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ABSTRACT. In this paper, multi-block generalized backward differentiation methods for nu-
merical solutions of ordinary differential and differential algebraic equations are introduced.
This class of linear multi-block methods is implemented as multi-block boundary value meth-
ods (MB2VMs). The root distribution of the stability polynomial of the new class of methods
are determined using the Wiener-Hopf factorization of a matrix polynomial for the purpose of
their correct implementation. Numerical tests, showing the potential of such methods for out-
put of multi-block of solutions of the ordinary differential equations in the new approach are
also reported herein. The methods which output multi-block of solutions of the ordinary dif-
ferential equations on application, are unlike the conventional linear multistep methods which
output a solution at a point or the conventional boundary value methods and multi-block meth-
ods which output only a block of solutions per step. The MB2 VMs introduced herein is a novel
approach at developing very large scale integration methods (VLSIM) in the numerical solution
of differential equations.

1. INTRODUCTION

Consider the numerical solution of the stiff problem (see [7]),

Y (t)=f(ty@t), te(to,T), ylto)=yo, y(t)<€R",

fty®) €R®, teR, v=1,2,.., 4.1

in ordinary differential equations (ODEs) and the differential algebraic equations (DAEs)

y' (t) = f(t,2(t),y(t), (to) =z0, y(to)= Yo,

0 =g (t.2(t). u(t)) (12
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The ODEs in (1.1) and DAEs in (1.2) arise in the modelling of constrained mechanical systems,
biological system, circuits theory and chemical reaction kinetics [1, 2] etc. The initial value
problems (IVPs) in (1.1) and the DAEs in (1.2) can be solved numerically by the conventional
linear multistep methods of the form

k k
> ;=Y Bifars;  n=01,--; k>1, (1.3)
J=0 Jj=0

due to relatively cheap implementation, but is limited by Dahlquist order stability barrier in [3].
In this regard, there have been several modification of the conventional LMM (1.3) restricted by
Dahlquist theorems to obtain different classes of methods (including hybrid methods and block
methods) with high order along with having A—stability properties. Example of such methods
can be found in [7, 4, 5, 6, 8,9, 11, 12, 13, 14, 15]. However, in Amodio et al [16], Brugnano
and Trigiante ([18, 19, 20] and references therein), provides a compelling approach, where
the continuous IVPs (1.1) and (1.2) is approximated by a means of discrete boundary value
problems (BVPs) using boundary value methods (BVMs) based on linear multistep formulas
in (1.3) of the form,

k2 k2
> itnij=h Y Bifarsi n=0,1--; k+k =k,
Jj==k1 Jj=—k1 (1.4)
Yo, Y1, 5 Yk -1 Yki> " s YN—ko YN—ko+15 " s Yn+N
(al) solution values to be generated by the BVM (;g)

This approach defines BVMs with (k1, k2)-boundary conditions, if the root distribution of the
stability polynomial of the main method in (1.4) is of the type (k1,0,k2). Here k; is the
number of roots lying inside the unit circle and k2 is the number of roots lying outside the
unit circle of the stability polynomial of the main methods in (1.4). Examples of such class of
methods includes; the generalized backward differentiation formulas (GBDFs) [19, 20],

k
> Qyns =hfagw;  n=0,1,-; k>1,
j=0

Y0, Y1, Y2, s Yki—1s  YN—kot1, YN (fized).

(1.5)

This is a generalization of the conventional backward differentiation formulas in [1] with u(=
k1) defined as (see [19]),
y— { %; k even
Ml &k odd
The BVMs in (1.4) provides the numerical solution {Yy4k,,- - , YntN—ko } Of the ODEs in
(1.1) and (1.2) given the boundary solutions in (1.5). The generalized Adams methods (GAMs),
extended trapeziodal rule of first (ETRs) and of second kinds (ETR3ss), and top order methods
(TOMs) and a comprehensive theory for these classes of methods, along with the generalization
of zero-stability and A-stability of linear multistep methods (LMM) from the theory of initial
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value methods (IVMs) in (1.3) to BVMs in (1.4) can be found in [19]. The generalized second
derivative linear multistep methods based on the methods of Enright [22] have been consid-
ered in [21]. The second derivative generalized extended backward differentiation formulas
(SDGEBDF?) is,

k 2k—1
> iy =0 Y Bifari W fhe VE=1,  n=0,1,2-,
7=0 j=k
Yn+1s" " s Yntk—1 Yn+ks " s Yn+ N—k+1 Yn+N—k+2, " Ynt+N
(;3 solution values to be g;erated by the SDBVM (b)

for stiff problems of (1.1) have been proposed in [23] as the main formula. The solution out-
put (a) and (b) are to be provided or replaced by second derivative linear multistep formulas
(SDLMF) as equations at the points t,41, - , tntk—1 and Lyt N— k42, Ent N—k+3s" - * stnt N
respectively. Moreso, BVMs have been considered on Hamiltonian problems, Volterra integro-
differential problems, neutral pantograph equations and neutral multi-delay differential equa-
tions, differential algebraic equations in [24, 25, 26, 27, 28, 31, 32, 33, 34, 35, 36, 37]. In fact,
the BVMs gives room to obtain solution of (1.1) and (1.2) globally, unlike the LMMs in (1.3)
which solution is obtained in a step-step fashion.

