Y)),

where 7 : M x N — M and n: M x N — N are respectively the first and the
second projection. Let X, Y e ' (T (M x N)), X = (X1,X3), Y = (Y1,Y3). For all
obtained results in this paper, we consider {e;},.;.,, to be an orthonormal frame

on M and {f;},;., to be an orthonormal frame on N. Then, an orthonormal

frame on (Mm x N™ G 7ﬁ)> is given by { (eZ,O),é(O,fj)}. Denote by V
(e, 8)
the Levi-Civita connection on the Riemannian product M x N, the Levi-Civita

connection V of the doubly warped product M™ x N™ is given by (see [14])
(e.8)

VxY = VxY + X; (Ina) (0,Ys) + Y (Ina) (0, X5)
(2.1) + X3 (InB) (¥1,0) + Y2 (In B8) (X1,0)
— B%g(X1,Y1) (0, gradln B) — a*h (X2, Ys) (gradIn , 0) .

Using equation (2.1), we give some particular cases below.

Proposition 2.1. Let X, Y € I'(T' (M x N)), X = (X1,X32), Y = (Y1,Y2). The

Levi-Civita connection V of the doubly warped product M™ x N™ satisfies the
(o, B)
following equations

Vix,0) (Y1,0) = (Vx, Y1,0) — 829 (X1, Y1) (0, gradln B)
Vi0.x) (0,Y2) = (0, Vx,Ys) — a?h (X2, Ys) (gradIna, 0),

Vixio) (0,Y2) = X; (Ina) (0,Ys) + Y2 (In §) (X1,0),

and

Vio.xz) (¥1,0) = Vi (Ina) (0, X2) + X3 (In B) (¥1,0).

In the first, we consider a smooth map ¢ : (M™,g) — (PP, k) and we define
the map ¢ : (Mm X N",G(a,ﬁ)) — (PP, k) by q?(x,y) = ¢ (z). By calculating
a,)

)

the tension field of %, we obtain the following result.
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Proposition 2.2. Let ¢ : (M™,g) — (PP, k) be a smooth map. The tension field
of the map q~5: (Mm X N",G(aﬂ)) — (PP,k) defined by (E(x,y) = ¢ (x) is
(a7/6)

given by .
T (8) = @7’ (¢) + ndo (gradlna) .

Proof. By definition of the tension field, we have

- (55) — Tre,, ,,Vd$

1 _3 ~ 1 _3 ~
= @V?eivo)dqﬁ (e5,0) + gv?()’fj)dﬁb (0, f])
1

— ?dg (6(6,-,0) (es, 0)) - %da (6(0%) (0, fj)) ’

where we sum over repeated indices. A simple calculation gives
V0,00 (e6,0) = VE,d6 (e:)
and _ _
Vio.z,)d9 (0, f;) = 0.
Using Proposition 2.1, we deduce that
%(ei,o) (€5,0) = (Ve,ei,0) —mpB2 (0, gradln B)
and

6(0,)%.) 0, f;) = (O, Vi, f]) — na? (gradlna,0),
it follows that

T (¢~5> = % (Vfickb (i) — do (Vee;)) +ndo (gradlna),

then

T (5) = %T (¢) + ndo (gradln ). O

In the following, we will calculate the bi-tension field of the map

g;: (Mm (aXB) Nn,G(a”g)) — (Pp,k) .

Theorem 2.3. Let ¢ : (M™,g) — (PP, k) be a smooth map. the bi-tension field

of the map ¢ <Mm X N",G(aﬁ)) — (PP, k) defined by q?(x,y) = ¢ (x) is
(a7/3)
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given by

7 (9) = gm0+ 252 (Al g —2|gradin g2)  (6)
(22) ﬂQ vjradlna ((b) + ﬁ |grad1n6|2 T( ) -n Vgradlnozd(l5 (gradln CY)

~ 3 (Trg (Vv ‘7’)2 d¢ (gradlna) + TryRY (d¢ (gradlna) , d¢) dqﬁ) .

Proof. By definition of the bi-tension field, we have
. )10 (709
~Trg,, , R” (7(3),d9) do.
Using the fact that
7(8) = 557 (0)+ ndo gradina)
we get
Tre,. (V5)2 7(8) = Tre.. (V5)2 %T ()

— 2
+nTre,, s (V¢) d¢ (gradlna).

2
For the term Trq,, , (V¢) %7’ (¢), we have

~\ 2 1
TTG(a,B) <V¢> ?T (¢)
1gs g2 1 vz :

"V eoVeo gt @ mVe eop”
1 1 L oo 1

+ @Vm,mvm,m@T (¢) - Tvé(o s g @
1

_ FTTQ (V¢)2T(¢) 52 |g7‘ad1n5| ( ®)

%2 (43 (13 () —2 |9md1nﬂ\2) 7(9)

(vfj fﬂ) (lnﬁ) T (d)) + VgradlnozT (qs) ’

2ﬂ2 p?
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which will lead to

—~2 1
Tra,. (v¢) 77 (@)
1 2
= ETrg (Vd’) 7(9) — 2/32 (A Ing — 2|gradln | ) ®)
i v dl
+ EvgradlnaT (¢) 62 |gra DB| (
A similar calculation gives us
2
Ty (V) do(gradina)
= LV‘E Ve d¢ (gradlna) — —V¢ d¢ (gradln )
o 52 (,0) ¥ (e1,0) 4P I B2 7V (e;.0)(€i:0) g
v¢ Ve dé(gradlna) — iv; dé (gradln @)
ij) (07fj) 9 V(Of )(0 fJ) 9
1
= @Trg (V¢)2 d¢ (gradln o) + nvgmd nad® (gradlna),

it follows that
N2
TrG(aﬁ) (V¢) T (¢)
54 Trg (V¢) 7(6) +

+ ﬂ vgrad Ina’

- 262 <A1n572|gradln5|> ().

%Trg (V¢)2 d¢ (gradln )

(2.4)
7(0) + 1V, i1 o0 (gradlna)

Finally for term TermRP (T ((E) ,d;g) olgjg7 it is very simple to see that

s T B (7 (9) 46) db = 5 T0, B (7 (6) . d0) do

+ @TTQRP (d¢ (gradlna) , d¢) do.

