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EFFECT OF FEAR ON A MODIFIED LESLI-GOWER
PREDATOR-PREY ECO-EPIDEMIOLOGICAL MODEL WITH
DISEASE IN PREDATOR

A K. PAL

ABSTRACT. The anti-predator factor due to fear of predator in eco- epi-
demiological models has a great importance and cannot be evaded. The
present paper consists of a modified Lesli-Gower predator-prey model with
contagious disease in the predator population only and also consider the
fear effect in the prey population. Boundedness and positivity have been
studied to ensure the eco-epidemiological model is well-behaved. The ex-
istence and stability conditions of all possible equilibria of the model have
been studied thoroughly. Considering the fear constant as bifurcating pa-
rameter, the conditions for the existence of limit cycle under which the
system admits a Hopf bifurcation are investigated. The detailed study for
direction of Hopf bifurcation have been derived with the use of both the
normal form and the central manifold theory. We observe that the increas-
ing fear constant, not only reduce the prey density, but also stabilize the
system from unstable to stable focus by excluding the existence of periodic
solutions.
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1. Introduction

Ecology and epidemiology are leading area of research in their individual per-
tinent but there are some typical aspects among these two systems. At present
many researchers are involved to review the ecological systems based on epi-
demiological components. To the best of our knowledge, after the pioneering
work of Anderson and May [1], most of the precedent reviews such as Hadeler
and Freedman [14], Venturino [37], Chattopadhyay and Arino [5], Han et. al.
[15], Hethcote et. al. [17], Xiao and Chen [44], Greenhalgh and Haque [11], Pal
and Samanta ([27], [28]), investigated the effect of the predation on epidemics.
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Most of these works have discussed the dynamics of predator-prey models with
disease in prey. But the study about the predator control, the dynamics of
predator-prey system with an infected predator has also ample influence. Some
studies considered the transmission of disease in predator population in Lotka-
Volterra type predator-prey models (Venturino [38], Haque et. al. [16]). Das [7]
considered a predator-prey model with disease in predator and also derived the
ecological as well as disease basic reproduction numbers and studied the com-
munity structure of model system by these numbers. Mondal et. al. [23] also
studied dynamical behaviors of a Lesli-Gower predator-prey eco-epidemiological
model with disease in predator.

Most of the predator-prey models are formulated on typical Lotka-Volterra
formalism, where the prey consumption rate of predators is the growth rate of
predators with a conversion factor. Lesli ([20], [21]) modified the Lotka-Volterra
predator-prey model into Lesli-Gower model. The Lesli-Gower predator-prey
model formulation is based on the assumption that reduction in a predator pop-
ulation is proportional to the reciprocal of per capita availability of its most
preferred food. Here, the environmental carrying capacity of the predators is
proportional to the biomass of prey, indicating the fact that there are upper
limits to the rates of increase in both prey and predator, which are not focused
in the Lotka-Volterra model. Many researchers studied the Lesli-Gower type
predator-prey model and its modified version. Aziz-Aloui and Okiye [2] demon-
strated the modified Lesli-Gower model by adding a positive constant with the
carrying capacity of the predator and also its global stability. Zhu and Wang [46]
studied the global attractive behavior of positive periodic solution for the mod-
ified Lesli-Gower model, where predator prey interaction follow Holling-type II
scheme. Gupta and Chandra [13] showed the bifurcation analysis of a modified
Lesli-Gower predator-prey model with Michaelis-Menten type prey harvesting.
The modified Lesli-Gower model with time delay has discussed by Nindjin et. al.
[24]. Sarwardi et. al. [32] proposed a modified Lesli-Gower predator-prey model
which is speculated in the eco-epidemiological situation, with disease spreading
among the prey species only. But, there is lack of research for the modified Lesli-
Gower model with Holling-type II response function for predation with disease
in predator.

Several experimental analysis showed that the population dynamics of eco-
logical systems can be affected by the control of fear. In the natural world, an
array of anti-predator responses such as variation in foraging behaviors, habitat
usage and physiology can arouse prey to direct killing by the fear of predators,
which may induce a long-term decrease in prey population. In 2011, Zanette
et. al. [45] experimentally showed that the song sparrows, Melospiza Melo-
dia, surrounded by predators sound produce 40% less offspring than the others
hearing no predators sounds, in the absence of direct killing. Hua et. al. [18]
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manipulated that realization of predation risk adversely disturb blue bird’s re-
production by employing the vocal cues of their predators. Also, there are plenty
information demonstrate that fear can disturb populations such as in Elk (Creel
et. al. (2007) [6]) or in birds (Orrock & Fletcher (2014) [25]). Wang et. al.
[39] first proposed a predator-prey model by incorporating fear of the predator
on prey, where the cost of fear reduce the growth of prey. They explored that
predator-prey dynamics can be stabilize by excluding the existence of limit cycle
oscillation. Based on these facts, many researchers recommended several math-
ematical modeling approach to study the impact of fear in the predator-prey
systems ([29], [26], [33], [34], [40], [41], ).

The main aim of this work is to study the impact of the fear effect on the
mutual relations occurring in a modified Lesli-Gower type ecosystem where a
microparasite affects a predator populations feeding on a prey, the latter being
unaffected by the parasite. The remainder of this work is organized as follows.
In Section 2, we illustrate the mathematical model with basic assumptions. The
analysis made in Section 3 assures that the model is biologically well-posed.
Some conditions are derived in Section 4 for which the prey, susceptible and
infected predator will become extinct in the long-time run. Existence criteria,
local and global stability analysis of the equilibria and permanence of the system
are discussed in Section 5. Switching of stability of equilibrium points have been
verified by Sotomayor’s Theorem and also the criteria for Hopf bifurcation and
the stability of periodic oscillation using the center manifold and normal form
theory have been studied in Section 6. The dynamics of the system without fear
factor have been observed in Section 7. Numerical simulations are performed
to substantiate our analytical results in Section 8. Finally, a brief discussion is
given in Section 9.

2. The Mathematical Model

The model we analyze in this paper has three populations:
(1) the prey, whose population biomass is denoted by N(T'),
(2) the susceptible predator, whose population biomass is denoted by Pg(T),
(3) the infected predator, whose population biomass is denoted by Pr(T).

In construction of the model the following assumptions are made:

(A1) In the absence of predators, the prey population grows according to
logistic fashion with carrying capacity Ky (K7 > 0) and with an intrinsic growth
rate constant Ry (R; > 0).

(As) In predator-prey ecological modeling, Holling Type-II or Michaelis-Menten
functional response has drawn the attention of the researchers for its vivid appli-
cation ([8], [31], [22]). Here we consider that predator-prey interaction is guided
by a Holling Type-II functional response. It is assumed that only susceptible
predator consumes prey population.
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(A3) The growth of the predator is assumed to be of the modified Leslie-
Gower type which was also studied by Aziz-Alaoui and Daher Okiye (2003) [2].
The growth of the total predator population follows logistic curve where the
carrying capacity of the predator environment is proportional to the number of
prey (i.e., prey dependent carrying capacity for the predator) ([20], [21], [36]).
It is assumed that in case of severe scarcity, the predator can switch over the
other population.

(A4) The parasite attacks the predator population only and the infected pop-
ulation does not recover or become immune. In general, most of the epidemic
models deals with a mass action incidence rate Cy Ps Py, C5 being the infection
rate. So Cs is the maximum number of infections an infective predator can cause
in a unit of time. It may be noted that if the degree of infectivity increases, many
other components often come into the consideration which tend to saturate the
effect that a large numbers of parasites may have. Therefore, it is more rea-
sonable to replace the simple mass action term by Holling type-II term %%Sﬁf;f
in order to have a clear insight of the microparasite infection. Many studies
in the epidemiological literature have considered the Holling type-II function to
describe the infection mechanism.

(As) Now we incorporate the cost of fear in our model. We consider that due
to fear of predator, the growth rate of the prey population reduces. We assume
that the modified growth rate of the prey species is TTRP: in the presence of
predator, which are monotonic decreasing function of both K and Ps. Here K is
the fear parameter of the prey species. Hence, by considering ¢ (K, Pg) = ﬁ
and by the biological meaning of K, Pg, and (K, Ps), it is reasonable to assume
that

1/)(07PS):1a ¢(K,O)=17 th—)oow(Kaps):07

. _ oY (K,Ps) OY(K,Ps)
Jim G(K, Pg) =0, PR <0, SRR <o,

On the above considerations, we introduced an eco-epidemic model under the
groundwork of the following set of ordinary differential equations:

dN RN (_N)_clNPs

dT ~ 1+ KPs K.) A+N

dPs h(Ps +nPr) CyPs Py

dPs _ _ _ _ 2.1
e RQPS{l Potafl  GBslpips (2.1)
dP;  CyPsP;

9T " Bips  DPrtvl

with initial biomasses N(0) > 0, Ps(0) > 0, P;(0) > 0.

