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1. Introduction

Banach contraction principle (BCP) is the tremendous, most versatile

and fundamental result in fixed point theory. Many authors gave different con-
tractions based on the BCP in the literature. Parvaneh et al. [15] initiated the
modified JS-contractions and weakly JS-contractions. In this paper, we consider
the related contractions in the setting of G-metric spaces (see, [1-8,14,16-21]).

Definition 1.1 ( [14]). Let Y be a non-empty set and G : Y xY xY — R* be
a function so that:

(1)
(2)
(3)
(4)

()

G(a,b,c)=0ifa=b=c¢

G(a,a,b) > 0 for all a,b € Y, with a # b;

G(a,a,b) < G(a,b,c), for all a,b,c € Y with b # ¢;

G(a,b,c) = G(b,c,a) = G(c,a,b) = --- (symmetry in all three vari-
ables);

G(a,b,c) < G(a,z,z) + G(x,b,¢), for all a,b,c,xz € Y (rectangular in-

equality).
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Then G is called a generalized metric (or a G-metric) on Y and the pair (Y, G)
is a G-metric space.

Example 1.2 ( [14]). Let Y be a non-empty subset of R, then the function
G:Y xY xY — [0,00) given by G(a,b,¢) = |a —b| + |b—¢| + |c — a] for all
a,b,c €Y, is a G-metricon Y.

Now, let {y,} be a sequence in G-metric space (Y, G).

Definition 1.3 ( [14]). An element y € Y is said to be limit of a sequence {y,},
if limy, ;m—o00 G(Y, Yn, Ym) = 0. Here, {y,,} is G-convergent to y. That is, for any
e > 0, there is a positive integer N so that G(y, yn, ym) < €, for all n,m > N.

Definition 1.4 ( [14]). {y,} is said to be G-Cauchy, if for each £ > 0, there is
an integer N such that G(y,, Ym,y) < € for all n,m,l > N.

Definition 1.5. (Y, G) is said to be G-complete, if every G-Cauchy sequence in
(Y, G) is G-convergent in (Y, G).

Following [13], let 9 : [0,00) — [1,00) be a function satisfying the following
conditions:

(¥1) ¥ is nondecreasing and ¥(k) = 1 if and only if k = 0;

(¥2) for each {kx} C (0,00),limp 00 H(kp) = 1 if and only if limp, o0 kp, = 0;

(93) there exist n € (0,1) and 2 € (0, 00] so that limy_,o+ 19(12271 =Q;

(¥4) ¥ is continuous.

For examples of such functions, one may consult the work in [9-12]. Denote by
A the class of functions ¢ satisfying the conditions (1)-(93).

Theorem 1.6 ( [13]). Let 8 be a self-mapping on a complete metric space (Y, d).
Suppose there exist ¢ € A and r € (0,1) so that for 1,0 € Y, d(B1,B0) # 0
implies ¥(d(BT, Bo)) < [9(d(1,0))]". Then ¥ has a unique fixed point.

Our goal is to make the conditions on the control function ¥ to be more
restricted. Let P be the family of functions ¥ : [0,00) — [1,00) satisfying the
conditions (1), (¥J2) and (J4).

Example 1.7. Some examples of functions in the set P are g(s) = cosh(s),

_ s _ Ve __ 2cosh(s) _ gese” 9 VseVs
g(s) = e, g(s) = V>, g(s) = Ttcosh(s)’ 9(s) = 7oy 9(s) = Heeﬁ,

g(s) = 14+In(1 +s), g(s) = eV, g(s) = %ﬁ;‘;) for all s > 0.

2. Main results

Definition 2.1. Let 8 be a self-mapping on a complete G-metric space (Y, G).
Then S is said to be a G-P-contraction, whenever there are ¥ € P and hy, ho,
hg, hy > 0 with Ay + ho + hs + hy < 1 such that

NGB, Ba, Bp)) < [9(G (1, 0, )" [D(G (e, B, Bu)))"=[9(G (0, Bo, Bo))]"

[ﬁ(G(L,ﬂa,ﬁa);G(U,ﬁbvﬁb)”m’ (1)
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for all t,0,p €Y.

Theorem 2.2. FEvery G-P-contraction mapping on a complete G-metric space
possesses a unique fized point.

