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ABSTRACT. In this paper, we introduce the notions of (dual) residuated
frames for a fuzzy logic as an extension of residuated frames for classical
relational semantics. We investigate the relations between residuated con-
nections and residuated frames on Alexandrov topologies based on [0, oo].
Moreover, we study their properties and give their examples.
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1. Introduction

Blyth and Janovitz [2] introduced the residuated connection as a pair of maps
on partially ordered sets. Many researchers [4,5,10,11] studied residuated frames
for relational semantics for a logic. Orlowska and Rewitzky [10,11] investigated
various residuated connections from the viewpoint of (dual) residuated frames
from many valued logics.

Pawlak [12,13] introduced the rough set theory as a formal tool to deal with
imprecision and uncertainty in the data analysis. Ward et al. [10] introduced
a complete residuated lattice L as an important algebraic structure for many
valued logics [1,6-9,14,15].

For an extension of Pawlak’s rough sets, many researchers developed L-
lower and L-upper approximation operators in complete residuated lattices [6-
9,14,15,18].

Discrete and stone dualities are dualities between algebras and logical rela-
tional systems such as Boolean algebras and classical propositional logic; MV-
algebra and Lukasiewicz logic; BL-algebra and basic fuzzy logics [3-5,17-19].
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In this paper, as a duality between algebras and logical relational systems,
we introduce the notion of (dual) residuated connections and (dual) residuated
frames in fuzzy logics. We investigate the relations between residuated connec-
tions and residuated frames on Alexandrov topologies based on [0, co]. Moreover,
we study their properties and give their examples.

2. Preliminaries

Let ([0,00], <,V,+, A, 7, 00,0) be a nonnegative extended real number de-
fined as

v/ y=N\z€el0,00] [ z+z>y}=(y—=) V0,
00 +a=a+o00=00,Va € [0,00],00 /oo =0.

Definition 2.1. Let X be a set. A function dx : X x X — [0,00] is called a
non-symmetric pseudo-metric if it satisfies the following conditions:

(M1) dx(z,z) =0 for all x € X,

(MQ) dX(‘T7 y) + dX(ya Z) > dX(l’, Z)a for all T,Y,2 € X.

(M3) If dx(z,y) =dx(z,y) =0, x = y.

The pair (X, dx) is called a non-symmetric pseudo-metric space.

Remark 2.1. (1) We define a function djo,00)X [0, 00]% x [0,00]% — [0, 00]
as dp,c0x (A, B) = V,ex(A(z) = B(2)) = V,ex((B(z) — A(z)) V 0). Then
([0, 00] X, d[0,00)% ) i @ non-symmetric pseudo-metric space.

(2) If (X, dx) is a non-symmetric pseudo-metric space and we define a function
d)_(l(o:, y) = dx(y,x), then (X, d)_(l) is a non-symmetric pseudo-metric space.

(3) Let (X,dx) be a non-symmetric pseudo-metric space and define (dx ®
dx)(z,z) = /\yeX(dX(ac,y) + dx(y,2)) for each z,z € X. By (M2), (dx &
dx)(z,z) > dx(x,z) and (dx ®dx)(z, 2z) < dx(x,z)+dx(x,z) = d(z, z). Hence
(dX D dx) =dx.

(4) If dx is a non-symmetric pseudo-metric and dx(x,y) = dx (y,x) for each
x,y € X, then dx is a pseudo-metric

(5) For z,y,z € [0,0], c+y>ziffx >y Nz

Lemma 2.2. For each z,y, z, z;,y; € [0, 00], we have the following properties.
My<z,z fy<z zandz Nz <y T ax.

)
Jr+(z Sy) 2y, (¢ y) Sy<yand (z Sy)+(y “2) >z /2
) (@+y) Sr=a Sy 2=y S (T ) 2).

Jx y>(w+z) Ay+z)anda Sy >(y Sz) (T 7 2).