If we replace (2.4) and (2.5) in (2.3), we deduce that

To ((E) = %TQ (¢) + 2/32 (Alnﬁ 2 |gradln S| ) (0)

52 v_?radlna (¢) + 72 |g7"CLd lnﬂ‘z T (¢) - n2v§radln ozd¢ (gradlna)

-z (Trg (V*)? do (gradna) + TryRY (de (gradina) , dg) dqs) .
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As a consequence, if ¢ is harmonic, we have the following.
Corollary 2.4. Let ¢ : (M™,g) — (PP, k) be a harmonic map. The map gz~5 :
(Mm X N",G(aﬁ)) — (PP, k) defined by g(aj,y) = ¢ (x) is biharmonic if and
only z'f(aﬁ)
Tr, (v¢)2 d¢ (gradlna) + Tr,RY (d¢ (gradlna), d¢) deo

+np*ve d¢ (gradlna) = 0.

gradln o

In particular if ¢ = Idyr, the first projection Py : <Mm X N”,G(aﬂ)) —
(a,)
(M™, g) defined by Py (z,y) = x is biharmonic if and only if

gradAlna + gﬁzgrad (|grad In a\2) + 2Ricci (gradIna) = 0.

We apply this Corollary to construct an example of biharmonic non-harmonic
maps.
Example 2.5. Let the first projection P : <Rm X R’HG(aﬁ)) — (R™, ggm)
(e,8
be defined by

Pz = (a2, am) Y = (5,42, Un)) =2 = (£, 02, .., Tm) -

We suppose that « depends only on ¢ and 8 depends only on s and set (In 04)/ =

a1 (), (InB)" = B (s). Then by Corollary 1, the first projection P : (Rm x R™
(a7/3)
G(a,5)) — (R™, ggm) is biharmonic if and only if

o +nplaral = 0.
As particular solutions of this equation, we have

(1) If the function o is constant, which gives us « (t) = C exp (kt) (C > 0). Then
the equation of + nB%aja); = 0 can be satisfied for any positive function 3.
In this case, the first projection P : (Rm X R",G(aﬁ)) — (R™, ggm)
(a,8)
is biharmonic non-harmonic where « (t) = Cexp (kt) and 3 is any positive
function.

(2) For B(s) = q € N* and «(t) = C{/(pt + k)* (C > 0) where p = ng® , the
first projection P; : (Rm x R7”, G(aﬁ)) — (R™, ggm ) is biharmonic non-

(a,
harmonic.
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If we replace a = 1 in Theorem 2.3, we get the following result:
Corollary 2.6. Let ¢ : (M™,g) — (PP, k) be a smooth map. The map b
(Mm >6< N",G(a’ﬁ)> — (PP, k) defined by (E(x,y) = ¢ (x) is biharmonic if and
only if
5 (¢) + 252 (Alnﬁ +(m—2) |gradlnﬁ|2) 7 (¢) = 0.

In particular if the map ¢ is biharmonic non-harmonic, we get two cases:

(1) Ifm =2, we deduce that the map q~51 <Mm >g N™, G(aﬁ)> — (PP, k) defined

by (E(;r, y) = ¢ (x) is biharmonic non-harmonic if and only if the function In 8
is harmonic.

(2) If m # 2 and by calculating A (B™~2), we deduce that the map o -
(Mm >‘§ N",G(aﬁ)) — (PP, k) defined by g(m,y) = ¢ (x) is biharmonic

non-harmonic if and only if the function B™ 2 is harmonic.

Theorem 2.7. Let ¢y : (N",h) — (PP, k) be a smooth map, we define {/Jv :
(BM™ xo N" Go.5) — (PP k) by ¢ (z,y) = ¥ (y). The tension field and the

bi-tension field of 1 are given by

(2.6) r(4) = %T () +mdy (gradn B)

and

_ % (Trh (V¥)* dy (gradln B) + V', g1 47 ( w))
_ mvgradln Bd¢ (gTad In ﬂ) + 277; |g7’ad 1Ha|2 - (w)
- %TWR (dip (gradln B) , dip) dap.

Proof. Let the map zZ: (Mm x N"™, G(a)5)> — (PP, k) be defined by {/;(x,y) =

(a,

¥ (y) where ¥ : (N, h) — (PP, k). Note that in this case we have di (X,Y) =
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dip (Y) for any X € I (TM) and Y € T’ (TN). For the tension field of ¢, we have

~(4) = Trg(u V)
= 55 VD (€0:0) = 550 (T (.0
gV )@ (0, 5) ~ b (Vo) 0.17)
= md) (0, gradln B) + —Vw dy (f) — L w(o Vi fi)

then B 1
r (w) = —7 () +mdy (gradn §) .

By definition, the bi-tension field of {E is given by
To ({/;) =—Trg, (V{E)z T (J) —Trg, R (T (7;) ,d{/)v) dzz.

N2
For the first term T'rq,, (Vw> T (1/1), a rigourous calculation gives us

Tro,. (VJ)QT (¥)
= %Trh (Vw)z T(Y) + %TT}L (V’p)z dip (gradln 3)
+ %Vfﬁawf (6) + M2V, 10 5 (grad 1n )
252 (4|gradlna\ QAIHOL)T(w)f %\gradlnaFT(d)).
Finally, it is very easy to see that
Tra R (7 (8) ,d0) dib = %Tth (7 (), dib) dop
+ %Tth (do (gradn B) , dp) d.
It follows that

252 (4 lgradinal® — 2A1na) (W)
m
= 5 (Tra (V9) d (grad n ) + V3, g1, 57 ()
2n
_ mvgmdlnﬁdd) (gradln B) + pel |gradln a|2 7 (1)

- %Tth (d (gradln B) , dip) dip. -
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As a consequence, if 1 is harmonic, we have the following.
Corollary 2.8. Let ¢ : (N, h) —> (PP, k) be a harmonic map. The map ¥ :
(Mm x N™, G(aﬁ)) — (PP, k) defined by J(x, y) =¥ (y) is biharmonic if and
only if(awm
Try, (Vw)2 dy (gradIn8) + TrpR (d (gradln B) , dyp) di

+ maQV;&md mﬂdib (gradln ) = 0.
In particular if ¥ = Idy, the second projection Ps : (M"‘ X N",G(a’ﬁ)> —

(a,B)
(N™, h) defined by Py (x,y) =y is biharmonic if and only if

gradAln 8 + %oﬂgrad (\gradln6|2> + 2Ricci (gradln 8) = 0.

If we replace 5 =1 in Theorem 2.7, we get the following result.
Corollary 2.9. Let ¢ : (N",h) — (PP,k) be a smooth map. The map 7:/; :
(Mm X N”,Ga> — (PP, k)defined by @(m,y) = ¢ (y) is biharmonic if and only
if :
T2 (V) + % (Alna +(n—-2) |g7‘adlnoz|2) T (¢) =0.
In particular if the map ¥ is biharmonic non-harmonic, we distinguish two cases :
(1) If n = 2, we deduce that the map 1;: (Mm z N",Gu> — (PP, k) defined
by J(x,y) = 9 (x) is biharmonic non-harmonic if and only if the function

In o is harmonic.