All the model parameters are assumed to be positive constants with following
interpretation:

(1 : Predation rate (search efficiency of susceptible predator for prey).
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A, B : half saturation constants.

Rs : intrinsic growth rate of susceptible predator population.

h : measure of the food quantity that the prey provides and converted to
predator birth.

7 : relative fecundity of an infected predator.

M : measure the extent to which environment provides protection to predator
PS and P].

Cs : transmission coefficient from susceptible predator to infected predator.

D : parasite-independent death rate of predator.

v : parasite-induced excess death rate.

To reduce the number of parameters, we use the following scaling;:
N Pg Pr
s=-—, pi=—-—and t = R;T.
P T R T R ™M !

Then the system (2.1) takes the form (after some simplification):

n =

dj _ n(lin) ANPg
dt 1+ kps a+n

dps _ L1 h(ps +npi) | _ Bpspi
dt s n—+m b+ ps

= f(l)(nvpsvpi)

- dlps = f(2)(n7psvpi) (22)

dpi _ Bpspi
dt b+ ps

together with n(0) > 0, ps(0) > 0, p;(0) > 0, where

KK Ry o) A Co

k= Y T_BRl’ = R a_Kl_:_fB_Rﬁ
J— J— _El _El v

m=g b=, di= gy de = TR

—dopi = O (n,ps, pi)

3. Positivity and Boundedness

We shall discuss positivity and boundedness of the system (2.2) to ensure that
the model is well behaved.

Theorem 3.1. All the solutions of system (2.2) that start in Ri remain positive
for all time.

Proof. From the first equation of system (2.2), we get

n(t) = n(0) exp [/Ot { 11+_k7;£2) - aafsr(zf;) } dG] = n(t) > 0.

From the second equation of system (2.2), we get

ps(t)
— pa(0) exp Uot {T (1 B h(ps(ezwiw))) 10 dl} de} = ps(t) > 0.
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From the third equation of system (2.2), we get

pi(t) = pi(0) exp Uot {% — dz} de} = pi(t) > 0.

Hence the theorem is proved.
O

Theorem 3.2. All solutions of the system (2.2) that start in Ri are uniformly
bounded.

Proof. Let (n(t), ps(t), pi(t)) be any solution of the system (2.2). Since

d
ditl <n(l—mn)
we have
tlirgo supn(t) < 1.
Let us define a function W = n + ps + p;
Along solutions of (2.2) :
aw
dt

d dps dpi

o+ + &

% + 1ps — dips — dap;

n—(dy —r)ps — dap;

2n — W, where v = min{1,d; — r,d>}, assuming d; > r.

INIA A

Hence % + W < 2, for large ¢, since lim;_, o supn(t) < 1.
Applying a theorem on differential inequalities [3], we obtain

0 < W(n,ps,pi) < W(n(0),ps(0), p;(0))e " + %(1 —e M),

andfort—>oo,wegetO<W§%.
Thus, all solutions of the system (2.2) enters into the region

2
B= {(n,ps,pi):O<W§ ;4—6, for anye>0}.
This proves the theorem. O

4. Extinction Scenarios

This section contains the conditions for which prey and both predator species
will get extinct in the long run. Suppose:

ps = limsup ps(¢t) and ps = liminf p,(¢),
t—o0 - t—o0
Here we shall use the following fact: limsup,_, . n(t) <1
The first theorem will show the extinction criteria of prey species and the

second and last theorem will show the extinction criteria of the infected and
susceptible predator species respectively.
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Theorem 4.1. If p, > “t2 then limsup,_, ., n(t) = 0.

(e

Proof. If possible, let lim; o, n(t) = ¢ > 0. Since 7 < 1, then for any 0 < e < 1,
there exists t. > 0 such that n(t) < 1+ e for ¢ > t..

From the definition of py, it follows that for any 0 < €1 < ps —
te, > 0 such that py(t) > p, — € for t > t,,. o
Then, for ¢t > max{t,, ., }, the first equation of the system (2.2) can be written
as

"TH, there exists

dn
dt

_ anps
a+n’
anps
a+1(+e’ )
a(ps—e1
n{l — w3 1,
«

= —2%(p, — e — £2) <0,

ASRVANVA

a contradiction and hence limsup,_, . n(t) = 0. O

Theorem 4.2. If dy > fps, then limsup,_, . pi(t) = 0.

Proof. Choose € such that 0 < e < 9 — j,. By definition: there exists ¢’ such

B
that ps(t) < ps+e, Vi>1.
For ¢ > ¢
dpi Bps
w = pl )
< pi(—dz2 + Bps),
< pi{—d2+B(ps + )},
< 0.
Hence, limsup,_, . pi(t) = 0. O

Theorem 4.3. Ifr < dy, then lim;_,o, ps(t) = 0.
Proof. From second and third equations of the system (2.2), we have

dps  dp; h(ps + np;)
= 1 e ———
dt dt Ps {T( n+m

)} — dips — dap;,

< rps — dips — dopi,
< 7r(ps+pi) — di(ps + pi), since di < da
< (r—di)(ps +pi)-

Therefore, ps(t) + p;i(t) = [ps(to) + pi(to)]exp{f; (r—dy)}dg

< [ps(to) + pi(to)lexp{(r — d1)(t —to)}.

Thus lim; o0 {ps(t) + pi(t)} = 0 provided r < d;.

Again lim;_, o p;(t) = 0, hence lim;—, o, ps(t) = 0. O

d
%(ps +pi)
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5. Model Analysis

The objective of this section is to study the existence and stability of the
equilibrium points of the system (2.2).

5.1. Existence of Equilibrium points

The system of equation has the following equilibrium points:
1. The trivial equilibrium: Ey(0, 0, 0).

2. The predator-free axial equilibrium: F;(1,0,0).

3. The prey extinction axial equilibrium: Fs(0,ps,0), where ps = m(rrzdl),
provided r > dj, i.e., in original parameter, intrinsic growth rate of susceptible
predator population is greater than parasite-independent death rate of predator,
which is biologically meaningful.

—Ao++/ A%74A1A3

2A; ?

Ps = % and 4; = 1+ %7 Ay = a(r;hdl) + 2km?2(2;d1)2 ta—

1, As = ’f“mjg;;dl)z + “m(:h_dl) —a, provided r > d; and am(:h_dl){km(:}:dl) +
1} < a.

4. Infection free boundary equilibrium: E3(#, ps, 0), where fi =

5. Interior equilibrium: E*(n*, p%, p¥), where n* is the positive root of the qua-
dratic (n*)2+A4n*+As = 0, such that Ay = a—1, Ay = 222 (8—dy+kbdsy)—a

(B—d2)?
and p; = (ﬂb_d32), and p; = (T_:*h_f;_dl)/(n:}j—%+bfp:)a provided 8 > da, k <
—d —d b
Pl (2Bl — 1} and r(1 — ;22 > dy holds,

5.2. Stability analysis of equilibrium points

The variational matrix V' of the system (2.2) at any arbitrary point (n, ps, p;)
is given by V' = (v;;)3x3 where

1-2n aops kn(l—n) an 0
v = —_ v = — —_ v = s
" 14 kp, (@+n)2 P (1+kp)? a+n °
_ rhos(ps +pi) - rh(2ps +npi)  bBps __rhaps  Bps
V21 , U2g =T— - —dy, V23 = — - ;
(n+m)? n+m (b+ s)? n+m b+ p;s
bBpi Bps
v31 =0, v3y = , Usg = — ds.
31 2= s BT . T

5.2.1. The behavior of the system around Ey(0, 0, 0)
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At Ep, the variational matrix V(Ey) is given by

1 0 0
V(E))=|0 r—dy 0
0 0 —dy

Then the corresponding eigenvalues are 1,7 — d; and — ds.

Theorem 5.1. The trivial equilibrium point Ey is always unstable.

5.2.2. The behavior of the system around E;(1,0,0)

Theorem 5.2. (a) The predator-free azxial equilibrium point F1(1,0,0) of the
system (2.2) is locally asymptotically stable if Ro1 < 1, where Ro1 = dLl.
(b) Es is globally asymptotically stable if di > r + a.