In this paper, the concept of the conventional BVMs in (1.4) is generalized through the use
of the linear multi-block methods in [11] to introduce for the first time, multi-block boundary
value methods (MBoVMs). The linear multi-block methods of [11] is

k1 ’
Yok = AYoij+hY BiFuy;  n=01--, k>1 (1.6)
=0 =0
where
Aj = [au]z»] =i (s’ Yot = Wntjss Untjstls Yntjst2s**  Yntjsts—1)
Bj = [buj;g,}w:l(l)s, Fotj = (Fatiss fatistts Fatjst2s o s fatjsts—1)

The multi-block methods in [11] have been introduced to take advantage of parallelism which
arise when By, is diagonal or lower triangular. Fatunla [7] has extended the multi-block meth-
ods of [11] to second order IVPs in ODEs of (1.1). The new approach herein is to use the
multi-block formulas in (1.6) as MB2VMs for a multi-block of solution output of (1.1) and
(1.2). We provide herein a detailed theoretical approach on how it is achievable. We start by
introducing some results on the matrix difference equations having initial values and boundary
values, along with Wiener-Hopf matrix factorization of a matrix polynomial to determined the
root distribution of the stability polynomial of the arising multi-block boundary value method.
In [39] is a theory on parallelism of multi-block methods of [11] following [38]. An extension



246 OGUNFEYITIMI AND IKHILE

of [11] is the generalization to the multi-derivative p-output multi-block method

n+k—ZA(Q) n+J+Zhl ZB(Z) Ei ) (1.7)

kZl, qg>1, Ap=1,,

given in [39]. Here

) s
qu) (M) = [a&?;}j)(/ﬁ)] wo=1 ) Yn+j = (yn+uj+c1 y Yntpjteay 7yn+uj+cs)T s
BW [b(ld) } - T =192 ...
J ( ) ( ) w— 1’ c (01362’ vCS) M )y 45 ) (1.8)
F(lfl) { Fn+j = (fn+Hj+Cl7 fn+#j+627 T 7fn+Hj‘5§s)T; =0
+i = (I-1) (=1 (=1 .
B (fn+uj+clv f”+#j+02’ T fn+uj+cs> ) [ >1

as in [39]. The new formulation in (1.7) is significant over Chu and Hamilton [11] in (1.6)
because of its order and stability advantage for increasing block number & and derivative order
g, and among other advantages because of the introduction of the parameter p.. Here the multi-
block methods in (1.7) is a g-derivative, k-block, s-point, p-output block method. The ¢ in
(1.8) provides the benefit to introduce solution at hybrid points in the time variable ¢ of (1.1) in
the blocks of (1.7), while the 1 denotes the number of component overlaps in the consecutive

block solution of Y;, 1 ; and Y,, ;1 and function values Ffl 4
1)

as sets of its components, then the overlap imply that,

Y and F(_H )1 respectively. If we

consider Y, ; and F(

Yoj NYoij1 = { {mpivesatp o Unipgre, i p=1(1)s —1

p(empty); w>s
Correspondingly,
(1-1) (I-1) ) _
FEOARID = { {fn+uj+c5_2+w T n+uj+cs_1}7 p=1(1)s -1
n n
’ ! ¢(empty); p>s, 1=1(1)q

and the number No.(-) of overlapping components in consecutive blocks is

No. (Yyy; N Ypij1) = No. <F(l VnFE! )1> =s—p; j=11k [=1(1)q.

The different value of y corresponds to different block formalism, see [7, 9, 10]. If ;1 = s, then
(1.7) corresponds to non-overlapping in the block definition in (1.8) and for 4 = 1(1)s—1 and
p > s+ 1, the arising multi-block method in (1.7) is not amendable to multi-block boundary
value method implementation. For convenience, the discrete problem generated by a k-block
multi-derivative methods in (1.7) with k initial block conditions is written in matrix form by
introducing the (N — k + 1) s by (N — k + 1) s block matrices,
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A () = AW ;

B ()
BO(u) = | BY () ; (1.9)

B () - B
with [ = 1(1)q and the block vectors are define as
_ _ nT
Y = (Yn—i-ka Yn—i—k—‘rla T >Yn+N)T ) F(lil) = (Fél—‘rkl)ﬂ F’rgl-l—kl-?-lv T 7F(l 1)> .

Then one has,

— — l —
SIS AN ()Y = S b (2050 B FL)

q :
AD ()Y =3 RBO ()P = - A () Yo = S0, B BE () F Y (1.10)
- )
=1
0

where the block matrices A@ (1) and B® (1), I = 1(1)q are lower triangular Toeplitz-block

matrices. These methods in (1.10) are multi-block g-derivative initial value methods , since
they generate discrete initial value problems of (1.1) and (1.2). However, we shall consider the
non-overlapping block of solutions in the MB2VMs to be introduced based on (1.7). Herein,
the one-block or block BVMs of [28, 37] is extended to the MB2VMs by employing the initial
value multi-block methods of [11]. The results in the following section then holds for the order
conditions of multi-block methods in (1.7).