Jx Sfx=0and 0 o=z

) Vaepoo)(@ S a) Sy Sa)) =y /x for each z,y € [0, 00],

Proof. (1)Sincey <z<z+(zx Mz),z y<xz Mz Sincex <y+(y 1z) <
z+(y x),z ey .

2) By (1), z /* (Vierwi) 2 Vier(® /' 9i). Since z + Viep(z 7 wi)
Viel“(x +(x ) = \/,-er Yi, v (Vier yi) < Vier(x A Yi)-

v
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By (1)a (/\iEF xi) /! Yy > \/ier(xi a y) Since (/\ieF mi) + \/ier(mi a y) >
/\ier(xi +(z: S y) >y, (/\ier r;) Sy < \/ier(zi S Y).

(3) Since z Sy >z Sy, x+ (x Ny) >y Moreover, z > (z S y) Ny
Since z + (z S y)+(y "z) =2y+(y 72) = ,(fc/‘y) (y  z)=zz /=
(4) Since z +y +((x+y) S 2) 2 zif e+ ((z+y) 7 2) 2y 7 2

(z+y) S22z S (y S 2).

Since & +y+ (2 7 (y S 2) 2y +(y S 2) 220 Ay )2 (@hy) S e

Similarly, (x+y)/‘z—y/‘(xfz

(5) Since (x +2)+ (z SN y) >y+z 2 Sy > (x+2) 7/ (y+ z). Since
e+ (@ Y+ 2) =222 y=(y /‘2)/‘(56/2)

6)Forze X,z Sfoe=Nze0,0]|z+z>2z}=0and0 "z=A{z¢€
[0,0] |0+ 2> a} =a.

(1) 1= Voo (@ 7 0) /(5 7 0)) = Voo (0 /@) — (& 7 ) VO =
Vaep,oo)((@=y)VO—(a=2)VO)VO. fa >z >y, then =z —y. lfz > a > y,
then I = a —y < x —y. Other cases, I =0. Hence I = (x —y) VO =y T x.

O

3. Fuzzy join and meet preserving maps on Alexandrov
L-pretopologies

Definition 3.1. Let (X, dx) and (Y, dy ) be non-symmetric pseudo-metric spaces
and f: X - Y and ¢g: Y — X maps.
(1) (dx, f,g,dy) is called a residuated connection if for all x € X,y € Y,

dy (f(x),y) = dx (z, 9(y))-
(2) (dx, f,g,dy) is called a dual residuated connection if for all x € X,y € Y,

dy (y, f(x)) = dx(9(y), ©).
We redefine the following definition as a sense in [6-8].

Definition 3.2. A subset 7x C [0,00]% is called an Alezandrov topology on X
iff it satisfies the following conditions:

(AT1) ax € T7x where ax(z) = « for each z € X and « € [0, x0].

(ATQ) If A; € 7x for all ¢ € I, then \/iel A;, /\iEIAi €Tx.

(AT3) If A € 7x and « € [0,00], then o + A, — A € 7x where (o —
A)(z) = (A(x) — a) V0.

The pair (X, 7x) is called an Alezandrov topological space.
For Ry € [0,00]X*Y Ry € [0,00]Y*%, We define

Ry @ Rg(l‘,z) = /\(Rl('r7y) + R2(y72))7 R_l(yax) = R(xvy)

Lemma 3.3. Let (X,dx) and (Y,dy) be non-symmetric pseudo-metric spaces.
For R € [0,00]X*Y, we have the following properties:
(1) (dx ®@R)"' =R '@dy" and (R dx) ' =dy' @R
2)dx®R®dy >R iffdx®R>R and R®dy > R .
B)dy'@Redy' > Riffdy' ®R>R and R®dy' > R .
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Proof. (1) It is easily proved.

(2) It follows (dx & R & dy)(z,y) = N\, ey ((dx & R)(z,y1) + dy (y1,9)) <
(dx @ R)(x,y) + dy(y,y) = (dx ® R)(x,y). Similarly, R @ dy > R. Conversely,
it easily proved.