Proof. (a) At Ey, the variational matrix V(E1) is given by

g 0
V(El) = 0 r— d1 0
0 0 —do
Then the corresponding eigenvalues are —1, r—d;, —ds. Therefore, F; is locally
asymptotically stable if Ry < 1. O

Remark 5.1. (i) In terms of original parameters of the system, the condition
Rp1 < 1 becomes Ry < D;. This means that when growth rate of predator pop-
ulation (Rs) is less than parasite independent death rate (D7) then the system
becomes predator free, which is biologically meaningful.

(it) The existence of Es3 destabilizes Ej.

(7i¢) The system (2.2) is stable about the predator-free equilibrium (E;) if
Ry1 < 1 and becomes unstable if Ry; > 1. Therefore, the predator-free equilib-
rium undergoes a transcritical bifurcation at Ro1 = 1, i.e. 7 =d1 = rpcy)-

Proof. (b) Let T3, = {(n,ps,p;) € R3 :n >0, ps >0, p; > 0} and consider a
positive definite function Ly : I'3,, — R about E1(1,0,0) given by

1
Ly(n, ps,pi) = 5 (n = 1)% +ps +pi

The derivative of Ly w.r.t time ¢ along the solution of the system (2.2), we get

dLy

dt

= (0 — D{{5m — 9} + rp,(1 — Metedy  Boats gy 4 Joes — dp,

< —"1(12;32 — aa"jfLS + aps + rps — 77"@57%7?“) —dips — dapi [ 5 < 1]
n(n—1)>2 an’p, rhps(ps+np;

= T T1¥kps  a+n _(dl_r_a)ps_wim)—dzpi
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<0,ifd; > r+oa; and Ly = 0 at (n,ps,p;) = (1,0,0). Hence the equilibrium
point Fj is globally asymptotically stable for d; > r + a. O
5.2.3. The behavior of the system around E»(0, ps, 0)

Theorem 5.3. The prey extinction azial equilibrium point E5(0,ps,0) of the
system (2.2) is locally asymptotically stable if fps < do2(b+ ps) and a < aps(1+
kps).

Proof. At Es, the variational matrix V(Es) is given by

1+}cp”s - % 0 0
V(E») = % _% _(% + bfp; )Ps
0 0 2P — dy
Then the corresponding eigenvalues are +}6p~s — a{’js, fr}:fjs, and bﬁf;f;s —ds.
Therefore, F5 is locally asymptotically stable if lff;g —dz < 0and g +}€p} - O‘g = <0
which implies the conditions. O

5.2.4. The behavior of the system around E3(#, ps,0)

Theorem 5.4. (a) The infection free boundary equilibrium point E3(7, Ps,0) of

the system (2.2) is locally asymptotically stable if Roa < 1 and aps(1 + kps) <
52 — _ Bps

(a +n)? where Rys = PR

(b) If the equilibrium E5(f, ps, 0) exists and is locally asymptotically stable in the

interior of positive quadrant of n—ps plane, then it will be globally asymptotically

stable.

Proof. (a) At Es, the variational matrix V(E3) is given by

3 3
vﬁgﬂ v%} 03
V(Es) = | vyl o] ol

0o 0 o

ol i anps B k(1 —n) an B rhps®

TR T Garar BT Tk ata T Gt m

B rhps 3 rhmps  BPs 31 BPs
Va2 = v - -

_ = = —d
A+m’ BT A4m b+ps P b+ps
The corresponding eigenvalues are v:[g] and the roots of the quadratic A2 +
BiX + By = 0, where By = f(vﬁ] + vg) and By = vﬁ]vg — vﬁ]vg] Now the

quadratic has negative real part if B; > 0 and Bs > 0. So, if only vﬁ] <0

then both the eigenvalues have negative real parts. Therefore, Ej is locally
asymptotically stable if lﬁr—’; —dy <0 and — = + (2‘11232 < 0 which implies
the conditions Roz < 1 and aps(1 + kps) < (a + 7). O
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Remark 5.2. (i) The system (2.2) is stable about the equilibrium (E5) if
Rp2 < 1 and becomes unstable if Ryps > 1. Therefore, the infection free equilib-

rium undergoes a transcritical bifurcation at Ryps = 1, 1.e. g = % = Brc.)-

(it) Here bip;:; is the infection rate of a newly infected predator appearing in
a totally susceptible predator and é is the duration of infectivity of an infective
predator, the product of which is the disease basic reproduction number. Ry < 1
implies that the infected predator will dies out from the system and only the

prey and the susceptible predator survive.

Proof. (b) For E3(n, ps,0): let

1 n(l—n) anps rhps
U s) = ’ s Ps) = - ‘, d s = —
(0.0) = = s () = S P g ) = - L

So, U(n, ps) > 0 in the interior of positive quadrant of n — p, plane.
Hence

—dy).

A(n,ps) = %(Uull) + go-(Uus), .
- _ps(1+kps)+(a+n)2 ~n(n+m)’
_ _{(a—I—n)Q—aps(l—i—k:ps)} ~_rh
ps(1+ kps)(a+n)? n(n+m)’

< 0. (- Esis LAS)

So, there exists no limit cycle in the positive quadrant of n — ps plane, by
Bendixson-Dulac criterion. Hence, it will be globally asymptotically stable in
the positive quadrant of n — ps plane, if E5(7,ps,0) is locally asymptotically
stable. O

5.2.5. The behavior of the system around E*(n*, p%,p})

Theorem 5.5. (a) The interior equilibrium point E*(n*,p%, pf) of the system
(2.2) is locally asymptotically stable if the following conditions hold:
(i) @riye < Tr

a-r+n ps
(i) gy < 7w
(b) The interior equilibrium point E* is globally asymptotically stable if 11y >
0, IIy > 0, II3 > 0, where I1y, Iy, I3 are defined later.

Proof. (a) At E*, the variational matrix V(E*) is given by

Viin Viz 0
V(E*)=| Va1 Vay Vag
0 Vs 0
where
n* an*p} kn*(1 —n* an® rhpi(ps + np;
Vi ey ke ) o = il pi)

:_1—|—kp;‘ (a +n*)2’ (1+kpH)?  a+n* (n* +m)?

b
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rhps | _Bpspi __rhapg Bp Bbp;

23 = — 32 = 5
(b+py)?

V = - ) 9
2 n*+m  (b+p¥)? n*+m b+p:

The characteristic equation of the variational matrix is given by A% + Q1A% +
Q22 +Q3=0
where Q1 = —(Vi1 + Va2), Q2 = Vi1Vag — VigVor — VagVaa, Q3 = Vi1VasVso =
—det[V(E*)]
Now, A = Q1Q2 — Q3 = —(Vi1 + Va2) (Vi1 Vag — ViaVay) 4 Voo Va3 Vas.
If V11 <0, Voo <0 then @1 >0, @3 > 0,and A > 0. Using the Routh-Hurwitz
criteria we observe that the system (2.2) is locally asymptotically stable around
the interior equilibrium point E* if the conditions stated in the theorem hold.

(b) Let us define the function La(n,ps,p;) = Loi(n, ps,pi) + Loa(n, ps, pi) +
Loz (n,ps,pi). where Loy = n —n* —n*In;%, Las = ps — pj —p;‘lng—g, Ly =
pi =P} —pjing:.

It is to be shown that Lo is Lyapunov function and Lo vanishes at E* and it is
positive for all n, ps, p; > 0. Hence E* represents its global minimum. Let us

calculate the time derivative of Lo; (i = 1,2, 3) along the solution of the system
(2.2).

dLa

= (n—n") (T — ok,
= (n—n") [—(”_"*) api(n—n*) k(1 —n")(p,—pi) _alps —p})

(L+kps)  (a+n)(at+n*)  (1+kps)(L+ kp) a+n

)

Similarly
dL A .
= ) (- My - ),
— (pe— *)[Th(p;”rnpf)(n—n*) _rhips —p;)  Bpi(ps — p})
T (ntm)(nt +m) (n+m)  (b+ps)(b+p)
_rh(pi —p;)  Bp —p;*)}
(n+m) (b+ps)
And
dLa3

= (pi_p;)(bﬂfgs_dﬂv
e [ B(ps —p3)
< 0P |GGy

dt

Now we consider

Ly

dt
= —[A11(n — n*)? + Aga(ps — p)? + Ass(pi — pi)* 4 2412(n — n*)(ps — p%)
+2A13(n — n*)(pi — p}) + 2A23(ps — P2)(pi — 7)) = =V QV,
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where V = ((n —n*), (ps — p%), (pi — p}))T and Q is quadratic form given by

A A Asgg
Q= | Az Az Ao
Az Axz Ass

with the entries that are functions only of the variable n as follows
1 opg rh Bp;

Ay = — , Agg = — , Agg = —1,
Yt kpe (atn)atn) T (ntm) (b+p)(bpr)’
An 0. Ay = L[ kA=Y a __rh(ps ) }
BRI Ut kp) (T +py) atn (ntm)(nt+m)|’
1[ rhy Ié; b }
Aoz = = + — .
2 2[n+m b+ps  (b+ps)(b+pt)
If the matrix @ is positive definite, then dd% < 0. So, all the principal minors of

Q, namely, I} = Ay, IIp = Ay A — A%Za I3 = A11Agp Az +2A19A13A23 —
A1 A3, — Agp A35 — A33A2,, to be positive, i.e., I} > 0, Iy > 0, I3 > 0. O

5.3. Permanence of the System

To establish the permanence of the system (2.2), we shall apply the Average
Lyapunov functions (Gard and Hallam (1979), Th.4 [10] and Freedman and
Ruan [9]).