1.1. The local truncation error and order conditions of multi-block methods in (1.7).

Following Ikhile and Muka [39], the local truncation error operator for the k-block s-point
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method, ¢ > 11in (1.7) is given as,

k—1
L [Ya(tn); h] = Yasn(tn) — > A (1) Yoy j(t0)
i=0
’ (1.11)
q k
- Zhl ZBU)(M)F(Z*D Yri(tn) |5 Ap=1s, p=1
=1 =0
where
YnJrj (tn) = (y (tn+js) Y (tn+js+1) » Y (tn+js+2) LY (tn+js+871))T

F(lil) (Yn-‘rj (tn)) = <f(l1) (tn+j57 Yy (tn-i-js)) 7f(l71) (tn—i-js-i-ly ) (tn+j8+1)) y

T
f(l_l) (tn+j8+2> Yy (tn+js+2)) y T f(l_l) (tn+js+sfla Y (tn+j8+31))>
The Taylor series about ¢,, in (1.11) gives
— C;h7 : : , , T
LY,(tn);h] =Y L=V (t,); Y (tn) = (y<f>(tn),y<”<tn>, e ,y“)(tn)) . (1L12)
=0 I

The next result shows the order p of convergence of the linear multi-block methods (LMBM)
in (1.7).

Theorem 1.1. (c¢f:[39])
Lete = (1,---,1)T. Then the vector coefficients {Cy}1—o in (1.12) are given by

e = Y00 A (we: =0
¢ = Y5 AD (W) (e + pje) — Sh_ ) BY (n)e: t=1
¢ = YRy A () (e + pje)? — 2328 B () (c + pie)
Ci = —2535 0 B (w)e; t=2

¢ = Y55 A () + pje)’
| -2 (M -+ 1>§ S B () e+ pge) | =345,
.

where ¢ = (1,2, ,Cs
Vector powers are component-wise powers.

Proof. The proof is in Ikhile and Muka [39], but our interest is with when ¢ = 1, s = p,
c=1(0,1,2,---,5s —1)7. O

The multi-block methods in (1.7) is of order p if C; = 0, j = 1(1)p and Cpy1 # 0. We also
give the following definitions:
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Definition 1.1. The method in (1.7) is said to be pre-consistent if Cy = 0.
Definition 1.2. The method in (1.7) is said to be consistent if it is pre-consistent and Cy = 0.

Thus, when

Cpt1 +1 T
LlVase(ta); 1) = o 2 YLD () + OO e e = (1 )T,
the multi-block methods in (1.7) is said to have a uniform order p. The interest is on MBoVMs
of uniform order of its constituent linear multistep formulas (LMFs). However, if the LMF
components of the multi-block methods in (1.7) are of various order {p; } j—1 (1) then the order

of the method in (1.7) is atleast p = min;<;<s{p;}. Here Cpi1 = % is the local truncating

error (1.t.e) constant of the method in (1.7). The normalized local truncation error constant (EC)
is given as
Cp+ 1

ko0
(p+ 11> B e
The rsBam Ep+1 enables the comparison of the error constant of the method in (1.7) with that
LMMEp+1 of the LMM (1.3),

MBMEp1 =

k

dpi r :
LBy = <0’0’ SRR PE 1)!I;LMM(1>> o onan(r) =3 By,
§=0

in one-block formalism where

(Zﬂl)! is the error constant of the LMM in (1.3).

The paper is organized as follows. In Section 2, we discuss the matrix finite difference equa-
tion with initial value and boundary value conditions. Section 3 is devoted to the formulation of
multi-block boundary value methods, where the location of zeros and Wiener-Hopf factoriza-
tion of a matrix polynomial are fully discussed. In Section 4 is the construction of multi-block
generalized backward differentiation formulas (MBGBDFs). Section 5 is on the effect of us-
ing additional block methods in place of exact block of solution, on the stability of MB2VMs.
Numerical results are reported in Section 6 and the conclusion follows in Section 7.

2. THE SOLUTION OF MATRIX FINITE DIFFERENCE EQUATION

To understand the formulation of the multi-block boundary value methods to be proposed in
the later sections, it is necessary to present a theory on the solution of the multi-block finite
difference equation. Consider the k-block difference equation defined by

k
E A]Yn+]:07 7’L:0,1,"' ) }/07Y15"' aYk—l ) (21)
J=0 intial multi-block of solution values to be provided
where
_|,0) _ T -
Aj = [ai,l =101 , Yn+j = (yn+5-j7yn+s-j+1a ce 7yn+8-j+sfl) y J = 0(1)k
i,l= s
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are known real constant matrices and block vectors to determine the block solution Y, . The
block vectors in {Yp, Y7, -, Y;x_1} are the known block initial values to determine the block
solution Y}, . The associated characteristic matrix polynomial to (2.1) is

k
P(R)=> A;RI; EY, =Y., Yay, R (2.2)
7=0

One can readily show that there are multi-block solution of (2.1) of the form Y;, = R?G,n >0
provided that 12; is from a complete set of solvents for the characteristics matrix polynomial in
(2.2) and G is a vector of dimension compatible with R;. Refer to [40] on how solvents can be
computed. Define the block vectors

A= (Ao, A", Y= Yy Your)'s D(R) = (I, LR, - , I,RM)".
Thus (2.1) and (2.2) are transformed to
ATy* =0,
A(R) = ATD(R),

respectively. We are assuming all through the case where all the roots of det (p(R)) in (2.2)
are all simple. Consider the block vectors C' and matrix 7,

C=(I, - ,I,) € R**,  n=diag(Ri, Ry, ,Ry), R;€R™>,  (2.3)
respectively. The set { Ry, Ra, - - , Ri} is a complete set of right solvents for the matrix poly-
nomial p(R) in (2.2) which means equivalently that { R;, R, - - - , Ry} are the matrix roots of
the matrix polynomial p(R) in (2.2) that is,

ATD(Rj) =0; j=1(1)k.
The following theorem establishes the relation of the roots of the matrix polynomial (2.2) to the

solution of the multi-block finite difference matrix equations (2.1) comprising of initial value
conditions determined from the initial blocks of solution {Yp, Y1, -+, Yix_1}.