(3) is similarly proved as (2). O

Definition 3.4. Let (X, dx) and (Y, dy ) be non-symmetric pseudo-metric spaces.
For R € [0,00]X*Y, S € [0,00]Y*X | a structure (dx, R, S, dy) is called:

(1) a residuated frame if S = R™! and dx ® R® dy > R.

(2) a dual residuated frame if S = R~! and d;{l RSP d;l > R.

Lemma 3.5. Let (X,dx) and (Y,dy) be non-symmetric pseudo-metric spaces
and f: X =Y and g: Y — X maps. Then the followings hold.

(1) If (dx, f,g,dy) is a residuated connection and define maps R: X xY —
[0,00] and S:Y x X — [0,00] as

R(x’y) = dx(x,g(y)) = dy(f(ﬂ?),y), S(y,x) = R(x,y)

Then (dx, R, S,dy) is a residuated frame.
(2) If (dx, f,9,dy) is a dual residuated connection and define maps R : X x
Y = [0,00] and S:Y x X — [0,00] as

R(z,y) = dx(9(y),z) = dy (y, f(2)), S(y,z) = R(x,y).
Then (dx, R, S,dy) is a dual residuated frame.

(3) If dx(9(y1),9(y2)) < dy(y1,y2) for each y1,y2 € Y and Ri(x,y) =
dx (2, 9(y)) (resp. Ra(z,y) = dx(g(y),z)), then dx & Ry @ dy > Ry (resp.
dy' @ Roddy' > Ry).

(4) If dy (f(z1), f(z2)) < dx(x1,22) for each ml,xg € X and Ry(z,y) =
dy (y, f(x)) (resp. Ra(z,y) = dy(f(z),y)), then dy' © Ry @ dy* > Ry (resp.
dx @ Ry ®dy > Rs).

Proof. (1) For each z,21 € X,y,1;1 €Y,

dx (z,21) + R(z1,31) + dy (y1,y)
=dx(z,21) +dx(z1,9(y1)) + dy (y1,v)
ZdX(‘T’ ( ))+dX(y1’y)
=dy(f(x),y1) +dy(y1,v)
> dy(f(2),y) = R(z,y)
Hence dx ® R® dy > R.

(3) For each z,21 € X,y,y1 €Y,

dx(z,21) + Ri(z1,91) + dy (y1,9)

=dx(z,z1) +dx(z1,9(1)) + dy (y1,v)

> dx (v, 21) +dx(z1,9(y1)) +dx(9(y1), 9(y))
> dx(z,z1) +dx(v1,9(y))

> dx(z,9(y)) = R(z,y)

Hence dx @ R1 @ dy > R;.

T
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Other case, (2) and (4) are similarly proved.
O

Theorem 3.6. Let (X,dx) and (Y,dy) be non-symmetric pseudo-metric spaces
and R € [0,00]X*Y . Define

Tay = {A € [0,00]% | A(z) + dx (z,2) > A(2)},

Tay = {B € (0,00 | B(y) + dy (y,w) > B(w)}.

Then the followings hold.

(1) 74y and 74, are Alexandrov topologies on X

(2)If (dx)x = dx(z,—) € [0,00]* and ((dx),* 7 a)(2) = (dx); " (2) /o =
dx(z,2) /o, then (dx)s € Tay and (dx);* S a € de

(3) Ifdx ® R > R for R € [0,00]**Y and put R, *(x) = R(z,y) for each
z € X, then (R;' 7 a) € 1ay and R;' € Tyt Moreover, \/ ey (R(—,y) /

B(y)) € 1ax and \ ey (B(y) + R(—,y)) € 7421

(4) If dy* ® R > R for R € [0,00]X*Y, then R, e tay and o SR € Ty
Moreover, \,cy (R(=y) + B(y)) € Tax and V oy (B(y) /* R(=,y)) € Tax -