Theorem 5.6. Suppose that the system (2.2) satisfies the following conditions:

(’L) r > dy; ) )
) 1+}€p~s > L= and/or bip;; > da;
(i) £ > dy,

then system (2.2) is permanence.

Proof. Let us consider the average Lyapunov function in the form L(n, ps,p;) =
n#tpk2pt® where each p; (i = 1,2,3) is assumed to be positive. In the interior
of R?’H we have

L “n ap.
z = ¢(napsapi) = M1 |:1};’_ ps (z—ki’iz:|

h(ps i i3 s
+ 2 {7“ {1 - )} — i - dl} T [bipps - dQ} '
To prove permanence of the system we shall have to show that ¢(n, ps, p;) > 0 for

all boundary equilibria of the system. The values of ¢(n, ps,p;) at the boundary
equilibrium FEy, Ey, Fs, E3 are the following:

Eo : pn+ pe(r —di) — psds,
E1 N ‘ug(’l’ — dl) — [Lgdg,

Ey @ 1+}€p~5 - aff) + u3 (bljf;i —d2)7
FEs 3 bBerpS; —dg}.
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Now, ¢(0,0,0) > 0 is always true for some suitable u; > 0 (i = 1,2,3). Also, if
the inequalities (i) — (zi¢) hold, ¢ is positive at Fy, Fs, and E3. Therefore, the
system (2.2) is permanent. Hence the theorem. O

Remark 5.3. The conditions (i) —(7ii) guarantee that the boundary equilibrium
points F1, Fs, and E3 are unstable.

6. Bifurcation Analysis

In this section we study local bifurcation and Hopf bifurcation of the system
(2.2).

6.1. Local bifurcation of the system

The variational matrices of the system (2.2) corresponding to E; and E3 has
a zero eigenvalue if r = d; and 8 = da(btpe) respectively. Therefore the non-
hyperbolic equilibrium point E; and F3 may have a bifurcation for the parameter

r and [ respectively.

Theorem 6.1. The system (2.2) undergoes a transcritical bifurcation with re-
spect to the bifurcation parameter r around E1(1,0,0) if r = di = ripc,)-

Proof. To prove the theorem, we apply Sotomayor’s theorem [30], by considering
r as bifurcation parameter. In order to apply Sotomayor’s theorem exactly one
of the eigenvalues of the variational matrix at the bifurcation point must be zero
and other eigenvalues have negative real parts.

One of the eigenvalue of V(E;) will be zero if the eigenvalue A =r — d; = 0,

ie., r = di = rpc,- Now when r = rp¢c,), the other two eigenvalues are
given by A\ = -1< 0 and Ao = —do < 0. We have obtained that W =
(a%il, —1,0)7, W = (0,1,0)T, where W, W are the eigenvectors corresponding

to the eigenvalue A\ = 0 of the matrices V(E;) and [V (E)]” respectively. Now,
W [f (B, rire,)] = 0.

Again,
WD fo(By, rire)W] = —1#£0,
= 2rh
and W.[D*f(By, rrcy)- (W, W)] = =1 #0,
where [Df.(E1,r7¢c,])] = (aij)zxs of which asy = 1, and all other ay; =
Bf(l) af(Z) 8f(3)
.. vaa’(’a) vaa&) vaa%)
0fori,j=1,2,3;and [D*f(X,r)]= | V afzg; \V4 gp(a) \VA gﬁg) € R3%3%3,
) ) o)
v afpi V gpi v gpi

vafi, _(62f"’ 92ft 9 ) af _( N e & )
on ~— \0n2’ 9p.;On’ Op;On’’ Ops ~ \OnOps’ 02ps’ Op;Ops/’
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ng = (aa;af; ,8225; 7‘?; ),for i = 1,2,3. Thus the system (2.2) possesses a

transcritical bifurcation around Ey at r = ripc,), by Sotomayor’s theorem.  [J

Theorem 6.2. The system (2.2) undergoes a transcritical bifurcation with re-

spect to the bifurcation parameter B around Es(n, ps,0) if = M

together with a < aps(1 + kps)

= Bircy)

Proof. Here also, we apply Sotomayor’s theorem, by considering (8 as bifurcation
parameter.
One of the eigenvalue of V(Es) will be zero if the eigenvalue A = 22 — dy = 0,

b+Ps
ie, g = m = Birc,)- Now when 8 = Bipc,, the other two eigenvalues
have negatlve Teal parts if this condition a < aps(1 + kps) is satisfied. We have

3] 3] 'u[d]v[d]fv[‘s]v[] T T ~
obtained that W = (vyy, —v;7, 2—2mH—=22)", W = (0,0,1)", where W, W are
Vo

3
the eigenvectors corresponding to the eigenvalue A = 0 of the matrices V(Ej3)

and [V (E3)]T respectively and vz[?]’

W7 .[f3(Es, Bircy)] = 0.

s are given by Theorem 5.4(a). Now,

Again,
. by ((o8eld - ofYol]
W=D fs(Es, Bire)W] = 4 +p 3] 70
s Ua3
) b3 e (v[ 1,81 _ 0[3]1,[3])
) 11\Y21 Y12 11 722
and W.[D2(Bs, firon)-(W, W)] = — s ( vg -
where [D f5(Es, Birc,))] = (aij)sxs of which ags = _%’ 32 = bﬁ;’@ and all
A B v SR i S
other a;; = 0 fori,j = 1,2,3,; and [D?f(X, 8)] = vag;) vaaff) Vag;)
PYIO) af® af®
\ gp v afp v gpl

3%3x3 3fl . aZf'i aZfL 82f1 afi o 82f7, a2fb 82fb
eR ’ VBT - ( on? apgﬁn’ Bplan) Ops (Bnap ’ 92ps? aplapg)

i 2 ri 2 ri 2
Vgil (aigpu 3? (J;p , gz ), for i = 1,2,3. Thus the system (2.2) possesses a
transcritical bifurcation around E3 at B8 = Birc,), by Sotomayor’s theorem. [J

6.2. Hopf bifurcation at E*(n*,pk,p})

We now establish the conditions that guarantee the occurrence of an Hopf bi-
furcation near the positive equilibrium point E* for the fear parameter k.

The characteristic equation of the system (2.2) at E*(n*, p%, p) is given by

N4 Qu (k)N + Qo(k)N + Q3(k) =
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where

n an*p; rhpj Brsp;

k = — — S _ S st
@i (k) { 1+kp?;+(a+n*)2 n*+m (b+pj)2}
Q2(k)
_ n* anp; _ rhpg Brip; | _ J _ kn*(1=n")  _an*
= { = Trkpr T (atn)? }{ weam T (b+p:)2} { (T+kp?)? a+n*}
{rhpi(p;‘ +77p2‘)} 3 { ~ rhapy  Bp; }{ Bbp; }

( )

n* an*p} rhnp; Bps pbp;
k) ={ - T e hee e )
Qs(k) { 1+ kpe (a+n*)2}{ n*+m b+ p (b+pz)2}

Theorem 6.3. When the fear constant k of prey population n crosses a critical
value k*, the model system (2.2) undergoes an Hopf bifurcation around the pos-
itiwe equilibrium E* if the following conditions are satisfied:
(1) Q1(k*) >0, Qs(k*) >0,
(ii) A(k") = Q1(k")Q2(k") — Qs(k™) = 0
(ii5) AT *)‘ £0.

k=Fk*
Proof. We choose k as the bifurcation parameter and investigate if their exists
a critical value k* such that Q1 (k*) > 0, Q3(k*) > 0, A(k*) = Q1(k*)Qa(k*) —

Qs3(k*) = 0, and Cmd(:)’ # 0. For the occurrence of Hopf bifurcation at
k=k*
k = k*, the characteristic equation must be of the form
(A (k") +Qz(k*))(/\(/€*) + Q1(k")) =0, (6.1)

which has roots )\1 k‘* = Z\/QQ /\2 k* = \/QQ k* /\3 k* = —Ql(k*) <

0. Now, we need to Vahdate the transversahty condition:
d(ReX; (F))
dk

Substituting \j(k) = p1(k)=+ip2(k) into (6.1) and calculating derivative, we have

} £0, j=1,2.
k=k*

G (k) — H(E)py (k) + 1(k) =0, 6.2
G(k)ps(k) + H(k)p) (k) + J (k) = 0, (6.3)
where
G (k) = (3p3(k) — 3p3(k) + 2p1 (k) Q1 (k) + Q2(k)),
H(k) = (6p1(k )pz(k’)+2 () 2(k)),
I(k) = Qs (k)p1 (k) — Q1 (F)p3 (k) + pi (k) Q1 (k) + Q5(k),
J(k) = 2p1(k) 2(k)Q1 (k) + Q5 (k)p2 (k).