Theorem 2.1. If all the matrix roots (solvents) R, Ro,--- , Ry of the characteristic matrix
polynomial (2.2) are simple, then the generated multi-block solution Yy, from (2.1) is given as

Y, = Cn"G, n=0,1,---, 2.4)
where,
G - Vﬁl(Yba Y17 T 7Yk*1)T;

I, I, I,
Ry Ry - Ry

V= : : : : ’
k=1 ph—1 P
Rt 1 RS .. R} 1

and G € C** is a block vector determined by the conditions defined by the initial multi-block
solutions Yo, Y1, « -+, Yi_1 (n = 0) of the multi-block difference Eq. (2.1).
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Proof. The discrete vector function (2.4) is a multi-block solution of (2.1) since

Yy Cn" Cn’
Yot1 Cnptt Cn'
ATY; = (Ao, An | T | =4t T la=aT| ) |G,
Yn+k Cnn+k an
with C and 7 given in (2.3). Thus
I, I, --- 1,
Ri Ry - Ry
AT T T | n"G = (ATD(Ry),ATD(Ry), - ,ATD(Ry)) n"G.
RV RE ... R}’z
To show (2.4) is the general multi-block solution of (2.1), assume the initial block conditions
YE] = 077on Yl = Cn1G7 T Yk*l = an_1G7
provided by the initial multi-block solution vectors Yy, Y1, -+ ,Y;x_1 (n = 0) from the past.

These transforms to

(Yo, V1,---, Y1) = VG,
where V is the Vandermonde block matrix (see V in (2.4)) withrows Cnp?; j = 0,1,--- ,k—1.
The V' is non-singular when R; are distinct or equivalently independent and the eigenvectors
are independent so that the vector G is then uniquely determined by

G=V(Yo, Y1, Y1)
Thus, the general multi-block solution of the matrix difference equation (2.1) is given by
Yn = Cnnv_l(}/(b Ylv e aYk—l)T‘
0

It is to be noted that the eigenvalues of the matrix roots or the solvents {R;, Ro, - - , Ry} of
(2.2) are the roots of det(p(r)). It is now clear, that for the convergence of the solution in (2.4)
of the matrix equation in (2.1), the eigenvalues of the solvents are required to be in the unit
circle, but those on the unit circle need be simple.

In what follows, we consider the solution of the boundary value matrix difference equation

k
DAY =00 n=01-, kithkr=k N2k
j=0

Yo, o Yk 1 Yeyoo s YNk YNkttt 5 YN

(a) (©) (b)
(a): initial multi-block boundary condition (given)

2.5)

(b): final multi-block boundary condition (given)
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The initial multi-block and final multi-block solution values in (a) and (b) respectively are
boundary values of the solution to be provided, while in (¢) is the multi-block of solution
values to be generated from the matrix recurrence relation in (2.5). The MB3VMs in (2.5) are
a novel approach at developing very large scale integration methods (VLSIM) in the numerical
solution of differential equations.

Theorem 2.2. Suppose that the characteristic matrix polynomial in (2.2) (with k = k1 + k2)
is such that, the eigenvalues of {R1, Ra,--- , Ry, } are strictly in the unit circle, while the
eigenvalues of { R, +1, Rk, 12, -+ , Ri } are strictly outside the unit circle. Then the generated

multi-block solution Y, 1, from (2.1) is given as

Y,=Cn"G; n=0,1,---,
1 T (2.6)
G=V (}/b?Yb'“7Yk1—l7YN—k’2+17"'aYN) 5

where G € C** is a block vector determined by the conditions defined by the initial multi-
block solutions Yy, Y1, - -+, Yy, —1 and the final multi-block solutions Yy _y,41,- -+ , YN of the
of the multi-block difference equation in (2.1)

Proof. The proof is similar to theorem 2.1, since (2.2) is now a multi-block boundary value

problem from (2.1), where one assign the initial block values Yp, Y7, -+, Yy, —1 (n = 0) and
final block values .Yy _,41, -+, Yn (n =0) for N > k; and k1 + k2 = k. One has,
Yo=Cn’G, Yi=Cn'G,-- Yi=CnhT'G, @7
YN—k2+1 = OnN_k2+1G> e aYN = CnNG .

Then, the corresponding matrix system of equations to Vandermonde in (2.4) is given as

VERE) G = (Yo, Y1, Vi1 YN k1o YA) T,

where
Is Is Is e Is
Rl e Rkl Rk1+1 e Rk
k‘—l k.—l ki1—1 . k:—l
V(k1,k2) — Rll o Rki RkiJrl T Rkl (2.8)
N—ko+1 N—ko+1 N—ko+1 N—ko+1
Rl 2+ . Rk1 2+ Rk1+12+ . Rk 2+
R{V ... Ré\i R{C\QH ... R]iv

The block matrix is the mosaic Vandermode block matrix. If V (#1:%2) is non-singular then the

multi-block boundary value problem (2.1) with the initial and final block conditions in (2.7)
will have a unique multi-block solution. Similarly one has

-1
YTL:CDn <V(kl7k2)> (Y[)vY'l?"' 7Yk‘1*1aYN7k2+17"' 7YN)T7 n:071727"' .
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U

The above theorem establishes the general form of the solution of the boundary valued finite
difference equation from (2.1).