(2) If n # 2 and by calculating A(a”fz), we deduce that the map 12; :
<Mm X N",Ga) — (PP, k) defined by ¢ (z,y) = ¢ (z) is biharmonic non-

harmonic if and only if the function a™~2 is harmonic.

Now, let’s study the biharmonicity of inclusion maps 4,, : (M",9) —

(Mm X N",G(aﬁ)) and iy, : (N™,h) — (Mm X N”,G(aﬁ)). To study
(e.8) (o,8)
the biharmonicity of these maps, we will give the expression of the curvature tensor

R of the doubly warped product (Mm x N™, G(aﬁ)). This expression is given
(e.8)

by the following theorem.
Theorem 2.10. Let (M™,g) and (N™, h) be two Riemannian manifolds. If V

denote the Levi-Civita connection on | M™ x N", G(aﬁ)) and R is the curvature
(a,8)
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tensor associated to 6, then for all X1,Y1,Z1 € T'(TM) and X5,Ys,Z5 € T'(TN),
we have

R((X1,0),(Y1,0)) (Z1,0) = (R (X1,Y1) Z1,0)
+ B |gradin B* {g (X1, Z1) (Y3,0) — g (Y1, Z1) (X1,0)}
+ B2 {9(X1,Z1) Y1 (Ina) — g (Y1,Z1) X1 (Ina)} (0, gradIln §),

R((X1,0),(0,Y2)) (0, Z2) = —a®h (Y2, Z2) (Vx, gradIn, 0)
— a?h (Y, Z) X1 (Ina) (gradIn a, 0)

— (Y2 (Z2 (InB)) = (Vy,Z2) (In B)) (X1,0)
— 23 (In )Yz (In B) (X1,0) — Z3 (In B) Xy (Ina) (0, Y2)
+ 0262 (Y, Z5) X1 (Ina) (0, gradln B),

R((0,X>),(Y1,0)) (Z1,0) = —B*g (Y1, Z1) (0, V x,gradln B)
+a?B2%g (Y1, 71) X5 (InB) (gradIna, 0) — Z; (Ina) X, (In B) (Y1,0)
— {1 (Z1(lna)) — (Vy, Z1) (Ina) + Z; (Ina) YV (Ina) } (0, X5)

— B%g (Y1, Z;) X5 (In B) (0, gradIn B)

and

R ((07 XQ) > (07 YQ)) (07 Z2) = (Ov R (X27 Y2) Z2)
+a? {h(Xy, Z2) Ya (In ) = h(Ya, Z2) X5 (In )} (gradlna, 0)
— 0?h (Ya, Zs) |gradIn o)’ (0, X3) + a®h (X2, Zo) |gradInal? (0,Y2) .

Proof. For the term R ((X1,0),(Y1,0)) (Z1,0), we have

R((X1,0),(Y1,0)) (Z1,0) = Vix,.00Vivi.0) (Z1,0) = Viya 0y Vix.0) (Z1,0)
= Vi(x1,0),m,0) (Z1,0) -
By Proposition 2.1, we can obtain
Vo) (Z1,0) = (Vy, Z1,0) — %9 (Y1, Z1) (0, gradn B) ,

then

Vix0 Voo (21,0) = Vix, 0 (Vy; Z1,0)

- ﬁ(xl,o)ﬁQQ (Y1,71) (0, grad1n B3)

= (Vx, V1 Z1,0) — °g (X1, Vy, Z1) (0, gradIn )
— B%g (Y1, Z1) Vix, 0y (0, gradn §)

— 32X (9 (Y1, 21)) (0, gradIn B)
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which leads us to the following formula
Vix.0) Vo) (Z1,0) = (Vx, Vv, Z1,0) — 29 (X1, Vy, Z1) (0, gradIn §)
- 62 (Y1,Z1) X4 (Ina) (0, gradln B)
(Yl,Z1)|g7“adlnB\ (X1,0)
— 629 (Vx,Y1,71)(0,gradIn B)
— 329 (Y1,Vx,Z1)(0,gradln B) .
A similar calculation gives us
Voo Vix,o0 (Z1,0) = (Vy, Vi, Z1,0) — 8%g (Y1, Vx, Z1) (0, grad In )
- 52 (X1,Z1) Y1 (Ina) (0, gradln B)
29(X1, Z1) |gradin B)? (Y1,0)
- BQQ(Vleh Z1) (0, gradIn B)
829 (X1,Vy,Z1) (0,gradln B) .
and
Vi 0. .0) (21,0) = V(x, 111.0) (21,0)
= (Vix,v1)21,0) — B9 (X1, Y1], Z1) (0, gradIn B) .
It follows that
R((X1,0),(Y1,0)) (Z1,0) = (R(X1,Y1) Z1,0)
+ B |gradln 8* {g (X1, Z1) (Y1,0) — g (Y1, Z1) (X1,0)}
+8*{g(X1,Z1) Y1 (Ina) — g (Y1, Z1) X1 (In)} (0, gradIn B) .

Now let’s look at the term R ((X1,0),(0,Y3)) (0, Z3), we have
E ((Xla 0) ; (Oa }/2)) (Oa ZQ) = 6()(1,0)6(0,3/2) (Oa ZQ) - 6(071/2)6()(1,0) (Oa ZQ) .
By Proposition 2.1, we obtain
Vo.vs) (0, Z2) = (0, Vy, Z2) — a2h (Ya, Zs) (gradn e, 0),
then

ﬁ(XhO)%(O’Yz) (0,22) = ﬁ(xl,o) (0,Vy,Z2)
- 6()(1,0)042]1 (Ya, Z3) (gradIna,0)
= X; (Ine) (0, Vy, Z2) + (Vy, Z2) (In 8) (X1,0)
— 2h (Ya, Z2) V(x,.0) (gradIna, 0)
— X (0®) h (Ya, Z3) (gradIna,0),
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we deduce that
%(Xl’o)ﬁ(()’yz) (0, ZQ) = —oz2h (}/2, ZQ) (legTG,d In a, 0)
—202h (Ya, Z5) X1 (In @) (gradIn a, 0)
+ a?B%h (Ya, Z2) X1 (In @) (0, gradIn B)
+ X4 (lna) (O, VYZZQ) + (VY2ZQ) (ln,@) (Xl, ) .