Here, p1(k*) =0, p2(k*) = \/ ( ); hence, we have
G(k") = —2Qa(k7), ( ") =241 (k") /Qa(k*), I(k*) = Q5(k")—Q1 (k") Q2(K"),
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J(k*) = Q5 (k") /Qa (k).
Solving for p} (k) from (6.2) and (6.3), we have

[dRe(Aj(k))} _ (k) = —HEDI )G 1)
dk | ! PR HH ()
_ @) = Quk)Q5(k) — Q)@ (K)
2(Q1(k*) + Q3(kv)) '

If 4[Q1(k)Qa(k) — Qs(K)lkmp # 0 and A3(k*) = —Qi(k*) < 0. Hence the

transversality condition dAdl(ck) # 0 holds. This implies that an Hopf bifur-
k=k*
cation occurs at k = k*. O

Remark 6.1. Similar bifurcation study can be done with another important
parameter (3, i.e., transmission coefficient from susceptible predator to infected
predator.

6.2.1. Direction of Hopf bifurcation

In this section, we explain the direction and stability properties of the bi-
furcating periodic solutions commencing from the interior equilibrium point
E*(n*, p%, pf) via Hopf-bifurcation. To explore the stability and direction of
Hopf bifurcation, we determine the first Lyapunov coefficient [42].

So, we transfer the origin at the equilibrium point E*(n*, p%, p;) by considering
x1=n—n* xe=ps—pk, x3=p; —p;. Then the system (2.2) becomes

dxy _ (1 +n") (1 -2 —n")  al@ +n")(@2 +p)
dt 1+ k(zo + p2) a+x +nt

drz
dt

h((w2 +p3) +n(zs +pf))  Blze +p;)(z3 + pf)
— + >lj 1 _ S K3 _ S 1
(w2 p“’){ 1 +n*+m } b+ zo + pi

—dy(z2 +p3)
des  B(ze +pl)(zs + p})

dt b+ xo + p* 2(ws 1)
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Now expanding the above system by Taylor’s series at (x,y,z) = (0,0,0) up
to 3rdorder terms, we get:

S 2 2 3
Tr1 = e100%1 1 €p10T2 + €200T1 + €110T1T2 + €p20T5 + €30027
2 2 3
+  e210T7%2 + €1202125 + €030%5 + 0(|$‘4),
: 2 2
T2 = fiooT1 + forox2 + foorTs + fa00xi + fo20T3 + fii0T122 + fio1T123
3 2 2 2 310 0(lzl4
+  forixexs + faoox] + foroxize + faorxizrs + fomrasas + fozexs + O(|z]*),
s 2 3 2
T3 = go10%2 + 902073 + Go1122%3 + GoosTs + goz1ziws + O(|z|4),

(6.4)
where

€0 €0 O
fioo  foro foor | =V(E"), where V(E") is given in Theorem 5.5(a) and

0 goo O
o 1 n aap? o k(@ -2n")  aa
T ks (a0 0T (T4 kpy)? (at )
_ kn*(1—n") _an’p; B k 4 oa
T ke T ) T (k2 T (k)
k2(1 — 2n*) k3n*(1—n*) rh(p; + np;)
€120 = ——————=, €030 = —————————, = -,
120 = T gpr)B 7 G030 L+ hpr)t 120 (n* +m)®
fiLfiﬂbp;*ffrhn Fort = — pb
110 — (n* +m>25 020 — <b+p:>3, 101 — (n* +m)2? 011 — (b+p:)2,
F _ rh(p} 4 npy) foro = — rh Faor = — rha Foot = pb
300 (n*+m>4 » J210 (n*+m)37 201 (n*+m)37 021 (b"‘p;)S,
Faoo = Bpipi o0 = — Bop; o1t = b g __ Bbpy
T )t T o)t T )2 T (b p)t
____pb
Jo21 = b+ pr)?

By neglecting the higher order terms of degree 4 and above, the system (6.4)
can be written as

X =V(E)X + J(X), (6.5)
where
Ha]
X = To and

T3
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Ji
J = Jo
J3

2 2 3 2 2 3
€200%7 + €1101%2 + €02025 + €3007] + €210T1%2 + €120T1X5 + €0307T5

f2002% + fo2073 + friomize + flo1viws + f011$2$3(+ f30073 + fa1023w2
+fa173xs + fo1zdrs + fosoxs

902096% + go11T223 + goo3$§ + 902196%5103
(6.6)
At the Hopf bifurcation, characteristic equation holds and eigenvalues of V (E*)
are Ay = —Q1, Ay = +iv/Q2, A3 = —iy/Q>. If the eigenvectors corresponding to
the above eigenvalues are respectively Py, P, iP5 (where Py, P, P3 are real)
then a non-singular matrix P = (P53, P», P;) can be formed which satisfying

0 —VQ 0
PYWV(EHP = VQa 0 0 |, where
0 0 Q1

€010V Q2 0 eo10Q1

P=1 —einvQ2 —Q2 —(e100 + @Q1)Q1 | = (pij)sxs-
goi0vV/®Q2  —eioogoio (€100 + @1)go10

and R = P~! = (r;;)3x3, then the matrix R is as follows:

1 D22P33 — P23P32 D13P32 —DP13P22
= detP-1 P23P31 — P21P33  P11P33 — P13P31  P11P23 — P13P21 )
P21P32 — P22P31 —P11P32 P11P22
where detP~! = py1(paapss — p2sps2) + P13(P21p32 — P22psi)-
S1
Let us apply linear transformation X = PS = S = P7!X where S = | s2 |,
53
then equation (6.5) reduces to
ds —1 * —1
T (P V(E")P)S+ P (6.7)

Now the system of equations (6.7) can be written as

d [ s B $1 RY(s1,82,83;k = k*)

% ( 59 ) o C( S§9 ) * ( R2(81782333;k:k*) ’ (68)
dss
dt

where C' = < \/(C?Z B V0Q2 ) ,and R', R? and R® are functions of sq, sa, S3.

The center manifold up to a quadratic approximation can be described by ([35],

= —Q183 + R*(s1,52,83,k = k"), (6.9)
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4], [19]) .
S3 = w(sl, 82) = 5(6118% + 2¢198182 + 62283), (610)
which leads to (by using (6.8))
d83 - 0 —/ Q2 S1
P (c1151 + c1252 €1251 + €2252) ( N> 0 5 (6.11)

= VQaci257 — VQa(c11 — ca2)5152 — /Q2c1253.
Again, from (6.7) and (6.9), we have
d83

e —Q153 +131J1 + 1322 + 133.J3. (6.12)

From the above two equations, we have

vV Q20128% + 1/ Q2(c22 — c11)5152 — / Q2012$§
1 2 2 1 2
= _§Q1(01131+20123152+02232)+7'31[6200{p1151+p1252+p13§(01151+20125152+
1
62253)}2 + e110{p1151 + p12s2 +p13§(c118% + 2c128152 + 02255)}{172181 + p22S2 +
1 2 2 1 2
p23§(01181 + 2125152 + €2253) } + eo20{p2151 + P22s2 +p23§(01181 + 2c125182 +

1
62253)}2+7’32[f200{p1151 +p12S2 +p13§(0115%+20125152+022S§)}2+f020{]02151+
1 1
Pp22S2 + p23§(0118% + 2c125182 + 02283)}2 + fiio{p11s1 + pi2s2 + p13§(0118§ +
1
2c128152 + €2255) Hp2151 + poaso +p23§(6115¥ +2c128182 + €2253) } + fro1 {p1151 +

1 2 2 1 2
P1252 + P13 (€157 +2c125152 + €2255) Hps151 + p3ase + p33 = (c1157 + 2c125152 +