Theorem 2.3. Suppose that ki is the number of the initial blocks of conditions and Ry, Ry, - -- , Ry,
be the complete set of (right) solvents of (2.2) and let

Rjy1 = Qi1 Lit1Qj+1; j=0(1)k -1
are the diagonalizable matrix roots of the characteristic matrix polynomial (2.2) associated
with the matrix difference equation (2.1). Here

Ljt1 = diag(rsj+1,7sj42, > Tsjts); J=01)k—1,
such that
| Ljt1 ||oo= m]aX{| Tsjrt || Tsjaa [0 rsjrs |}y =00k —1, s5>2, (29)
where 11,79, -+ ,Ts are also the distinct characteristic roots of the polynomial det (p(r))

with the assumption that these eigenvalues are arranged in absolute magnitude as
| |<|ra |< - < rsmn [<| s <] Pser | <o e < ras—t <] res [< s < sy | 2.10)
< Tsryr1 [< o < Tsbytsba1 [<| Ts(orho) I5 K1+ k2 = F,
Let
I Ly [loo< 1 <[ Ly 41 [loos 2.11)

then, there exist an integer &g for all N > 0y, such that the matrix (2.8) is non-singular.

Proof. The proof follows the approach of theorem 2.2.2 in chapter two, page 19 of Brugnano
and Trigiante [19] for matrix difference equation (2.1). By (2.10) or (2.11), the solvents R 1;
j = 0(1)k — 1 are diagonalisable and

Rji1 = Q;ﬁlL]’HQg‘H; J=0(1)k -1,
for some invertible matrices ();+1. By defining the following block matrices

I, I, - I,

(u) 1l Ry o Ry, F
Vit = : : : : =
RYU RS - RY Ry,
I, I, L "
(w) Riyy1 Rikgv2 - Ry Pt
V2 - : . . . 5 772 - 3
u— u—.l . u.— Rk;
Rkl-&l Rk—1+2 sz !
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-1
V(khk’z) _ V'l(kl) ‘/*2(161) _ ‘/i(kl) O Ikl ("/2(]‘31))
Rl vy W o ’

then

where

k k k1)) L
Oy = VQ( 2)775\7 _ Vl( 2)77{\7 (V'l( 1)) ‘/2161'

Thus V(¥1:%2) is non singular if and only if o, is non singular. Now, because of (2.10) and
(2.11)

i = 1,0 (| Ly 1), 0™ = 1,0 (| Ly 1),

and

—1
on = (V= v () v )
k _
= (W + 0 (I Ll 1)) mb'

Since V;kz) is also non-singular and || L,:llJrlLk1 lco< 1 is bounded there exist o9 > 0 such

that o, is non-singular for all N > dy. The minimum value of vector column of g is observed
to be of the order p = s - k ( s is the dimension of the coefficient matrices of the method in
(2.1)). O

The above theorem establishes the existence of the solution of the boundary value finite differ-
ence equation from (2.2) by showing the invertibility of the mosaic block Vandermonde matrix
V(kl 7162).

Theorem 2.4. Suppose that the matrix roots of the characteristics matrix polynomial in (2.2)
associated with (2.1) are such that,

I L1 oo <Il Ly lloo<ll Lyt floos [l Ly loo< 1

Then the multi-block solution of the boundary value finite difference equation associated with
(2.1) having ki number of initial block conditions and ko number of final block conditions in
(2.7) has a solution for n and N — n sufficiently large. In fact, the multi-block solution of (2.1)
subject to (2.7) behaves asymptotically as

Y, = R}, (a+0(z?) 1o (lgv—’wr) ) (ng)) ) (zfﬁ”) =01, (2.12)
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where the vector « depends on Yy, Y1, -+ , Yy, —1 (n = 0) and
L=l L L1 o<1, ki+ka=k
ls = mln{| Tsk1+1 |’ ‘ T'sk1+2 |’ t ’| Ts-ky+s |} > 1,
lo =|| L,;lHLkl loo< 1, lg=| Lg,—1 |loo< 1, . 2.13)
Ljt1 = diag (rsj1,Ts 42, s Tsjys),  J=0(1)k =1
| Lk, [loo= max{] Ts(k1—1)+1 s Ts(k1—1)+2 o [ e 1F S 1
| Tsky =1, 1<|rspyar |, 7 =1(1)s

Proof. This is obtained by extending the augment in the proof of theorem 2.6.1 in chapter two,
page 39 in [19]. The (2.1) is a more general case than that considered in [19], page 39. Thus
from (2.4), write that

Yo, =CmiGr+ Gy R, + CpnpGp; n=0,1,2,---, (2.14)
where
Cr=Us1s- 1), Cp=s1s--- 1), nr = diag (R1, Ry, -+ , Rk, —1, Ry, ),
nr = diag (Re, 11, Regs1,  Bi) s Yoo = o Ysomsts+* » Ysmgs1) s
Y; = (ym, Ysit1," " 7ys~i+571)T , Yp= (ys-f, Ys-f41," " 7Zl/s~f+s—1)T s
Lig1 = diag (7s.i,Tsig1, s Tsigs—1), t=01)ky =1, f=01)k—-Fk s>2.

The entries of the block vectors Gy and G i symbolises the initial and final multi-block bound-
ary conditions of the boundary value difference equations in (2.1). In a well defined compact
form for (2.14),

I Cr Crp G, Yo
Vin—1Rg, Hp,—anr Qr,—1nr Gr |=1[ Yr |,
Vio Ré\g Hi,n¥  QuyniY Gr Yr
where
I, I, - I, I, I, -,
Ry Ry -+ Ry Ripiy1 Rpyo -+ Ry
Hj = : : : , Q5= : : : )
. L - c . .