The same calculation steps gives us

Vi0.vs)Vixi0) (0, Z2) = X1 (Ina) (0, Vy, Zo) + Zo (In B) X1 (Ina) (0, Y2)
+ 22 (In )Yz (InB) (X1,0) + Y2 (Z2 (In B8)) (X1, 0)
—a?h(X3,Ys) X (Ina) (gradln,0),

it follows that
R((X1,0),(0,Y2)) (0, Zo) = —a?h (Ya, Z2) (Vx,gradIna,0)

— a?h (Ya, Z9) X1 (Ina) (gradIn a, 0)
— (Y2 (22 (Inf)) = (Vy, Z2) (In ) (X1, 0)
+ a?B%h (Ya, Z2) X1 (In ) (0, gradIn 3)

—Z2 (lnﬂ) Y2 (lnﬂ) (Xl, ) ZQ (h’lﬁ) X1 (lna) (O,YQ)

For the term R ((0,X3), (Y1,0)) (Z1,0), we have
R((0,X2), (¥1,0)) (Z1,0) = Vio,x:) V1,00 (Z1,0) = Vi 0V (0,52 (Z1,0).
Using Proposition 2.1, we get
Vo) (21,0) = (Vy, Z1,0) — B2g (Y1, Z1) (0, grad1n 3) ,
then
ﬁ(O,Xz)ﬁ(YLO) (Z170) V (0,X2) (VY121? ) 6(0,.’(2)629 (Yia Zl) (O,gradlnﬁ)
= (VriZ1) (Ina) (0, X2) + X5 (In ) (Vy, Z1,0)
- ﬂzg (Yla Zl) (07 VXQQT'CLCZIHB)
+a?B2%g (Y1, Z1) X2 (In B) (gradIn a, 0)
—2B%X, (Inp) g (Y1, Z1) (0,g9radInB) .
Similarly, we obtain
6(1/170)6(0,)(2) (Zl, 0) = 6(1/170)21 (ln Oz) (0, XQ) —+ 6(Y170)X2 (ln ﬁ) (Zl, O)
=71 (Ina)Y: (Ine) (0, X3)
+ Z1 (lna) XQ (hlﬁ) (Yh )
+ Yl {Zl (11’1 OZ)} (0, XQ) + X2 (h’l ﬂ) (le Zl, 0)
— 829 (Y1, Z1) X2 (In ) (0, gradIn ) ,

611
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which gives us
R((0,X2),(Y1,0)) (Z1,0) = =g (Y1, Z1) (0, Vx,gradIn 3)

+a?3%g (Y1,71) Xo (In B) (gradIna, 0)
- %9 (Y1,21) X5 (In ) (0, gradIn §)
—Z1(Ina) Xo (InfB) (Y1,0) — Z; (Ina) Y1 (In ) (0, X3)
- M (Z1(Ina)) = (Vy, Z1) (Ina) +} (0, X2).

To complete the proof of Theorem 2.10, we will calculate the term ﬁ((O, X2),(0,Y3))

(0, Z3), we have

R((0,X2),(0,Y2)) (0, Z5) = V(o.x2)V(0.v2) (0, Z2) = V(0.v3) V(0,52 (0, Zo)
= V[(0,X2),(0,v2)) (0, Z2) .
Using Proposition 2.1, we get
Vi0.va) (0, Z) = (0, Vy, Zo) — a*h (Ya, Z2) (gradIn e, 0)
then
%(o,xg)ﬁ(o,yz) (0,23) = %(O,Xz) (0,Vy, Z3)

— 0426(0,X2)h (Y2, Z5) (gradIn «, 0)
=(0,Vx,Vy,Z) — oh (X2, Vy, Z5) (gradIn o, 0)
— ?h (Ya, Zs) |gradn a)” (0, X5)
— a?h (Y, Z3) Xo (In B) (gradIn a, 0)
— a?h (Vx,Ys, Zs) (gradln a, 0)
—a?h (Y2, Vx,Z5) (gradlna,0) .

A similar calculation gives us

6(0,1@)6(07)@) (0,23) = 6(0,1/2) (0,Vx,Z>)
— 026(073/2)}1 (X2, Z5) (gradIna, 0)
= (0,Vy,Vx,Zs) — a*h (Y2, Vx,Z5) (gradIn a,0)
— o?h(Xy, Zy) |gradlnal? (0, Ys)
—a?h (X2, Z5) Yz (In B) (gradIn a, 0)
— a*h (Vy, X2, Z2) (gradIn a, 0)
— a?h (Xo, Vy, Z5) (gradln a, 0)

and

V1(0,x2),0,v2)] (0. Z2) = V(0,1x3,v3]) (0, Z2)
= (0, V(x,,v5)Z2) — &’ ([X2,Y2], Z2) (gradIn v, 0),
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we deduce that

R ((07 XQ) ’ (07 YQ)) (Oa ZQ) = (07 R (XQ, )/2) ZQ)
+ 02 {h (X, Z3) Y (In B) — h (Ya, Z2) Xs (1n B)} (gradin a, 0)
— o?h (Ya, Z3) |gradlna)? (0, X3) 4+ o®h (X2, Z2) |gradInal? (0,Y2) . O

For the first case, we have the following result.

Theorem 2.11. The inclusion map iy, : (M",g) — (Mm X N",G(a,g)>
(a’lB)

defined by iy, () = (z,y0) is biharmonic if and only if
4 |gradlnﬁ|2 gradln 8 + grad <|g7"adlnﬁ|2) =0

and
\gradIn B|° gradlna = 0.

Proof. Note that in this case we have diy, (X) = (X,0) for any X € I'(TM) and
Y € T'(T'N). By definition to the tension field, we have

7 (iyy) = TrgVdiy,
= Veudiy, (€5) = diy, (Vees)
= 6(ei,o) (e4,0) — (Ve,€4,0)
= (Ve,ei,0) —mpB%(0,gradln B) — (Ve,e;,0),

then
7 (iyy) = —mB% (0, gradIn ) .
The inclusion map %,, is biharmonic if and only if

~ . 2 ~
Trg (V%) (0,gradln ) + TryR ((0, gradln §) , diy, ) diy, = (0,0).
~ . \2
For the term T'r, <sz0) (0, grad1n 8), we have

Try (%iyo)Z (0,gradIn 8) = Voo (gradlna,0) — %Zégle (gradlna,0)
(eho)%(eho) (0,gradIln g) — 6zyvoeiei70) (0, gradln j8)
(er,0)€i (In) (0, gradIn B) + |gradln B|2 6(%0) (e;,0)

— (Ve,€:) (Ina) (0, gradIn 8) — |gradIn B> (V, e, 0)

=¢; (Ina) {ei (Ine) (0, grad1n 8) + |gradn 8| (ei,O)}
+e;(e;(Ina)) (0,gradln B) — (Ve,e;) (Ina) (0, gradln )

+ |gradin B* ((Ve,e;,0) — mB2 (0, gradIn 3))

— |gradn 8* (V.,e;,0)

=V
=V
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then

~. N2
Tr, (V“’O) (0,gradn B) = |gradin o’ (0, gradIn 8) + |gradn 8|* (gradn o, 0)
+ Alna (0, gradIn ) — mB? |gradIn 8|* (0, gradIn B) .