Proof. For 1y € Y, define {t,} by ¢, = Btn—1, n > 1. If there is ¢y = 41 for
some NN, nothing to prove. Suppose that ty # tnyy1 for each n > 0. We claim
that lm G(in, tnt1,tnt1) = 0. From (1), we have

n—oo

ﬂ(G(Lna In+1, Ln+1)) = ﬁ(G(ﬂLn—la Bin, BLn))

< (G (tn—1s tn, )" [I(G (tn—1, Ben—1, Bn— 1)) [9(G (1, Bun, Bn))]™

[ﬁ(G(Lnfla BLTH 5Ln) +2G(Ln7 ﬂbnfla ﬁLnfl) )VM

< (G (tn1s ts t))™ [I(G (-1, by )] "2 [I(G iy 1, t41))]™

[ﬁ(G(Lnfla ln+1, LnJr21) + G(Lru ln, Ln) )]h4

< (Gt )29t i, ) E e ey
< [ﬂ(G(Ln—la ln, Ln))]hl+h2 w(G(Lm ln+1, Ln+1))]h3
[9(max{G(tn—1, tn, tn); Gltn, tny1, tnr1) })]™. (2)

If for some N, we have G(¢n—1,tn,tn) < G(en,tN+1,tN+1), then in view of
(¥1), we get that

HG(n=1,tN,n)) < HG(nN, iN415EN+1))- (3)
Using (2), we have

HG(n s tn+1, tn+1)) < [O(G(env—1,ev, en)] T2 [0(G e, g, )]

(4)
Therefore,

h1+ho

I(GN, tNt1,iN+1) S [I(Gln-1,tn,en))] TR < [H(G(en—1,tn,n))],
which is a contradiction with respect to (3). Consequently, for all n > 1,

maX{G(Ln—lv ln, Ln)v G(Lna ln+1, Ln+1)} = G(Ln—la ln, Ln),

which yields that
hthothy

1 <G (tnstngis tng1)) < [9(G(eo, Ll,Ll))}[W]n,

Taking limit as n — oo, we have limy, o0 9(G(tn, tnt1,tnt1)) = 1. From (¥2),
we get

lim G(tn,tnt1stnt1) = 0. (5)

n—oo
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To prove that {¢,} is a G-Cauchy sequence, suppose the contrary, that is, there
is € > 0 for which there are m; and n; so that n; > m; > 1,

Gtmyyngstn;) 2 €, (6)
and
Glmysbng—15tn;—1) < €. (7)
From the rectangular inequality, we have
G(lmi—1stni—1stni—1) < Gltm;—1, tmys by ) + G(bmys tny—1, bng—1)-

In view of (5) and (7), we get

hmsqu(”m;,—l;Lni—17Ln¢—1) S €. (8)
1—00
Similarly,
Hm sup G(tm;—1,tn;s tn;) < €. (9)
i—00

On the other hand, since G(Btm,—1, Btn,~1,Btn,—1) > 0, so one writes
WGty tngs tn;) = WG (Blm,—1, Bin;—1, Bin;—1))
< (G (mi—1s tni—1s b)) (G (i1, B, 1, Bem,—1))]"™
[9(G(eni—1, Bini—1, Bin,—1))]"

[ﬁ(G([/mif]JB[/nifihﬁ[/nifl) —;G(Lmifla /Bbmi717 /Bbmifl))]}u.

Using now (v4) and (5)-(8), we have
J(e) < [P(limsup G(Lm,—1, tn;—1, Ly, )] [ (lm sup G (e, — 1, b, L, )] ™2

1—00 i—00

[ (lim sup G (tn, 1, tn;, tn, )]

i—00

G m;—1y®n;s ¥n; G n;—Ly "My “mMy;
9 (timsup( Ll s ) ¥ Ol b )y
i—00 2
< (0(e)™ (9(e))™.
This implies that 1 < ¥(e) < (9(e))™ "4, which is a contradiction. Thus, {s,}
is a G-Cauchy sequence. The completeness of Y implies that there is ¢t € Y so
that ¢, — ¢ as n — 0o. On the other hand,

NG (tn, B, ) = HG(Bin-1, P, BL))
< [HG(tn—1,t, L))]hl [HG(tn-1,Btn-1, an,l))]h2 [H(G(e, Bt, BL))]E3
[ﬂ(G(Ln—I’/BLvﬁL) +§(LaﬁLn—17ﬁLn—l) g
< (G (en—1, 6, )" G (tn1, tns 1n))] 2 [I(G (2, Be, Br))]"™
[ﬁ(G(Ln_l,ﬁL,,BL; + Gty tn, tn) JJh
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Suppose that 8t # ¢, so G(t, Bt, Bt) > 0. Taking n — oo and using (¢1) and (5),
we have