R{ R‘% e R‘l]ﬂfl R‘ch1+l R‘]]C1+2 T R‘]]C

. T
with V; = (IS,Rkl, . ,R{ﬂ‘l) . Set,

I Cr Cr
Z=\ Vihn-1Ry, Hi—mr Qr—-1mF
Vi, R Hipnl' Quenpy
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Next is show that the inverse of Z exist through the asymptotic sense. Decomposing Z into the

form,
I (0] (0] I, C; Cg
Z = Vie-1Bk, Ic, O 0O P B ’
Vo R]k\i w  Icp 0O 0 9
where

Py = Hy, 11 — Vi1 R, Cr, Po= Qp—1mr — Vi, 1Ry, CF,

w= (HenY - Vi,RNC) Prt = —RY (Vk201 +0 (|| Ll Ly ||gvo)) P
=0 (| L, %)+ I Iiy llo< 1 :

V= Qunp — Vi, Ry Cp — wPs = <Qk2 +0 <H Lil Ly, Hévo)) ng -

From the above,

I+ CrP Wi Reyr Ty =10 Ty~ tw — Cp P —rTq/} !
270 =\ P (PO = Vi Ry) P (P hw) PPy
Yo —¥~lw Yt
where
T =01~ C1P Py, 0= Vi,RY — Vi, 1Rw = O (|| Ly %) -

Then one obtains

G, = (IS + CrP Wi, Ry, + O ((ZQ)N)) Yo
- (C,P;l +O ((zg)N» Yr 4+ 0 ((zg)*N> —a+0 ((zg)N) ) ((13)*N) :

Gy = (—P;lkaRk +0 ((zZ)N)) Yo

—(n+o (™) vi+o (™) =0+0 (") +0 (1)™),

o= (@ +0(09)) (-0 (1)
=iV (040 (L)) +0 (1))

where I,; ¢ = 1(1)4 as defined in (2.13). The block vectors 9 = P, ! (Y7 — Vi, 1Ry, Yo) and
¢ = Q,;l YF are constants independent of NV, and

and

a=Yy+ CrPyt (YoRg, Vi1 — Y1),

depends only on the initial block conditions in (2.7) . Therefore,

Vo= By, (a+0 (@) +0 (@Y ™) +0 (t)))+o (@), @15
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Here Ry, is the generating matrix root (solvent) of the associated characteristics matrix poly-
nomial of (2.5) . ]

The solution (2.6) as restructured in (2.14) and the analysis of its convergence of the boundary
value matrix difference equations (2.5) is by no means trivial, as can be seen in the proofs of the
theorems 2.1—2.4. For the convergence of the solution in (2.6) as restructured in (2.14) and with
the asymptotic solution given in (2.15) of the boundary value matrix difference equations (2.5),
the eigenvalues of the k1 number of the solvents and ks number of the solvents are required to
be in the unit circle and outside the unit circle respectively. However, those eigenvalues on the
unit circle need be simple. It is now established through theorem 2.1- 2.4 that the matrix finite
difference equation (2.1) subject to the initial block conditions and final block conditions in
(2.7) has bounded block vector solutions (2.6) with respect to the conditions of the theorems.
It is on the bases of this that a MB2VMs can be formulated using (1.7) and (2.7) in the sense
of the classic BVMs in (1.4).

3. MULTI-BLOCK BOUNDARY VALUE METHODS (M BaV M's)

Consider the linear multi-block formulas (LMBFs) of [11] in (1.6) of the form
k k
ZAanﬂ- :hZBan+j; n=0,1,---: k>1. (3.1)
=0 §=0

obtained from (1.7) when ¢ = 1, u = s, where

A.::[(ﬂ} . B, = qu ,

J i il=1(1)s J o] 1=1(1)s

Yn+j = (yn+8~ja Yntsj+1, " 7yn+5-j+8—1)T , J= O(I)k
Fn+j = (fn—i—s-ja fn+s-j+1a T 7fn+8~j+s—1)T

The {Y+; }j:O(l) .. are the multi-block of non-overlapping solution values and {F, }j:O(l) &
denotes the corresponding multi-block of non-overlapping function values of (3.1). The for-
mula (3.1) is a k-block, s-point block formula. Here, the block shift operator £ is defined as
E’Y,, =Y, see (2.2). Define the first and second characteristics matrix polynomial of (3.1)
as

k k

p(R)=> A;RI,  G(R)=)_ B;R, (3.2)

Jj=0 J=0

respectively. The first and second characteristic stability polynomial of (3.1) are

k k
p(r) =det (p(r)) =det | Y Aj |, o(r)=det | Y Byl |. (3.3)
j=0 Jj=0
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The stability matrix polynomial of (3.1) on application on the scalar test equation y' = Ay,
Re(M\) < 0is

—

[I(R.2) =8(R) = 26(R); =z=Ah (3.4)

The corresponding stability polynomial associated with (3.1) is thus,

—

[[(r.2) = det <H(r, z)> = det (p(r) = 25(r));