For the second term TryR ((0, gradln ), diy,) diy, = (0,0), using Theorem 2.10,
we can obtain

TryR((0,gradln ), diy,) diy, = TryR((0,grad1n B) , diy, (e;)) diy, (e;)
= R((0,gradIn ), (;, 0)) (e, 0)
= —B%g (e, €;) (0,Vgraam pgradn B) + a?B%g (ei, e;) |gradIn B (gradln«,0)
—e; (Ina) |gradlnﬁ\2 (e5,0) — B%g (es,e4) \gradln6|2 (0, gradln )
—{ei(e;(In)) = (Ve,e) (Ina) +¢; (Ina) e; (Ina)} (0, gradln ),

it follows that

TryR((0,gradIn B), diy,) diy, = _%52 (O,Wd delnmz))
+ma?B? |gradn B|2 (gradlna,0)
— |gradin B|* (gradIna, 0)
—mp?|gradin 8| (0, gradn B)
- {Alna + |g7’adlna\2} (0,gradln j3) .

We conclude that the inclusion map i,, is biharmonic if and only if

4|gradln B\Qgradlnﬂ + grad <|grad1nﬂ|2) =0
and

|gmdlnﬁ|29radlna:0. o

Corollary 2.12. For the inclusion map iy, : (M",g) — (Mm X N",G(aﬁ))
(0,8)

defined by iy, (x) = (x,y0), we have the following cases:

(1) If the function B is constant, then the inclusion map iy, is biharmonic for
any positive function a.

(2) If the function « is constant, then the inclusion map iy, is biharmonic if and
only if
4|gradin B gradln 8 + grad (|gradlnﬁ|2) =0.
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(3) If the functions a and (8 are not constants, the inclusion map iy, is never
biharmonic.

Theorem 2.13. The inclusion map iy, : (N",h) — <Mm X N”,G(a_g))
(a,8) ’

defined by iy, (y) = (x0,y) s biharmonic if and only if
4|gradinal® gradlno + grad (|gradln a|2) =0.

and
|gradln Oz|2 gradln 8 = 0.

Proof. Note that in this case we have dig, (Y) = (0,Y) for any Y € I'(T'N). By
definition of the tension field, we have

7 (igy) = TraViig,
= V' diy, (f;) = diay (V. 1)
= Vdiy, (f;) = diay (V. 1)

= Vs (0.£) = (0.V 1, f;)
=(0,Vy, f5) — na? (gradlna, 0) — 0,V f5)

then
7 (igy) = —na? (gradlna,0) .

The inclusion map %4, is biharmonic if and only if
~ N2 ~
Try (V“O) (gradlna,0) + TrpR ((gradln o, 0) , diy,) diz, = (0,0).

For the first term of this equation, we have

~ . \2
Try, (V”O) (gradlnc,0)
= 6%0 6}?0 (gradlna,0) — %’;;j 5 (gradln a,0)
= V. V.5 (gradina, 0) — V(O,ij ) (gradlnca,0)

= |gradIn o’ 6(0%) 0, f;) + %(Oyfj)fj (InB) (gradlnea,0)
— |gradlnal? 0,V f;) — (Vy, f;) nB) (gradIna,0)
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then

Try, (%imO)Q (gradlna,0)
= |gradInaf? (0,Vy, fj) — na? |gradln a)? (gradIn a, 0)
+|gradlnal® (0, gradln 8) + |gradin B (gradIn o, 0)
+ f; (fj (InpB)) (gradInc, 0) — |g1"adlnoz|2 (O,ijfj)
—(Vy, f;) (InB) (gradIn e, 0),

it follows that

~ N2
Try (V”O) (gradIna,0) = —na? |gradln a)? (gradIn o, 0)
+ (A Ing+ |g7’adlnﬂ|2) (gradlna,0)
+ |gradlnal® (0, gradln 3)

For the term Tr, R ((gradlna,0) , dig, ) dig,, by Theorem 2.10, we have

Trh]% ((gradln e, 0) ,diy,) diy, = R ((gradIn,0), dig, (f;)) diz, (f5)

= R((gradIna;,0), (0, f;)) (0, f;)

= —a?h (£}, ;) (Vgradm agradIna, 0)

—a*h (f}, f;) lgradln o (gradIn o, 0)

= (£ (fi nB)) = (Vy, £5) (0 B)) (gradIn e, 0)
— fi (Ing) f; (InB) (gradIn e, 0)

— f; (Wp)|gradlnaf* (0, f;)

+a?B2h (f5, f5) |gradlno¢|2 (0,gradIn ),

which gives us
TriR ((gradlna,0) ,diy,) digy, = —gaz (grad (\gradlnoz|2) ,0)
—na? |gradn o’ (gradIn a, 0)
- (A In g+ |gmd1n5|2) (gradn a, 0)

+ na?B? |gradinal® (0, gradn B)
—|gradnal? (0, gradln ).

Finally, we deduce that the inclusion map i,, is biharmonic if and only if

4lgradin |’ gradln o + grad (|g7‘adln a\Q) =0
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and

lgradlna)” gradln g = 0. a

Corollary 2.14. For the inclusion map iy, : (N™, h) — (M’” x N™ G(a’g))
(a,B)
defined by i, (y) = (x0,y), we have the following cases:
(1) If the function « is constant, then the inclusion map iy, is biharmonic for
any positive function 3.

(2) If the function B is constant, then the inclusion map iy, is biharmonic if and
only if
4|gradln oz\g gradlna + grad (\gradlna|2) =

(3) If the functions o and B are not constants, the inclusion map iy, is never
biharmonic.

Theorem 2.15. Let ¢ : (Mm X N", G, 5)> (M™ x N* G =g@®h) be the
(a,8)
map defined by ¢ (x,y) = (x,y). The map ¢ is biharmonic if and only if

gradAln o + BQgTad ( gradln o ) + 2Ricci (gradlna) =0

and
gradAln 3 + —a 2grad (|g7”ad In 3] ) + 2Ricci (gradln 8) = 0.