D(G(1, B, Br)) < (G (e, 1, )] (G (1, 1, )] [I(G (1, B, Be))]™ [9(G (v, Be, Br))] "™
= [9(G (1, Bt, Bu))]"* " < [9(G(1, B, Br))],

which is a contradiction. Hence, ¢ is a fixed point of 3. Let ¢,o be two different
fixed points of 5. Then,

WG (1, 0,0)) = I(G(B, fo, fo))
G(t,0,0) + G(o,t,1)

< [W9(G(1,0,0))]" [9(G (1, 1,0))]"2[(G (0, 0, 0))]™ [9( 5 )"
= [9(G(t,0,0)" " < 9(G(1,0,0),
which is a contradiction. Therefore, the fixed point of 8 is unique. O

Remark 2.1. In Theorem 2.2, we can substitute the continuity of ¢ by the
continuity of 5.

By setting ¥(s) = eV® in Theorem 2.2, we have the following corollary.

Corollary 2.3. Let 8 be a self-mapping on a complete G-metric space (Y,G)
so that

VG(Be, Bo, Bp) <hiy/G(1,0,p) +ha/G (1, Bu, Bu) + his/G(o, o, Bo)
T he \/ Gle,fio, o) + Gley fu )
for all v,o,p € Y, where hy, ho, hg, by > 0 with hy + ho + A3 + hy < 1. Then B
has a unique fized point.

Setting ¥(s) = e V® in Theorem 2.2, we have the following corollary.

Corollary 2.4. Let 8 :' Y — Y be a mapping on a complete G-metric space
(Y, G) such that

VG(B, Bo, Bp) <h1 3/G(1,0,p) + ha 3/ G(r, i, Be) + hs }/ G0, o, fo)
Ay \/ Clesfioy o) + Glen )
for all v,o,p € Y, where hy, ha, hg,hy > 0 with hy + ho + hg + hy < 1. Then 8
has a unique fized point.

Corollary 2.5. Let §: Y — Y be a mapping on a complete G-metric space
(Y, Q) such that

[L+in(1 + G(Be, Bo, Bp))]
< [1+In(1+ G, 0,p)]" [1+In(1+ G(s, B, B)))"

G(t, Bo, Bo) + G(o, B, Bt)

[1 4 In(1 + G(a, Bo, Bo))]"*[1 + In(1 + 5

N,
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forall v,0,p €Y, where hy, ho, Bz, hy > 0 so that hy + hs + hs + hy < 1. Then 8
has a unique fixed point.

Example 2.6. Let Y = [0,00) and G(¢,0,p) = max{|t — o|,|o — pl|,|p — ¢|}.
Define 8 : Y — Y by 8(t) = £ where t € Y and 9(s) = eV® and h; = £

6
1=1,2,3,4 and t = 0 is a unique fixed point of 5.

3. Weakly JS-G-contractive conditions

Let ® be the set of functions 6 : [1,00) — [0, 00) so that:
(61) 6 is continuous;

(62) 0(1) =0;

(f3) For each {a,} C (1,00), li_>m 6(ay) =0iff lim a, =1.

n— oo

Remark 3.1. Note that 6(s) = s — {/s (n > 1) belongs to ®. Other examples
are 0(s) = e*~! — 1 and 0(s) = In(s).

Definition 3.1. Let (Y, G) be a G-metric space and 3 be a self-mapping on Y.
We say that g is a weakly JS-G-contraction if for all ¢,0,p € Y, we have

ﬂ(G(ﬁL,ﬂJ, ﬂp)) < ﬁ(G(bv g, P)) - 6(19(G(L,(T, p)))v (10)
where 6 € ® and ¥ € P.

Theorem 3.2. Let (Y, G) be a complete G-metric space and 3 be a self-mapping
on'Y such that

(1) B is a weakly JS-G-contraction;

(2) B is continuous.

Then B admits a unique fixed point.