(5) If Rody > R for R € [0,00]X*Y and put R.(2) = R(x, z), then Ry € Ty
and o /' Ry € Tqy. Moreover, \ ¢ (R(z, =)+ A(z)) € 14, and \/ o x(A(z)
R(!E, —)) € Tdy -

(6) If R dy' > R for R € [0,00]X*Y | then (R, /' @) € T4, and R, € Tyt
Moreover, \/ o x(R(x,—) / A(x)) € Tay, and N\, cx(R(z,—) + A(z)) € Tyt

(7) Define dr, = Tax X Tay — [0,00] as dry (A, B) = V,ex(A(z) / B(x).
Then (Tay,dr, ) is a non-symmetric pseudo-metric space.

Proof. (1) Since ax(z) + dx(x,y) > ax(y), we have ax € 74, .
If A; € 74, for all i € I, then

(Nier 4i) +dx(z,y) = Nier(Ai + dx (z,y)) >
(Vier Ai) +dx(z,y) = Ve (Ai + dx (2,y)) >

then /\iel Ai’\/iel A; € Tay-

If Aery, and a € L, then a+ (o & A(x)) + dx(x,y) > Alx) + dx (z,y) >
A(y) implies (o N A(z)) + dx(z,y) > (o /7 A(y)). So, o N A € 14, . Easily,
a+ A € 14, . Hence 74, is an Alexandrov topology on X.

Similarly, 74, is an Alexandrov topology on Y.

(2) Since (dx).(y) +dx(y,2) > (dx)z(2), (dx)s € Tay- Moreover, (dx);1
a) € 74, from

(dx(z,2) /N a)+dx(z,w) +dx(w,z) > (@« —dx(z,2)) VO +dx(z,2) > a,
(=)dx 1(Z,$ Oz)-l-dx(zl)u Zd_(oz dx(w,z)) V0

) )
(=)dz 1 (2) S a) +dx(zw) > dt(w) S o
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(3) Since dx (x,y)+R(y, 2) > (dx S R)(x,2) > R(x, 2) iff d* (y,z)+R; (y) >
Yz), R;' € Ty We have (R, ' ' a) € 74, from:

(R, M (x) /' @) +dx (z,2) + R(z,y) > (R ' () /*a) + R(z,y) >
(=) (R (x) /o) +dx(x,2) > (R, (2 ) S a).

Moreover, by (1),V,ey (B(=,y) /* B(y)) € Tax and A,y (B(y) + R(=,y)) €

R

z

Td}—(l.
(4) Since dy'(z,y) + R(y,2) > R(z,2), R;' € 74,. By (1), & /' R € 74
Moreover, /\er( (=, y)+ B(y)) € Tax and\/ yey (B(y) /' R(—,y)) € Tay.

()SIHCGR( )+dY(y7)ZR( )R 67_dy BY()7a/lRI€TdY3
/\mEX(R( ) A({E ) € Tdy an

d V,ex(Alx) 7 Rz, —)) € Tay -
(6) Since R(z,w) + dy' (w,y) > R
)+

( Y), Ry € Tazt- (Ry M «) € 14, from

(Ra(y) /@) +dy (y, w) + Rz, w) = (Ra(y) /@) + R(z,y) > o
(=) (Roly) /@) +dy (3, w) > R(z,w) /o,
Moreover, \/_ . (x,—) /" Ax)) € 14, and A\, oy (R(z,—) + A(2)) € Tyot-

x(R

(7) M1) dr, (A, A) =V, ex(A(z) = A(x)) = 0 for all A € 74y,

(M2) Since. dm (A B)+dr, (B,C) =V, ex(A(x) = B(@))+V, ex (B(x) =
C(z)) ZVmGX((B(x)_A( 2))VO)+(C(z)—B(z))V0 >V, x ((C(z)—A(z))V0) =
dry (A,C), for all A,B,C € 7x,

(M3) 1f dy, (A, B) = d,, _(B,A) =0, A= B.