Proof. Note that in this case we have d¢ (X,Y) = (X,Y) for any X € I' (T M) and
Y € I'(TN). By definition of the tension field and using the Proposition 2.1, we

have
T(¢) = TTG(Q 4 Vo
52 (v?e o)d¢ (e:,0) —do (6(%,0) (ei,o))>
2 ( dd’ 0 f]) d¢) (6(07&) (0,fj)>)
= % ((Ve,e:,0) = (Ve,e5,0) +mpB? (0, gradn B))
% ((0,V4,£5) = (0,Vy,fj) +na® (gradIne, 0))
then

7(¢) =n(gradlna,0) +m(0,gradln f) .
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The map ¢ is biharmonic if and only if

n (Tr(;(aym (V9)? (gradIna,0) + Tra,. , R ((gradlna,0) ,do) d(,b)
(2.8)
+m (T?“G(aﬁ) (V¢)2 (0,gradIn ) + Trg,, 5, R((0,gradIn ), d¢) d¢>> =

We can analyse term by term this expression, for the term T'r¢q, , (V¢) 2 (gradlna,0),
we have

TG, 4 (V¢) (gradlna,0) = 52 (PZ O)V(e o) (gradIna,0)
1 ¢ (
62 (61’0)
1

+ gvm’fﬁ_)v(o,f}_) (gradlna,0)

gradlna,0)

1
B v 1
VV(O,fj)(O’fj) (gradlna,0)

1
= 2 (Ve, Ve, gradln o, 0) —
+ nv((bgrad Ina0) (gradna,0)

% (Vv.,egradlna,0)

52 (T?"gV2grad In o 0) + 1 (Vgradimagradlne,0),

then

2 1 .
29 TrG . (V%) (gradlna,0) = 7 {(g9radAln«,0) + (Ricci (gradlna),0)}

+ g (grad (|gradln a|2) ,0) .
A similar calculation leads to

TrG, 4 (V¢)2 (0, gradln B) = (0, gradAln 8) + 2 (0, Ricci (gradln B))

+ %oﬂ (O,grad (|g7“adlnﬁ\2>> .

(2.10)

Finally, it is very simple to write that

1 .
(2.11) Trg, R ((gradlna,0),dp) dp = 7 (Ricci (gradlna),0)
and

(2.12) Tra,, . R((0,gradIn B),dp) dp = % (0, Ricci (gradln B)) .
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If we replace (2.9), (2.10), (2.11)) and (2.12) in (2.8), we deduce that the map ¢ is
biharmonic if and only if

gradAlna + gﬁngd (|gmd In a|2) + 2Ricci (gradlna) =0

and

gradAln S+ %oﬁgrad (|grad In B|2) +2Ricci (gradln B) = 0. i

Example 2.16. Let the map ¢ : (Rm X R”,G(a75)> — (R™ x R™,G) defined
(e,8)
by

O (x= (22 s Tim), ¥ = (S,Y2y .y Yn)) = (@ = (t, T2, e, Tm) Y = (S, Y2, -, Yn)) -
We suppose that « depends only on ¢ and 8 depends only on s and set lna =
a1 (t), (InB)" = B (s). Then from Theorem 2.11, the map ¢ : <Rm x R" G(Q,B>

(o,

— (Rm x R7”, G) is biharmonic if and only if
(a,8)
o +npa1al =0
and
74+ ma?B 8] = 0.
Particular solutions of this system are given by « () = C}exp (Cat) and B (s) =
K exp (K2s), where C; and K, are positive constants. For this functions « (t) =

Cyexp (Cat) and B (s) = Kjexp(Kzs), the map ¢ : (]Rm X R”,G(a_5)> —
(aNB) i
(R™ x R™ @) is biharmonic nonharmonic.

Finally, we consider the map ¢ : (M™ x N*,G =g ® h) — (M’” X N" G 5))
(e, 8)
defined by ¢ (x,y) = (z,y). To study the biharmonicity of this map, we use two

lemmas. In the first lemma, we calculate the term TrgV? (9radlna,0).

Lemma 2.17. Let (M™,g) and (N™,h) two Riemannian manifolds and let
a € C®° (M) and B € C*®(N) be a positive functions. Let V be the Levi-Civita

connection of the doubly warped product M™ x N™, we have
(e, 8)

TreV? (gradlna, 0) = (gradAln o, 0) — na? |gradln af? (gradin o, 0)
— 3% |gradIn B|? (gradln o, 0) + Aln 3 (gradln a, 0)
+ |gradn 8? (gradlna,0) + |gradIn a|® (0, gradIn B)
- 52 <|g7“adlnoz|2 +2AIn a) (0,gradIn )
+ (Ricci (gradlna) ,0) .



620 K. Madani and S. Ouakkas

Proof. We have
TraV2 (gradlna,0) = ﬁ(ei,O)ﬁ(ei,O) (gradlna,0)
+ V.5, Vo, (gradina,0)
— %V(U,fj)(ovfj) (gradlna,0).
A simple calculation gives us
6(%0)%(6“0) (gradlna,0) — 6V(ei,o)(€ia0) (gradlna,0)
= (V.,Ve,gradlna,0) — 32g (e;, Ve, gradlna) (0, gradln B)
- ,6’29 (es, gradIlna)e; (Ina) (0, gradln B)
29 (ei, gradIn @) |gradn B|? (e;, 0)
— ,62 (Ve,€i,gradlna) (0, gradln )
— B%g(es, Ve,gradln o) (0, gradln 3)
- (Vvﬁieigrad Ina, 0) + B%g (Ve,ei,gradlna) (0, gradln B)
= (Trgvzgradln @,0) — 262Ana (0, gradin 3)
— B?|gradln a\2 (0,gradln B) — 32 |gradlnﬁ|2 (9radlna,0),
then
6(6“0)6(%0) (gradlna,0) — 6V(ei,o)(€z‘70) (gradlna,0)
= (gradAlna,0) — 8% |gradln B|? (gradln o, 0)
- p? (|grad Inal® + 2A1n a) (0,gradln )
+ (Ricci (gradlna) ,0) .