Proof. For vy € Y, define {1, } by tn, = 8"10 = Bin—1. Without loss of generality,
assume that ¢, # 1,41 for each n > 0. Since f is a weakly JS-G-contraction, we
derive

NG (tns tnt1s tnt1)) =0(G(Bin—1, Bin, Btn))
<HG(tn-1,tnstn)) — O(G(tn1,tn,tn)))- (11)
Thus, {¢(G(tn,tnt1,tnt1))} is decreasing, and so there is 7 > 1 such that
nhﬁn;o VG (tny bnt1y bnt1)) =1

Now, we will prove that » = 1. Taking n — oo in (11), we have

r<r—~0(r), (12)
and hence
nlgréo O0(V(G(tn-1,tn,tn))) =0. (13)
That is,
lm HG(tn-1,tnstn)) =1, (14)

n—oo
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and so
lim G(tp—1,tn,tn) =0. (15)

n—oo
We now show that {¢,,} is a G-Cauchy sequence. We argue by contradiction.
Suppose there is € > 0 for which there are {i,,} and {¢,,} of {¢,} so that
n; > m; > 1 and
G(tmyytngstn;) =€ and  G(im;,bn;—1,tn;—1) < €. (16)
Using (16) and the rectangular inequality, we get
€ < Gtmyy gy tn;)

< Gbmyy bmy+1s bmit1) + Glm+15 oy tn; )

< Gtmys bmy 41y tmit1) + Glem; 415 tng+1s tng+1) + Gtn, 41, bny s bny )-
Taking ¢ — oo, and using (15), we get

€ < Hmsup G(bm;+1; bng+15 bni+1)- (17)
11— 00

Also,
Gtmyytngstng) < Gtmystn—1ytni—1) + Glin,—15tnys bn; )-
Then from (15) and (16), we have
lim sup G(tm;, tnys tn;) < €. (18)

i
17— 00

By (10), we deduce

ﬁ(G(LmiJrh ln;+15 Lm‘Jrl)) :ﬁ(G(ﬁLmﬁ /ani s 5[%1))
S ﬂ(G(L’mz ybngs LTM)) - 9(19(G(Lml, bn;, an)))
Now, taking ¢ — oo, using (91), (94), (17) and (18), we have
19(6) < ﬁ(llm sup G(LMi+17 lni+1, LnHrl))
1—00
< I(limsup G(tm,;, tn;s tn;)) — Uminf (I (G (tm,; , tnys tn;)))
i—»00 t—+oo

< 19(6) - hm inf e(ﬁ(G(Lmn bn;, Lni)))7
1— 00
which implies that
liminf 0(9(G(tm,;, tnss tn;))) = 0.

71— 00

Thus,

liminf G(tm, s tn;y tn,) = 0.
i—00

which contradicts with (16). Hence, {¢,} is a G-Cauchy sequence in the complete
G-metric space (Y, G). Therefore, there exists ¢ € Y such that

lim G(tp,t,t) =0.

n— oo
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Now, since f is continuous, t,4+1 = S, — St as n — oco. From the uniqueness of
limit, we obtain ¢+ = B¢. Thus, # admits a fixed point. Let ¢, 0 be two different
fixed points of 5. Then,

HG (1, 0,0)) = IG(Be, Bo, Bo))
< ﬁ(G(Lv g, 0)) - H(ﬁ(G(Lv a, O'))),
which implies that G(¢,0,0) = 0, and hence ¢ = o. O
Without the continuity assumption of /3, we have the following result.

Theorem 3.3. Let (Y, G) be a complete G-metric space and B be a self-mapping
on'Y. Suppose that

ﬂ(G(ﬁL7 BO‘, BP)) < ﬂ(G(L7 g, p)) - 9(19(G([’? g, p)))7 (19)
forall v,o0,p €Y, where 9 € P and 8 € ®. Then 3 admits a unique fized point.

Proof. For 1y €Y, let {t,} be defined by 5,41 = iy, for n > 0. Arguing similar
lines in Theorem 3.2, there exists ¢ € Y such that lim G(¢y,t,t) = 0. On the
n— 00

other hand,

G (e, Bu, Bt) < G(1, Bin, Bin) + G(Bin, BL, Br). (20)
From (19), we have
L <G (Ben, B, Br) < VG, 150)) = O((G(ens 1, 1)))- (21)