(3.5)
r=e% 0<0<2r, z=Mh, Re(z)<0
Implementing (3.1) as a MB2VMs, we shall have
ko ko
Y A Yari=h Y BiFuyi n=01)(N—k), k>1,
Jj=—k1 Jj=—k1 ,
Yo, Y -1 Yigo o YNk, YN ko1, YN
(a) multi-block of solution values to be generated by the MB2 VMs (B 16
(3.6)

as the main block formula while the initial multi-block formulas (a) and final multi-block
formulas (b) in (3.6) are to be provided or replaced by multi-block multistep formula in (3.1).
The coefficients {4}, B;} are determined by imposing a O (h****!) truncation error. By
this the constituent linear multistep formulas (LMFs) of the linear block multistep formulas
(LBMFs) of (3.6) can have maximum order p = 2s - k. This, no doubt is an order advantage of
MB,VMs over the conventional BVMs in (1.4) . Here g1 = s - ky is the number of roots lying
inside the unit circle and ¢ = s - ko is the number of roots lying outside the unit circle of the
stability polynomial in (3.5) of the main methods in (3.6). The discrete problem generated by
aMB2VMs (3.6) with (K1, k2)-block boundary conditions is written in the compact form

Z;ﬂ:?)l (Aan+j - thFn+j)

AoYpiki—1 — hBoFpqk, -1
(0]

AY — hBF = — : Y
(0]
ARY iy Nekot1 — hBRFy N—kot1

N .
2521 Ak Yot Nokotj — hBl+ frt N—kat
where

Y - (Yn+k17"‘ 7Yn+N7k2)T7 F - (Fn+k17' te 7F7L+N7k2)T7 (38)

as the multi-block solution and function vectors of (3.7). The A and B are the multi-block
Toeplitz matrices obtained from the main formula (3.6) without the initial multi-block formulas
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and final multi-block formulas. The arising MBoVMs in (3.6) is thus Ay, x,-stable. The multi-
block Toeplitz matrix A is of the form

Apy Agiq1 - Ay O O o e )
Ay
Ao
A= o sk + ke =k, (3.9)
Ak,
: R o Ak
o o 00 A A e A S e vk

and B is of a similar form, but with the B;.s instead of the Ags. The coefficient block matrices
are banded Toeplitz-block matrices having lower band k; (equal to the number of block initial
conditions) and upper band ks (equal to the number of block final conditions). It is trivial
that the class of MB2VMs (3.6) contains the conventional multi-block methods as introduced
by Chu and Hamilton [11] for the case k1 = k and k2 = 0 as in (1.9). The implementation
of (3.6) is amenable to parallelism on a larger scale than the block method of (1.6) and the
conventional BVMs in (1.4). An advantage of the MB2V M s in (3.6) or equivalently in (3.7)
is that it outputs the multi-block of solution {Y,, 44, - , Y+ N—k, }» unlike the conventional
linear multistep methods in (1.3) which output a solution ¥, at a point or the conventional
boundary value methods in (1.4) which output the block of solution {y,, 1k, s Yn+tN—k, }
and multi-block methods [11] in (1.6) which output a block of solution Y, per step. The
continuous problem (1.1) provides only the initial value y, whereas the k; extra initial blocks

Yo, -+, Yk, —1 (n = 0), of solution values in (3.7) are to be given by the initial block formula,
k k
S AV =0y BYE; n=0, i=0(1)k -1, (3.10)
j=0 §=0
and the ko extra final blocks Yy, - -+ , Yn4k,—1 (n = 0) of solution values are similarly given

by the final block formula,

k k
ZA%)—k-‘erN_k‘Fj = hZ B](\Zf)—k-i-jFN—k-l-j; n=0, i=(N—-k+1)(1)N. (3.11)
j=0 §=0
Moreover, it is important for the composite matrix scheme, (3.6), (3.10) and (3.11) whichis a

MB,VMs to have uniform order p or atleast p = min;<;<s{p;} where, p;; j = 1(1)s are the
order of the respective constituent LMFs. Thus the composition is written as

ANY —hByF =0, 0= (0,---,0)T. (3.12)
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Here the multi-block of solutions and functions are given as

Y = (Yna ’Yn+k1—17Yn+k"" 7Yn+N—k27Yn+N—k2+la"' 7YH+N)T) (3 13)
F:(Fna"'7Fn+k1717Fn+k7"'7Fn+N7k27Fn+N7k2+l7"'7Fn+N)T7
and Ay = [a | Ay] € RNs*(N+Ds i
0 0 0
i 4
AO Al Ak
k“—l k"—l k:‘—l
At | 4D 4D
Ao Ay A
Ay = Ay Ay e Ay, , (3.14)
AO Al Ce Ak
A(()N—kz-i-l) A(IN_k2+1) L ALN_kQ—H)
400 AN 4

and By = [b| By] € RN**(N¥Ds is of similar form, but with Bjs instead of As. The
matrix Ay — zBy, has a multi-block quasi-Toeplitz structure [41, 42, 43] as a result of the
additional multi-block formulas from (3.10) and (3.11). The (3.12) is equivalent to the one-
block method

ANYpy1 4+ AgYy, = h (BnFop1 + BoFy), n=0,1,---, (3.15)

in higher dimensional block with multi-block of solution output. Here the mult-block of solu-
tion and function values are given as

YnJrl = (Yn+1a e 7Yn+k1717 Yn+k7 e 7Y’I’L+N7k27 YTL+N7]€2+17 e 7Yn+N)T ) (3 16)
Fn+1 = (Fn+17 T 7Fn+k171;Fn+k7 T aFn+N7k27Fn+N7k2+17 e ;Fn+N)T7
A
ASY
i (k1-1)
Ag = [O(y_1ys X Ns | a] = Ap , (3.17)
A
O(Nfl)s X Ns (0]
(0]
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and

k‘—l
By = [O(n_1)s x Ns | b] = BS = ) (3.18)