(2.14)

For the term ﬁ(oyfj)ﬁ(oﬁfj) (gradlnca,0) — 6v(0 £)(0.15) (gradlna,0), a similar cal-
g
culation gives us

6(0’]“1')6(0’]0]') (gradlna70) - §V(01fj)(0,fj) (gTCldané, O)
= |gradlnal* V(o 1,) (0, f;) + V(o1 f; (In ) (gradIn, 0)
— V(o,vfj ) (gradlna,0)
= |gradnaf? (0,Vy, f5) — no? |gradin of® (gradIn a, 0)
+ £ () lgradnal” (0, £) + f; (n B) f; (n ) (gradIna, 0)

+ f; (f; (nB)) (gradlna, 0) — [gradlnal® (0, Vy, ;)
— (Vy, £5) (nB) (gradIn, 0),
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it follows that

V(07fj)6(0,fj) (gradlne,0) — 6v(0,fj)(0’fj) (gradln o, 0)

= —na? |gradInal? (gradIn a, 0)

+ |gradn 8]? (gradn o, 0)
+ Aln g (gradlna,0)

+ |gradIn o’ (0, grad1n B) .

(2.15)

If we replace (2.14) and (2.15) in (2.13) , we deduce that

TreV? (gradln o, 0) = (gradAln o, 0) — na? [gradln a\Z (gradlna,0)
— 82 |gradIn 8|? (gradIna,0) + Aln B (gradln o, 0)
+ |gradin 8)? (gradIn o, 0) + |gradIn o) (0, gradIn §)
- B2 (|grad1no¢|2 +2A1In a) (0, gradIn )
+ (Ricci (gradlnar) ,0) . O

For the term Tr¢V?2 (0, gradln 8), we can use the following lemma.

Lemma 2.18. Let (M™,g) and (N™, h) two Riemannian manifolds and let
a € C® (M) and B € C*®(N) be a positive functions. Let V be the Levi-Civita

connection of the doubly warped product M™ x N™, we have
(a7ﬂ)
TraV? (0, gradin 8) = |gradnal? (0, gradln 8) + |gradin 8)° (gradIn o, 0)
+ Alna (0, gradln 8) — mB? |grad ln,@\2 (0, gradln j3)
+ (0, gradAln B) — o? (ZA Ing+ |gradlnﬁ|2) (gradln o, 0)

— a2 |gradinaf® (0, gradIn 8) + (0, Ricci (gradln ) .
Proof.

TreV? (0, gradlnp) = %(ei,O)%(ei,O) (0,gradIn ) — %V(Ei,o)(eho) (0, gradln )

+ 6(0,4@)6(0,&) (0,gradIn 8) — 6V(o,fj)(07fj) (0,gradln ).
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The same calculation method gives us

6(51,0)6(@,0) (0, gradln g) — 6V(€i)0)(ei70) (0, gradln )
= 6(@,0)61' (Ine) (0,gradln gB) + \gmdlnﬁ|2 6(%0) (e4,0)
— 6(Veiei,0) (0, gradln j3)
—¢; (Ina)e; (Ina) (0, gradIn B) + e; (In @) |gradIn B|° (e;, 0)
+¢; (e; (Ina)) (0, gradIn B) — mfB? |gradIn B (0, grad In B)
— (Ve,€:) (Ina) (0, gradin 3)
= |gradInal? (0, gradIn 8) + |gradn B|* (gradIn a, 0)
+ Alna (0, gradln 3) — mp? |gradin 5|2 (0, grad1n B)

and

ﬁ(oyfj)ﬁ(o’fj) (0, gradln 8) — %V(D,fj)(o’fj) (0, gradln B)

= (O,ij ijgradlnﬁ) —a?h (fj,ijgradln 6) (gradlna,0)

— a?h(f;, gradIn B) |gradInal” (0, f;) — a®f; (In B) (f;, gradn B) (gradIn a, 0)
—a’h (Vy, fi»gradin ) (gradlnc, 0) — o’h (f;, Vy,gradIn ) (gradInc, 0)

— (0, Vij f£;9radIn b’) +a?h (ij fi,gradln B) (gradlna,0)

= (0, TrpV?gradln B) — 2a°Aln 3 (gradIn o, 0)

—a? |gradln o’ (0, gradIn 8) — o |gradIn B|* (gradIn a, 0)

= —20°AIn B (gradIna,0) — o |gradln 8]? (gradln a, 0)

— a2 |gradinal® (0, gradIn B) + (0, gradAIn 8) + (0, Ricci (gradln 8)) .

It follows that

Tre V2 (0, gradin B) = |gradInal? (0, gradIn 8) + |gradIn 8]? (gradIn a, 0)
+ Alna (0, gradln B) — mB? |gradn B|2 (0, gradln )
+ (0, gradAln B) — 2a*Aln § (gradin o, 0)
— o |gradln o’ (0, gradIn 8) — o |gradIn B (gradIn o, 0)
+ (0, Ricci (gradln §)) . O

Theorem 2.19. Let ¢ : (M™ x N*",G=g® h) — <Mm X N”,G(aﬁ)) be the
(,8)
map defined by ¢ (x,y) = (z,y). The map ¢ is biharmonic if and only if
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2

n (gradAlna) 4 2n (gmd (|grad1n a|2)> - %oﬁgrad (|grad1n a|2)
—2n2a? |gr0¢dlno¢|2 gradlna +m?p* |gradin BI? gradIn o

+4n <|grad1n a|2) gradlna + 2n (Alna) gradln o

—mpj? ((Qn +4) |gradIn B> + 2AIn B) gradln o + 2n (Ricci (gradlna)) =0

and

2

m (gradAln ) 4+ 2m (grad <|gradlnﬁ\2)) — %ﬁ%qmd (|gmdlnﬁ|2>
—2m?3? |gradn B)? gradn 8 + n?a* |gradn o) gradln

+4m (|gradlnﬁ|2) gradlnf +2m (Aln B) gradln 8

— na? ((2m +4)|gradlnal® + 2AIn a) gradln B+ 2m (Ricci (gradln B)) =

Proof. By definition of the tension field and using the Proposition 2.1, we have
7(p) = TrgVde
= vz; 039 (€:,0) = do (Ve 0) (€:,0))
(o,fj)dq5 (0, f5) — do (V(O f3) ) (0, fj))
= v?e. 0) (eia 0) - (v 613 )
+ Vs 0.£) = (Vo <0 1))
= (Ve,ei,0) —mpB? (0, gradIn B) — (V,e;,0)
+(0,Vy, ;) — na 2 (gradlna, 0) — 0,V f5),

then
7 (¢) = —mpB* (0, gradIn ) — na? (gradln o, 0).
The map ¢ is biharmonic if and only if

~ 2 ~
n <TTG (v¢) o? (gradlna, 0) + 2Tre R ((gradln o, 0) , d¢) d¢>>

(216) +m (TTG <6¢)2 BQ (O,gradlnﬁ) + ﬂ2TTG§ ((O,gradlnﬁ) 7d¢) qu)

= (0,0).