Hence, we get that
lim H(G(Bin, B, Br)) = 1.
n—roo
Thus, we have lim G(Bty, Bt, Bt) = 0 which by (20), implies that 8¢ = ¢. O
n— oo
Example 3.4. Let Y = [2,00) and consider G(p,q,7) = [p—q|+|qg—7r|+|r —p|
for all p,q,r € Y. Define 8:Y = Y,6:[1,00) = [0,00) and ¥ : [0,00) — [1,00)

by B(p) = In(10 + p),0(p) = In(p) and ¥(p) = eP. Note that for all z > 0,
et < e* — z. Now, for all p,q,r € Y, we have

9(G(Bp, Bq, Br)) = eCBPbabT)
= e(‘Bp—ﬂq‘+|6q_6rl+|ﬂT—Bp|)

_ o(In(104p) —In(10+9) | +|1n(10+9) ~In(10-7) | +|in(10-+7) ~In(10+p)))
_ e\ln(lO-&-p)—ln(lO-&-q)\e\ln(lO-&-q)—ln(lO-&-r)\e\ln(10+r)—ln(10+p)|

lp—ql lg=r| |r—p]

<e 10 ¢ 10 ¢ 10

lp—ql+lg—r|t|r—p|
= 10

< elpmatlamridlr=rl — (|p — g| + |g — [ + r = p])
< GWar) _ G(p,q,T)
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Thus, B is a weakly JS-G-contraction. All the hypotheses of Theorem 3.2 are

satisfied, and so [ possesses a unique fixed point, which is, p = % = 2.52.

4. Application to integral equations

Consider the following nonlinear integral equation

b
L@z¢@+/ﬁ@&$ﬁ& (22)

where a,b € R,. € Cla,b] (the set of continuous functions from [a,b] to R),
¢:[a,b] = R and 7 : [a,b] X [a,b] x R — R are given functions.

Theorem 4.1. Suppose that

(1) n:a,b] x [a,b] x R = R is continuous and there is 3 € P such that

I( sup ¢(t)) < sup ¥(g(t)) for arbitrary function g with
t€la,b] t€la,b]

b
0( [ [1ntt5,009) = (e 5.0(6D)] + It 5. 7(5)) = it 5,5)
+[n(t. 5, p(s) = n(t. 5,1(5)]) | ds)
b
< [ 0(1ntt.s,u(5)) = e s,0 (D] + It 5.0(5) = (e, 5. p(5)
+In(t. 5, p(s)) = n(t,5.0(5))| ) ds;
(2) there exist h; € (0,1) (i € {1,2,3,4}) such that
9 (Inft,5,0(5)) = n(t, 5, 0(5)] + (e, 5,0(5)) = (. 5,p(5))]
+ It 5,p()) = n(t 5, 1(5))])
[901t) = o(8)] + lo(8) = p(8)] + |ot) = (£ 1™

<

b—a
b b
www/mwwwa@ /Msodw

9000~ [ ntts.)as)1
for allv,o,p € Cla,b], and t,s € [a,b]. Then (22) has a unique solution.
Proof. Let Y = Cla, b]. Define G-metric G on Y by
G(v,0,p) = sup {[u(t) —o(t)| + |o(t) — p(t)] + [p(t) — ¢(D)[}-

t€la,b]

Note that (Y, G) is a complete G-metric space. Consider 8:Y — Y by

b
mw=¢@+/nwammw
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For t,0,p € Y and ¢ € [a, b], we have

D(Bt) — Bo(t) + 8o (t) — Bp(b)] + |Bp(t) — Ault)])
b b
=01 [ atts.elends — [ ntt.s, o)

b b
+1 [ atts.otends = [ atesps)ds
b b
1 [ attspods = [ ntt.s.il)ds)
b a a
< [ 0(1nttss.e(5) = nft s (6D + It .0(5) = (e p()|

+ [n(t, s, p(s)) — n(t, s, L(S))|)ds
b
< L [ 00ut) - o(0)] +10) - plt)] + Ip(t) — )1

“b—al,

9ut) ~ [ s, Das)P[0(lo0) = [t (s

b
9(t) ~ [ nft,s.e(s)ds|) )" ds

1 b
i [ DG I 96, B, B 9(Go: 5 o))

[9(G (o, Be, Bu))]" ds
= [0(G(¢, 0, P))]hl [I(G (¢, Be, BL))]h’z [%(G(o, Bo, ﬁg))]hs [9(G(a, Be, ﬁL))VM.

Thus 3 is a G-P-contraction. All the properties of Theorem 2.2 are satisfied
and so 8 has a unique fixed point, that is, (22) possesses a unique solution. O

<
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