5 2
1
c2253)} + for1{pais1 + pazsa +p23§(0118% + 2¢125152 + C2255) H{ps1s1 + Pazsa +
1 2 2 - i
p33§(61181+26128182_~_C2252)}]+7~33[9020{p2151 +p2282+p23§(61181 +2c128152+
1
02283)}2 + go11{p2151 + P2252 +p23§(0118% +2c128182 + 02253)}{273131 + Ps2s2 +
1
p33§(6118% + 2¢128189 + 62285)}]

Computing the coefficients of s%, s1s5, and s3 from both sides, we have

%011 + VQ2c12

731]€200P%1 + €110P11P21 + €020P31) + T32[ 2000 + fo20P%

+fii0p11p21 + fro1P11p31 + for1p21psi] + r33(9020P31 + Go11P21P31]

= Qh
(6.13)
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Q112 + VQ2(c22 — c11)

= 7131[2e200p11P12 + €110(P11P22 + P12P21) + 2€020P21P22]
+732[2 fao0p11P12 + 2fo20P21P22 + f110(P11p22 + P12p21)
+f101(P11P32 + p12p31) + for1(P21ps2 + p22psi)] (6.14)
= +733[2g020p21P22 + go11(P21P32 + P22p31)]

- QQ»
*022 - \/ 2C12

= 7r31[e200Pz + €110P12P22 + €020052) + 732[f200PT2 + fo20052 + f110P12P22

+f101p12P32 + f()11]922p32] + 733 [902010%2 + 901110221032}

= Q?}?
(6.15)
The above three equations can be expressed as:
301 VO 0 11 95
V@2 Q1 VQ: C12 = Q . (6.16)
0 —/Q2 3Q1 ca2 Q3

Solving the above equation we have the coefficients ¢y, 012, and cgo as
_ a0 (Z Q) QQQIFQQWJQQ} 401 8L V@540, %0, U V@)
C11 = Q1 Clg = Q3

g — 4{(21Q2+92(Q1@ Qa)+0, 90y

. Therefore, the flow on the central manifold
is characterized by the simplified system

) - (e ) () (B) wm

where R' = ri1J1 + m19J2 + r13J3 + h.o.t., R? = ro1J; + rogds + ro3Js + heo.t..
Here h.o.t. stands for higher order terms.

The stability of the bifurcating limit cycle can be determined by the sign of
the parametric expression

R= Rij + Ryjs+ R3p
Jrﬁ{R%z(Rh — R},) — Ri5(Ri, + R3,) — Ry RYy + Ry R3, b,
(6.18)

where Rﬁjk denotes the partial derivative #58537 Il = 1,2 at the origin.

The partial derivatives are given as follows:

Ri; = 2ri1]ea00p?; + €020031 + e110p11p21] + 2712 f2000% + foz0p%

+ fi10p11P21 + fro1p11Ps1 + for1p21ps1] + 2r13[go20p3, + go11p21p31),
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2
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r11[2€200p11P12 + 2€020P21P22 + €110(P11P22 + P12P21)] + T12[2 f200011012
+2 fo2op21p22 + fiio(P11p22 + Pi2p21) + fio1(P12ps1 + p11p32)

+ for1(p22p31 + p21p32)] + 113[29020021 022 + go11(P22p31 + P21P32)],

2r11[e200p%s + €020P35 + €110P12P22] + 2r12[ f200032 + fo20P30

+ fi10p12P22 + fro1P12P32 + for1p22ps2] + 2r13[go20P3e + go11P22P32),

3riici1[2e200p11P13 + 2€020p21023 + €110(P13P21 + P11p23)] + 3ri2cnn
2 f200p11P13 + 2 fo20p21P23 + f110(P13p21 + P11p23) + fio1(P13p31 + P11P33)

+ for1(p2sps1 + p21p3s)] + 3rizci1[2g020p21 023 + Go11(P23p31 + P21pss3)],

r11[2€200P13(P11C22 + 2p12€12) + 2€020p23 (P21 C22 + 2p22ci2) + €110
{pP13(p21c22 + 2p22ci12) + pas(pr1c22 + 2p12ci12) } + m12[2 f200P13

(P11c22 + 2p12¢12) + 2 foz0p23(P21c22 + 2p22ci2) + frio{p13(paicaz
+2p2aci2) + fro1{p13(p3icaz + 2ps2aci2) + p3s(pricaz + 2p12ci2) } + fon
{Pp23(p31caz + 2p3acia) + p3z(paicae + 2pazciz) } + r13[2g020023

(p21€22 + 2paaciz) + gor1{p23(P31Ca2 + 2p32ci2) + P33 (P21caz + 2p22cia) ],

2ra1[e200p31 + €020P31 + €110P11P21] + 2r22[ f200071 + fo20p%

+ fi10p11P21 + fro1p11Ps1 + for1p21ps1] + 2ra3(gozop3, + go11p21p31),

21 [2e200p11P12 + 2€020p21P22 + €110(P11P22 + P12p21)] + r22[2 f200P11P12
+2 fo20p21p22 + frio(P11p22 + pi2p21) + fio1(Pi2ps1 + p11p32)

+f011(10221731 + P21P32)] + 7o3 [2902017211722 + go11(p22p31 + p21p32)]=
2rg1 [6200]9%2 + 60201?%2 + 61102012}922] + 2729 [fzoop%Q + fo20p§2 + fi10P12D22

+ f101p12P32 + fo11p22p32) + 27239020035 + Jo11P22P32],

3ra1co2[2e200p12P13 + 2€020P22P23 + €110(P13P22 + P12P23)] + 3ra2c22
2 f200p12P23 + 2 fo20p22P23 + f110(P13P22 + P12p23) + fio1(P13p32 + P12D33)

+ for1(p23ps2 + p22p33)] + 3r23c22(2g020P22023 + go11(P23P32 + P22ps3)],
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Rily = 721[2e200p13(p12¢11 + 2p11ci2) + 2€020p23(p22c112 + p21c12) + er10{p1s
(p22c11 + 2p21c12) + pa3(pizcin + 2p1ici) ] + r22[2 faoop13(P12c11
+2p11c12) + 2 fo20p2s(P22c112 + paiciz) + frio{pis(p2ecin + 2p2icio)
+p23(pizci1 + 2p1iciz)} + fror{pi3(psacin + 2psici2) + paz(piacin
+2p11c12)} + fori{p2s(ps2cii + 2p3icia) + paz(pazcin + 2paiciz) ]
+713[2g020p23 (P22€112 + P21¢12) + gor1{P23(P32cit + 2psici2)

+ps33(pazci1 + 2p2ic12) },

Now we have the following theorem:

Theorem 6.4. If R < 0, the bifurcating limit cycle is stable and the Hopf
bifurcation is called supercritical. If R > 0, the bifurcating limit cycle is unstable
and the Hopf bifurcation is called subcritical.

7. Influence of Fear Effect

In this section, we shall discuss the effect of fear parameter on each of the
population where the interior equilibrium point exists and is locally asymptoti-
cally stable.

Let us consider the following system without fear effect:

dn anps
—n(l=n)—
dt ! n) a+n
dps h(ps + npi) Bpspi
=rpsd1— - — dups .
ac P { n+m btp, P (7.1)
dpi _ Ppspi g
dt  b+ps,

3
|

Let £* = (n*,p;,p;) be the equilibrium point of system (7.1), where n*

3
|

— Ayt~ AL2—4A, .

VR =2 of which Ay = a—1, A5 = §2% —a and p} = %, p; =
rhps rhn B

(7" T ntm dl) / (L*+m + b+pr ) °

7.1. Influence of fear effect on prey population

ab(ig _
B—do

As As — obds kb2d2 —Asty/As®—4As >
57 B—dy " (B—d2)? 2

2
TAFVAITAAs L st
2 e, n* )

So, for any fixed k, the fear effect can decrease the prey population. Since n* is

—a > a = As. Hence,
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a continuous function of k, we have

dn* ab?d3

— = <0

Ak (B = do)? /AT — 44
Thus n* is a decreasing function of k, i.e., if we increase the value of fear pa-
rameter, it can decrease the prey population when E* is stable.

(7.2)

7.2. Influence of fear effect on susceptible predator population

Since pf = pk = 517_‘122, both are independent of fear parameter k, then it has

no effect on susceptible predator population.

7.3. Influence of fear effect on infected predator population

rhp*
Again, we have p} = (r— Ps —d1) /( rhn_

n*+m n*+m

p;, l.e. pi <p; for a given set of parameters. Also,

5 fﬂ) is always less than

rh B rhp’ rhp* rh
dp;!< (n*_:m + b+p* ) n*+m)? + (T T nrtm dl) (n*+7ﬂn)z dn*
= - : — < 0. (7.3
dk (4 By dk
b+p3

n*+m

Thus p; is also a decreasing function of k, i.e., fear parameter can decrease the
infected predator population, when p} exists and locally asymptotically stable.