O

If (X,dyx) is a non-symmetric pseudo-metric space, then dx & dx = dx and
d;(1 ®dyt = d}l. From Theorem 3.6, the following corollary hold.

Corollary 3.7. If (X,dx) is a non-symmetric pseudo-metric space, then
(dx)z: ((dx)2" /7 @), Apex (dx (z, =) + A(2)), Ve x (A(z) S dx (2, ),
Vyex(dx(=,y) / B(y)) € Tay-

Theorem 3.8. Let (X,dx) and (Y, dy) be non-symmetric pseudo-metric spaces.
Let 14, and 14, be Alexzandrov topologies. Then the followings hold.

(1) (dx, f,g,dy) is a residuated connection, that is, dy (f(z),y) = dx(z, 9(y))
forallz,y € X iff there exist relations R : T4, X7q, — [0,00] and S : 74, XTq,, —
[0, 0] as

R(A,B) = \/ (A(x) / B(f(x))),
reX
S(B,4)=\/ (A(g(y)) /* B(y))
yey
with maps f + X = Y, g :' Y — X and dx(z1,22) > dy(f(x1), f(x2)),
dy (y1,y2) > dx(9(v1),9(y2)), for each x1,22 € X, y1,y2 € Y such that
(dr; ,R,S,d;, ) is a residuated frame.
X Y

(2) In (1),

R(A,B) = dr, (A, [T (B)) = dr,, (F(A), B) = dr, (A, G(B))
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where F(A)(y) = N.ex(dy (f(2),y) + A(2)) and G(B) =\ oy (dy (f(2),y)
B(y)))-

S(B,A) = dr, (97 (A), B) = dy, (Fi(A), B) = dr, (A, G1(B))

where Fy (A)(w) = A, cx (dy (2, 9(w))+A(2)) and G1(B)(2) = V ey (dy (2, g(w))
/' B(w)).

Proof. (1) (=) For z € X and y € Y, dx(z,9(f(z))) = dy(f(x), f(z))
0 and dy(f(9(y)),y) = dx(9(y),9(y)) = 0. Moreover, dy(f(z1),f(z2))
dx(x1,9(f(x2)) < dx(x1,22) + dx (z2, 9(f(x2)) = dx(x1,x2) for each z1,25 €
X and dx(9(v1),9(y2)) = dv(f(9(y1),y2) < dx(f(g(y1),y1) + dy(y1,92) =
dy (y1,y2) for each y1,y2 € Y.

By

For A € 74, and B € Tay, since B(f(g9(y))) + dy (f(g(v)),y)

> )
dy (f(9(y)),y) =0, A(z) +dx (z, 9(f(x))) = A(g(f(x))) and dx (x, g(f(x))) =0,

we have R(A, B) = S(B, A) from:
R(A,B) = V,ex(A(x) / B(f(2)))
> Vyey (Alg(v)) /7 B(f(9(y)) + dy (f(9(y)), y))
> V,ey (Alg(y)) 7 Bly)) = S(B, A),
S(B,A) = V,ey(Algly) / Bly))
> Vaex(A(g(f(2))) /7 B(f(x)))

> Vyex (Alz) +dx(z,9(f(2))) / B(f(2))) = R(A, B).
For each A, Ay € 74y, B, By € 74, , we have d,, ® R®d;,, > R from:
dry (A, A1) + R(A1, B1) + dr, (B1, B)
= dry (A A1)+ Voex (Ai(@) 7 Bi(f(2))) + Vaex (Bi(f(2)) 7 B(f(x)))
> Veex(Alx) /7 B(f(2))) = R(A, B).