~ \2
We will study term by term the above equation, for the first term Trg (V¢) a?
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(gradlna,0), it is clear to see that

~ N2 ~\2
Tra (V¢) o’ (gradlna,0) = o*Trg (Vé) (gradIna,0) 4 22° (grad (|gradin a|2) ,0)
+2a°Alna (gradina,0) + 4a° [gradIn a|? (gradIn o, 0)
— 40”8 |gradIn al? (0, gradn 3)

and using Lemma 2.17, we deduce that

~ N2
Trg (V¢> o? (gradln o, 0) = o? (gradAln o, 0) + 202 (gmd (|gmd lna|2) ,0)
—nat |gradin of® (gradIn o, 0) — o®2 |gradIn B|* (gradIn a, 0)

+ o?|gradIn B|* (gradIn a,0) + 4a? |gradln a|? (gradIn o, 0)
+202Alna(gradlna,0) + o?Aln B (gradlna,0)

— a?p? (5 lgradlnal® + 2A 1na) (0, gradln 3)
+ o? |gradIn o|® (0, gradIn 8) 4+ o (Ricci (gradlna) , 0) .
By Theorem 2.10, we obtain
TraR ((gradin o, 0) , dg) d
= R((gradne,0), (€;,0)) (€:,0) + R ((gradIna,0), (0, ;) (0, f;)
= 72042 (grad (|grad1n a|2) ,O) —na? |gradn of® (gradIn a, 0)
— Aln g (gradlna,0) — |gradIn B|* (gradIn a, 0)
+ (1 —m) 82 |gradIn 8? (gradIn o, 0) + (1 — m) % |gradIn a|* (0, gradn )

+na?B?|gradinal? (0, gradn 8) — |gradln o’ (0, gradIn B)
+ (Ricci (gradIna),0),

it follows that

Tra (6‘15)2012 (gradlna,0) + o?TreR ((gradlna,0),d¢) de
= o? (gradAlna,0) + 202 (grad (|gmd In a|2) ,0)
- ga4 (grad (\gradlna|2) ,O) — 2nat |gradIn of? (gradIn a, 0)
—ma?B?|gradin 87 (gradlna,0) + 402 |gradln of® (gradIn a, 0)
+2a*Alna (gradlna,0) + na’f? |gradin af® (0, gradIn B)
—a?p? ((m +4) |gradln04|2 +2A1n a> (0, gradln B)
+ 2a? (Ricci (gradln a) ,0) .
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A similar calculation gives us

Trg (6‘1’)252 (0, gradIn B) = B2 (0, gradAln 3) 4 25> <O,gmd (|grad In B|2>)
+ 42 \gradlnﬂ|2 (0, gradIn B) + B2AIna (0, gradln B)
— mfB*|gradin B|* (0, gradln 8) + 282AIn 3 (0, gradn 3)
+ 82 |gradln o’ (0, gradIn B) — o282 |gradIn a|* (0, gradIn B)
— 40*B? |gradIn B|2 (gradlna,0) — 202B*Aln B (gradln o, 0)
— o282 |gradin B)? (gradln o, 0) + B2 |gradn 8)? (gradln o, 0)
+ 8%(0, Ricci (gradln B))

and

TraR((0,gradln B) , do) do

m

=-3 52 (0,grad (\gradlnﬁﬁ)) — mf? |gmdlnﬂ|2 (0, gradln j8)
— Alna (0, gradln ) — |gradIn a|? (0, gradln )

+ (1 —n)a?B? |gradnal’ (0, gradIn 8) — |gradIn B|* (gradIn a, 0)

+ ma??|gradn 8? (gradlna, 0) + (1 — n) &* 52 |gradIn B|* (gradIn a, 0)
+ 82 (0, Ricci (gradln B)) .

Which gives us

Tre (W) *B2 (0, gradn 8) + B2Tra R (0, gradn B) , dg) do

= B2(0, gradA In B) + 232 <O,gmd <|gradlnﬁ|2))

_ Tﬁ‘* <O,grad <|gradlnﬁ|2>) + 452 |g7"adlnﬁ|2 (0, gradIn )

- 2217154 |gradin 8% (0, gradIn 8) 4+ 282AIn 3 (0, gradn )
— naB? |gradinal? (0, gradIn B) + 282 (0, Ricci (gradln 3))
—a?p? ((n +4) [gradin f|* 4+ 2A lnﬁ) (gradlna, 0)
+ma?B* |gradn 8|? (gradln o, 0) .

Finally, we conclude that the map ¢ : (M™ x N*",G=g®h) — (M™ x N"
(a’/B)

)

G(a,p)) defined by ¢ (z,y) = (z,y) is biharmonic if and only if
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2
n(gradAlna) + 2n (gmd (|grad In a|2)) - %oﬁgrad <|g7"ad In a|2)
—2n%a? |gradIn o’ gradIn o + m?B* |gradin 8 gradln o

+4n (|grad In a|2) gradlna + 2n (Alna) gradlna

— mf3? ((Qn +4) |gradIn B> + 2AIn [3) gradlna + 2n (Ricci (gradlna)) =0

and

2
m (gradAln ) 4+ 2m (grad (\gradln 5|2)) — %ﬂ%qrad <|gradln5\2>
—2m?B? |gradIn B|° gradIn B + n*a* |gradn a|” gradln 8

+4m <|gradlnﬁ|2) gradln 8+ 2m (Alng) gradln 8

—na? ((Zm +4)|gradlnal® + 2A1n a) gradln B + 2m (Ricci (gradIln5)) = 0. O

As a consequence of Theorem 2.19, we can summarize the results as follows.

Corollary 2.20. The map ¢ : (M™ x N",G=g®dh) — (M™ XN",GQ)

defined by ¢ (x,y) = (x,y) is biharmonic if and only if the positive function
a € C™ (M) satisfies the following equation

gradAlna + (2 — ga2) grad (|gradlna|2> +2(Alna)gradlna

+ (4 - 2na?) (\gradlnoc|2) gradlna + 2Ricci (gradlna) = 0.

Corollary 2.21. The map ¢ : (M™ x N*" G=g®dh) — (meN”,Gﬁ)
B

defined by ¢ (x,y) = (x,y) is biharmonic if and only if the positive function
B € C* (N) satisfies the following equation

(gradAlnB) + (2 - %52) (grad (|grad1n 5|2)> +2(Alng)gradlnp
+ (4- 2m62) |gradln B|? gradIn B + 2Ricci (gradln 3) = 0.
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