8. Numerical Simulations

In this section, extensive numerical simulations have been performed for var-
ious hypothetical set of parameters to determine the dynamics of the system
(2.2). The time series diagram, phase plane diagram, and bifurcation diagram
of system (2.2) are demonstrated to validate the analytical findings. This study
not only provides local stability and Hopf bifurcation, but also exhibit the fea-
sibility of several complex dynamical behaviors, including limit-cycle and chaos.

Let us consider the set of parameters as

k=12 a=03,a=0.05 n=003 =04 b=08d =0.15, dy = 0.2. (I)

to verify the stability diagram of Ey, F,, and Es3. Taking r = 0.1, h =
0.6, and m = 0.2, we get the stability diagram of F;(1,0,0) (Fig. 1(a)). Now,
keeping m fixed, considering r = 0.6 and h = 0.3, then it will satisfy the stability
condition of F5(0,ps,0) and the diagram is given in Fig. 1(b). Again, keeping
the same value of m and h as in the case of E5 and taking r = 0.2, the existence
and stability conditions of E5 are satisfied and Fig. 1(c), 1(d) and 1(e) show the
stable behavior of Es5(,ps,0) = (0.4626,0.5522,0).
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Fig. 1. Stable behavior of the system at (a) Ev, (b) Ea, (c) E3. Fig. (d) and
(e) shows the phase portrait of Es in 3D and 2D.

Now we consider the set of parameter values as

k=12, a=0.3, a=0.05, r=04, h=0.6, n=10.03, m=0.3, =04,
b=0.8, dy =0.1, dy = 0.15. (I1)
Then the existence conditions of E* and the conditions of Theorem 5.5(a) is
satisfied and the interior equilibrium point E*(0.8228,0.36,0.5272) is locally
asymptotically stable. The stability behavior and phase portrait of that equilib-
rium point are shown in Figs. 2(a) and 2(b) respectively.

Now let us show the bifurcation diagrams one by one. At r = dy, F3 collides
with Fy whereas for r < dy, F1 is stable and F5 does not exist but for r > dy, F;
is unstable and Fj3 exists. So, taking r as a bifurcation parameter, we obtain a
transcritical bifurcation around E; at r = dy = rip¢,) = 0.15. Fig. 3(a) depicts
the transcritical bifurcation diagram around Ej.

Also, from the stability condition of FEj3, if we take g = % keeping
the other inequality as it is, then by changing the value of [, a transcritical
bifurcation occurs around E3 at 8 = 0.4897 = fip¢,). Fig. 3(b) depicts the
transcritical bifurcation diagram around Fjs.

Here the fear constant k plays an important role in the dynamics of the
underlying system. The system undergoes a Hopf bifurcation taking k as a
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Fig. 3. (a) shows transcritical bifurcation occurs around Ey and (b) shows
transcritical bifurcation occurs around Es.

bifurcation parameter. Using the values of the parameters mentioned in the list
(II), it is observed that E* is locally asymptotically stable when k& > k* and
unstable when k& < k*, i.e. the system undergoes a Hopf bifurcation around
E* at k = k* = 1.12. Since “L[Re(A(k))]p=r= = —0.01040059 < 0, i.e., the
real part of the eigenvalue is monotonically decreasing. So as the parameter
k crosses its critical value k* from lower to higher level, the real part of the
eigenvalue becomes negative. Now considering the analysis in Section 6.2.1, we
observed the value of R = —0.0079562 < 0 which implies that the obtained Hopf
bifurcation is transcritical bifurcation. Fig. 4(a) and (b) depicts the unstable
behavior of n*, p¥, pf in time and unstable phase portrait of the system (2.2).
Now, let us find out the system dynamics subject to the change in the value of k
keeping the other parameters as before to satisfy Theorem 6.2. The bifurcation
diagram is presented in Fig. 5(a), (b) and (c) for variations in value of k over
[0.5,1.15] which shows that the system undergoes stable dynamics for k > 1.12
and unstable behavior for k£ < 1.12.
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Fig. 5. bifurcation diagram for the parameter k € [0.2,1.15] and other
parameters as given in list 11.
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To show whether the system exhibits chaotic behavior for lower values of k,
we have plotted the Lyapunov exponents of the system for k& = 0.6 (Fig. 6).
Lyapunov exponent is an average exponential rate of convergence or divergence
of two nearby trajectories ([12], [43]). In a three-dimensional system, the spectra
of Lyapunov exponents \;,¢ = 1,2,3, must be (i) (+,0,—) for chaotic solution;
(#4) (0,0, —) for quasi-periodic solution or two tours; (7i7) (0, —, —) for periodic
solution or limit limit cycle and (iv) (—, —, —) for a fixed point solution. Here we
get a negative and two zero Lyapunov exponent for £ = 0.6 (Fig. 5), indicating
quasi-periodic nature of the system.
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Fig. 7. Influence of fear effect (k) on the system (2.2) .

Also the influence of fear effect on the prey, susceptible predator and infected
predator populations shown in the Fig. 7. As discussed in article 8., prey pop-
ulation will decrease very fast along with the increasing value of k, susceptible
predator population remains constant and infected predator population will also
decrease but rate is slow.

Again the transmission coefficient from susceptible predator to infected preda-
tor has a great influence on the dynamics of the present system (2.2). It is
observed that E* is locally asymptotically stable when # < [* and unstable
when § > (% ie. the system undergoes a Hopf bifurcation around E* at
8 = p* = 0.4105. Fig. 8(a) and (b) depicts the unstable behavior of n*, p%, pI
in time and unstable phase portrait of the system (2.2). Now, let us find out
the system dynamics subject to the change in the value of 8 keeping the other
parameters as before to satisfy Theorem 6.2. The bifurcation diagram is pre-
sented in Fig. 9(a), (b) and (c) for variations in value of 8 over [0.4,0.52] which
shows that the system undergoes stable dynamics for 8 < 0.4105 and unstable
behavior for 5 > 0.4105.
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9. Discussion

In this paper, we have formulated a modified Lesli-Gower eco-epidemiological
model with disease spreading in the predator only and also considered the cost
of fear on prey population growth. The main objective of this consideration is to
study the influence of anti-predator behavior due to fear of predators analytically
and numerically. We have first observed the dynamical behavior of the model
system for variation of fear factor in the prey population and finally observed
the role of transmission coefficient from susceptible predator to infected predator
with the help of numerical simulations. The model proposed here is ecologically
well-behaved as fulfilling the positivity and boundedness of the prey and both
the predators. The predation rate plays an important role in the extinction of
the prey population. Also if the growth rate of predator lies below the parasite
independent death rate of predators then the susceptible predators will wash out.
And if the death rate of infected predator exceeds the maximal transmission rate,
then it is not possible for the infected predator to survive. Analytically, we study
the local and global stability analysis of the equation of the model, and show the
model exhibits Hopf bifurcation and limit cycle. Here, we have observed that
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high levels of fear effect can stabilize the eco-epidemic model by excluding the
periodic solution, which also confirmed the earlier result by Wang, 2016 [39].
Also, if the system (2.2) has a unique positive equilibrium, the fear effect can
reduce the prey population, as the level of fear k increases, the prey density
gradually decreases. We also investigated the impact of disease transmission
coefficient of susceptible to infected predator on the dynamics of the system
when the system shows limit cycle oscillations about the interior equilibrium.
We observed that if we increase the level of transmission coefficient then the
system switches it’s dynamics from stable to limit cycle oscillation.

As days go, researchers are showing their interest on predator-prey model
with effect of fear on prey population. But, most of the cases have dealt with
ecological problems. Here, we have incorporated fear effect on a modified Lesli-
Gower eco-epidemiological model with disease in predator. It can be exhibits a
rich dynamics. There are also several proceedings that should be cultivated. For
example, how the system will endorse if the infected predator will also able to
capture the prey population. Also we can improve our model by incorporating
the gestation delay as a part of future work to make it more realistic.
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sentation of this work significantly.

REFERENCES

1. R.M. Anderson and R.M. May, Regulation and stability of host-parasite population inter-
actions: I. Regulatory processes, Journal of Animal Ecology 47 (1978), 219-247.

2. ML.A. Aziz-Alaoui and M.D. Okiye, Boundedness and global stability for a predator-prey
model with modified Leslie-Gower and Holling type II schemes, Appl. Math. Lett. 16 (2003),
1069-1075.