(<) For (dx). € Tay and ((dy), ' 7 a) € 74, from Theorem 3.6(2),

R((dx)a, ((dy),* /‘a)) V.ex((dx)a(2) A ((dy), 7 @)(f(2)))

> (dx)o(x) / ((dy),t /) (f(@) = dy(f(2),y) S
Since dx (z, z)+dy (f(2), )>dy(f( ) f(2))+dy (f(2),y) > dy (f ()
A dy (f(2),y) /@) < dy(f(z),y) /7 . Hence R((dx)a, ((dy),
dy (f(x),y) /.

S(((dY);l / Ck), (dX)m)

. )
) ) a)(y) =dx(z,9(y)) /"«
Since dx (z, (Z)) + dy(z,y) < dx(z,9(2)) + dx(9(2), 9(y)) > dx(z,9(y)),
dx(x,9(2)) 7 (dy(z,y) 7 a) < dx(z,9(y)) /7 a Hence S(((dy),'
a),(dx)z) = dx(z,9(y)) / a. Thus dy(f(z),y) /o = dx(z,9(y)) / «
for all z,y € X from:
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Put o = dx (z,9(y)). Since dy (f(z),y) /" dx(z,9(y)) = dx (2, 9(y)) /~
dx(z,g(y)) = 0, dy(f(z),y) > dx(z,g(y)). Put a = dy(f(z),y). Similarly,
dy (f(x),y) < dx(x,9(y)). Hence dy (f(z),y) = dx(z,9(y)).

(2) For A € 74, and B € 714, since A = A\, (A(2) + dx(z,—)) and B =

Vacpo.oo Vyey (B(y) S a) /(dy(—y) /@) =V, ey (dy(—y) / B(y)),

R(A, B) vex (A(x) 7 B(f(x)))

-V
~ Viex(Aecx (A) +dx(2:2) 7 Vyoy W (1)) 2 B))
=V, yeex ((Bly) = dy (F(2),1) VO = (A(2) + dx(2,2))) v
VB - A - Aol 19) (o) v
= Vyoex (Bly) = A(2) = Asex(dx(@,9(0)) +dx (.2)) v
= Vyoex (Bly) = A(2)) — dx (2, 9(4))) V 0
= Vyex (B() = Aucx (A(2) +dx (2,9())) V 0 = dr,, (F(4), B)
= Voex(V,ex(B) = dx (2, g(y)) = A(z)) V0
~Voex(A() 7V ey (dy (F(2)9) 7 BO)) = dry (4,G(B).
S(BA) = V,er (Alsw) / B)
= Voer (g4 £ dx(esg0) 7 Vi () 7 BG)
= V) ey (B(w) = dy (3,0)) V0 = (A(2) + dx (2. 9(3)))) V 0
= Voo (B(w) = A(2) = Ay (dy (3, 0) + dx (2, 9(1)) V 0)
= Voo (B(w) = A(2) = Ayey (dy () + dy (/(2).4)) v 0)
= Vyowey ((Bw) = A(z) = dy (£(2),w) v 0)
= Viex (B(w) = \ucx (A(2) + dy (F(2),0) V0 = dy,, (Fi(4), B)
~Veex (Vyex (B(w) — dx (2 g(w)) — A()) V0
=d, (A, G1(B)).

Theorem 3.9. Let (X,dx) and (Y, dy) be non-symmetric pseudo-metric spaces.
Then the followings hold.
(1) IfR: X xY — [0,00] withdx @ R> R and R® dy > R such that

F(A)(y) = N (A@@) + R(z,y)), G(B)(@)=\/ (R(z,y) / B(y)),

rzeX yey
then (cleX,F7 G, drdy) 18 a residuated connection.