3. G. Birkhoff and G.C. Rota, Ordinary Differential Equations, Ginn, Boston, 1982.

4. J. Carr, Applications of Center Manifold Theory, Springer, New York, 1982.

5. J. Chattopadhyay and O. Arino, A predator-prey model with disease in the prey, Nonlinear
Analysis 36 (1999), 747-766.

6. S. Creel, D. Christianson, S. Liley, and J.A. Winnie, Predation risk affects reproductive
physiology and demography of elk, Science 315 (2007), pp 960.

7. Das, K.P., Disease-induced chaotic oscillations and its possible control in a predator-prey
system with disease in predator, Differ. Equ. Dyn. Syst. (2015), doi:10.1007/s12591-015-
0249-7.

8. H.I. Freedman, Deterministic Mathematical Models in Population Ecology, Marcel Dekker,
New York, 1980.

9. H.I. Freedman and S. Ruan, Uniform Persistence in Functional Differential Equations, J.
Diff. Eq. 115 (1995), 173-192.

10. T.C. Gard and T.G. Hallam, Persistence in food web-1, Lotka- Volterra food chains, Bull.
Math. Bio. 41 (1979), 302-315.

11. D. Greenhalgh and M. Haque, A predator-prey model with disease in the prey species only,
Math. Meth. Appl. Sci. 30 (2006), 911-929, DOI: 10.1002/mma.815.



Effect of Fear on a Modified Lesli-Gower Predator-Prey Eco-epidemiological model 405

12. J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifur-
cations of Vector Fields, Springer-Verlag, NY, 1983.

13. R. Gupta and P. Chandra, Bifurcation analysis of modified Lesli-Gower predator-prey
model with Michaelis-Menten type harvesting, J. Math. Anal. Appl. 398 (2013), 278-295.

14. K.P. Hadeler and H.I. Freedman, Predator-prey populations with parasitic infection, J.
Math. Biol. 27 (1989), 609-631.

15. L. Han, Z. Ma and H.W. Hethcote, Four predator prey models with infectious disease,
Math. Comp. Model 34 (2001), 849-858.

16. M. Haque, S. Sarwardi, S. Preston and E. Venturino, Effect of delay in a Lotka-Volterra
type predator-prey model with a transmission disease in the predator species, Math. Biosci.
234 (2011), 47-57.

17. H. Hethcote, W. Wang, L. Han and Z. Ma, A predator-prey model with infected prey,
Theor. Popul. Biol. 66 (2004), 259-268.

18. F. Hua, K.E. Sieving, R.J. Fletcher, et al., Increased perception of predation risk to adults
and offspring alters avian reproductive strategy and performance, Behav. Ecol. 25 (2014),
509-519.

19. T.K. Kar, A. Gorai and S. Jana, Dynamics of pest and its predator model with disease in
the pest and optimal use of pesticide, J. Theor. Biol. 310 (2012), 187-198.

20. P.H. Lesli, A Stochastic model for studying the properties of certain biological systems by
numerical methods, Biometrika 45 (1958), 16-31.

21. P.H. Lesli, Some further notes on the use of matrices in population mathematics,
Biometrika 35 (1948), 213-245.

22. A. Maiti and G.P. Samanta, Deterministic and stochastic analysis of a prey-dependent
predator-prey system, Int. J. Math. Educ. Sci. Technol. 36 (2005), 65-83.

23. A. Mondal, A.K. Pal and G.P. Samanta, On the dynamics of evolutionary Lesli-Gower
predator-prey eco-epidemiological model with disease in predator, Ecol. Genet. Genom. 10
(2019), 100034. doi: 10.1016/j.egg.2018.11.002.

24. A. Nindjin, M. Aziz-Alaoui and M. Cadivel, Analysis of a predator-prey model with mod-
ified Lesli-Gower and Holling-type II schemes with time delay, Nonlinear Anal. R. World
Appl. 7 (2006), 1104-1118.

25. J.L. Orrock and R.J. Fletcher, An island-wide predator manipulation reveals immediate
and long-lasting matching of risk by prey, Proceed. of the Royal Soc. of London B: Biol.
Sc. 281 (2014), 1784, 2014039. doi: 10.1098/rspb.2014.0391.

26. P. Panday, N, Pal, S. Samanta, et. al., Stability and bifurcation analysis of a three-species
food chain model with fear, Int. J. Bifurc. Chaos Appl. Sci. Eng. 28 (2018), 1850009. doi:
10.1142/S0218127418500098.

27. A.K. Pal and G.P. Samanta, Stability analysis of an eco-epidemiological model incorpo-
rating a prey refuge, Nonlinear Anal. Model. Contrl. 15 (2010), 473-491.

28. A.K. Pal and G.P. Samanta, A Ratio-dependent Eco-epidemiological Model Incorporating
a Prey Refuge, Univ. J. Applied Maths. 1 (2013), 86-100, doi: 10.13189/ujam.2013.010208.

29. S. Pal, S. Majhi, S. Mandal, et. al., Role of fear in a predator-prey model with Beddington-
DeAngelis functional response, Z. Naturforsh. A 74 (2019), 301-327.

30. L. Perko, Differential Equations and Dynamical Systems, Springer-Verlag, NY, 2001.

31. S. Ruan and D. Xiao, Global analysis in a predator-prey system with nonmonotonic func-
tional response, SIAM J Appl. Math. 61 (2001), 1445-1472.

32. S. Sarwardi, M. Haque and E. Venturino, A Leslie-Gower Holling-type II ecoepidemic
model, Journal of Applied Mathematics and Computing 35 (2011), 263-280.

33. S.K. Sasmal and Y. Takeuchi, Dynamics of a predator-prey system with fear and group
defense, J. Math. Anal. Appl. 481 (2020), doi: 10.1016/j.jmaa.2019.123471.

34. A. Sha, S. Samanta, M. Martcheva, et al., Backward bifurcation, oscillations and chaos
in an eco-epidemiological model with fear effect, J. Biol. Dyn. 13 (2019), 301-327.



406 A.K. Pal

35. B.K. Singh and J. Chattopadhyay, The role of virus infection in a simple phytoplankton
zooplankton system, J. Theor. Biol. 231 (2004), 545-559.

36. J.P. Tripathi and S. Abbas, Almost Periodicity of a Modified Lesli-Gower Predator-Prey
System with Crowley-Martin functional Response, Springer Proceedings in Mathematics
and Statistics 143 (2015).

37. E. Venturino, Epidemics in predator-prey models: disease in the prey, In: O. Arino, D.
Axelrod, M. Kimmel, M. Langlais, editors, Mathematical population dynamics: analysis of
heterogeneity, Theory of epidemics 1 (1995), 381-393.

38. E. Venturino, Epidemics in predator-prey models: disease in the predators, IMA J. Math.
Appl. Med. Biol. 19 (2002), 285-205.

39. X. Wang, L.Y. Zanette and X. Zou, Modeling the fear effect in predator-prey interactions,
J. Math. Biol. 73 (2016), 1179-1204.

40. X. Wang and X. Zou, Modeling the fear effect in predator-prey interactions with adaptive
avoidance of predators, Bull. Math. Biol. 79 (2017), 1325-1359.

41. J. Wang, Y. Cali, S. Fu, et. al., The effect of the fear factor on the dynamics of a predator-
prey model incorporating the prey refuge, Chaos 29 (2019), doi: 10.1063/1.5111121.

42. S. Wiggins, Introduction to applied nonlinear dynamical systems and chaos, Second Edi-
tion, Springer, New York, 2003.

43. A. Wolf, J.B. Swift, H.L. Swinney and J.A. Vastano, Determining Lyapunov erponents
from a time series, Physica D 16 (1985), 285-317.

44. Y. Xiao and L. Chen, Modelling and analysis of a predator-prey model with disease in
the prey, Mathematical Biosciences 171 (2001), 59-82.

45. L.Y. Zanette, A.F. White, M.C. Allen, et al. Perceived predation risk reduces the number
of offspring songbirds produce per year, Science 334 (2011), 1398-1401.

46. Y. Zhu and K. Wang, Existence and global attractivity of positive periodic solutions for
a predator-prey model with modified Lesli-Gower Holling-type II schemes, J. Math. Anal.
Appl. 384 (2011), 445-454.

A.K. Pal received his M.Sc. in Applied Mathematics from Calcutta University in 2000 and
Ph.D. from Bengal Engineering and Science University, Shibpur, Howrah in 2010. Now he
is working as an Assistant Professor of Mathematics at Seth Anandram Jaipuria College,
Kolkata. His research interest is Mathematical Biology.

Department of Mathematics, Seth Anandram Jaipuria College, Kolkata 700 005, India.
e-mail: akpal_2002@yahoo.co.in