2) IfR: X xY — [0,00] withdy'! ® R> R, R®dy" > R such that
( X Y

FA) () =\ (R(z,y) 7 Alz), G(B)(2)= N (R(z,y)+ B(y)),

reX yey

then (dr, . F,G,dy, ) is a dual residuated connection.
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Proof. (1) Since R © dy > R, by Theorem 3.6(5), F(A) = A,y (R(z,—) +
A(x)) € 74,. Since dx @ R > R, by Theorem 3.6(3), G(B) =V c x(R(—,y)
B(y)) € T4y . Moreover,
dray (F(A),B) = Ve (F(A)(y) /7 B(y)

~Vyer (Avex(Rw,y) + Al@) / B(y))

=V,er ((B) = Avex (R(@,y) + A(@))) v 0)

~Vyer Vaex ((By) = Ra,y) = A@))) vV 0)

(((B(y) ~ Rlz,) v 0) — A()) V0)

(2) Since R@®dy' > R, by Theorem 3.6(6), F(A) =V, x(
Tay - Since dy' @ R > R, by Theorem 3.6(4), G(B) =
TdX.
d'rdy (Ba F(A = \/er y) geX ay /‘ A( )))
Vyer Vaex (((A )V 0) = B(z)) VO
yEY v:vGX A \/yGY R 37 y) + B( ))) VO
_VaseX ( ) J}))— TdX (B)’A)

~—N—

O

Example 3.10. Let (X = {a,b,c},d;) be non-symmetric pseudo-metric spaces
and R; € [0,00]% i = 1,2 as follows:

5

3

06 5 0
=6 07| d=|4
5 7 0 3

2 7 4 3

Ry = 2 | Ro=|(6 8 5
5 3 5 8

R );

(1) Since Ry @ dy = Ry = d 1, by Theorem 3.9(1), (d,, ,F, G, del) is
residuated connection where F(A)(y) = A,cx(A(z) + Ra(z, )) G(B)(x)
Vyey (Ba(z,y) 7 B(y)).

Since R1®d;* = Ry = d; *®Ry, by Theorem 3.9(2), (dry,» F, G, dy, ) is adual
residuated connection where F(A)(y) = V,cx(Ri(z,y) 7 A(x)), G(B)(z) =
Nyey (Ba(z,y) + B(y)).

N = W
wWw O =
@
ot O
(@)

a

—~
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(2) Since
6 4
Ry®dy=dy' ®Ry=| 6 8
35

By Theorem 3.9(1), let F(A4)(y) =
(Ra(z,y) / B(y))- Since
6 = F(da(a,—))(c) + da(c,a) = Ra(a,c) + da(c,a)
Z Ry(a,a) = F(dz(a, —))(a) =7,
F(ds(a,—)) ¢ dr,,. Hence (d.,,, F,G,dy,,) is not a residuated connection.
By Theorem 3.9(2), let F1(A)(y) = N ex(Ra2(z,y) 7 A(z)), Gi1(B)(x) =
Vyey (R2(z,y) + B(y)).

6 = G(dz(a, —))(c) + da(c,a) = dy *(a,c) + Ra(c,a)
Z Ro(a,a) = G(dz(a, —))(a) = 7.
Hence (d-,,, F,G,d;,,) is not a dual residuated connection.

(3) Let (X = {a,b,c},d2) be a non-symmetric pseudo-metric space and
f+ X — X a function as f(a) = f(b) = b, f(c) = ¢. Then da(z,y)
do(f(x), () for all 2,y € X. Put Ry(z,y) = daly, f(x)) and Ra(z,y)
da(f(x),y). By Lemma 3.5(4), dy' @ Ry @ d; " > Ry and do @ Ry ® d2 > Ra.
Let Fy, Gy : T4, — Ta, be functions with F»(A)(y) = A(A(x) + da(f(z),y)) and
GQ(B)(x) = \/yeX(dQ(f(x)hy) v B(y)) By Theorem 3-9(1)7 (de2’F27 Gdesz)
is a residuated connection.

Let Fy,G1 : Ta, — Ta, be a function with Fi(A4)(y) = V ex(d2(y, f(z))
A(z)) and G1(B)(z) = A(da(y, f(z)) + B(y)). By Theorem 3.9(2),

(dry,> F1,G1,dr,,) is a dual residuated connection.

v
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