O(Nfl)s X Ns (0)

The MBoVMs in (3.15) can be implemented through the use of Newton-Raphson method.
Thus the multi-block solution Y;, 1 = Yrg(ﬂl, g > 0in (3.16) is iteratively obtained from,

oM,

Y =i Ay — hBy ) Y ANYY + AdY,
n+1 n+1 (An N Y1 ) (AN nt1 T Aotn (3.19)
—hBoF, —hBNE ) i=0(1)g ¢>1,
where
8fn+l afn+l - afn+l
ayn+1 8yn+2 ayn+N-s
8f7L 5f’VL af'VL
aM(Yn"Fl) — 8 (fn+17 e 7f’ﬂ+N'8) — ayni? 8yn:22 o ayn-&-j»\fz's (3 20)
0Yn41 0 (yn—&-lv s 7yn+N~8)
afT.L-f—S 8fn+s . afn+N-s
OYnt+1  OyYyni2 OYn+N-s
M(Yni1) = ANV + AgY,, — hByF, — hByF =0 (3.21)

A modified Newton-Raphson method which uses a fixed Jacobian J = %—A}f from the ODEs in
(1.1) and (1.2) when feasible can also be considered. The method in (3.15) are implemented
with minimum block size using the Newton-Raphson method in (3.19), see Section 5. Next,
is the consideration of the root distribution of the stability polynomial in (3.5) in order to

determine the stability of the MB2VMs in (3.6).

3.1. Location of zeros of a polynomial and Wiener-Hopf Factorization of a matrix poly-
nomial.

This section considers location of zeros or root distribution of a polynomial arising from the
determinant of a Wiener-Hopf factorization of a matrix polynomial in (2.2).
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3.1.1. Location of zeros of a polynomial.

The stability of the MB2VMs in (3.7)for the solution of ODEs in (1.1) and (1.2) rely on the
distribution of the roots of the stability polynomial (3.5) with respect to the unit disk. We shall
discuss schur criterion for a matrix polynomial in general for the case of initial and boundary
value methods in (1.6) and (3.6) respectively. The characteristic polynomial we seek its root
distribution is in general arising from first equation in (3.3) and (3.5). Thus, we defined the
following polynomial

q
p(r) =det (p(r)) = _ a;r7, (3.22)
7=0

here ¢ = s - k is the degree of the polynomial p(r) and k is the degree of matrix polynomial
p(R) in (3.2). Suppose

di={reC:r|<l}, do={reC:r|=1}, ds={reC:| r|>1},
and let g1, q2, g3, ¢ be four non-negative integers such that
ntetag=s-k=q
We make the following definitions;

Definition 3.1.

(a) The polynomial p(r) in (3.22) is said to be of root distribution type (q1, q2, q3) if
has q1 number of zeros inside dy, qo number of zeros on do and q3 number of zeros
inside ds.

(a*) The matrix polynomial p(R) in (2.2) is said to be of block root (solvent) distri-
bution type (ki, ko, k3) if equivalently, the associated matrix polynomial p(r) =
det(p(r)) is of root distribution type (q1,q2,q3) when g¢; = s - k; ; i = 1(1)3.

(b) The matrix polynomial p(R) in (2.2) is called Schur matrix polynomial if the
polynomial p(r) in (3.22) is of the type (q,0,0), that is (1 = ¢, g2 = q3 = 0.

(¢c) The matrix polynomial p(R) in (2.2) is called Von-Neumann matrix polynomial if
the polynomial p(r) in (3.22) is of the type (q1,q — q1),0) with simple zeros on
the unit circle.

(d) The matrix polynomial p(R) in (2.2) is said to be self inversive, if the polynomial
p(r)in (3.22) and

have the same set of roots, is the reverse polynomial of (3.22) and a; is the con-
Jjugate of aj. Since p(r) in definition (3.1a) is of the type (q1,q2,q3), then then
p*(r) is equivalent to the type (qs, q2, q1).
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However, the polynomial p(r) of type (q1,0,g—q1)) will be used in the subsequent sections for
characterizing the stability of the multi-block boundary value methods in (3.6). An equivalent
of definition (3.1a*) is that the matrix polynomial p(R) in (2.2) of solvent distribution type
(k1, ko, k3) implies that k1 number of the solvents have eigenvalues inside the unit circle, ko
number of the solvents have eigenvalues on the unit circle and k3 number of the solvents have
eigenvalues outside the unit circle.

Theorem 3.1.
A matrix polynomial p(R) in (2.2) is self inversive if and only if the polynomial p(r) in (3.22)
satisfy,
p*(0)p(r) = p(0)p*(r); reC.
Proof. The proof follows from definition 3.1d and [19], page 53. g

Theorem 3.2.
Suppose that | p(0) |#| p*(0) |. Then p(R) in (2.2) is of type (k1, k2, k3) matrix polynomial if
and only if the polynomial p(r) of degree q = s - k in (3.22) satisfy the following conditions:
(@) pi(r) is of the type (s - k1, s - ka, s - k3), when | p*(0) [>| p(0) |
(b) p1(r) is of the type (s - k3, s - k2, s - k1), when | p*(0) |<| p(0) |,

where
pi(r) = ZOPOD PO o) 14 (0) |,
is of degree s - k — 1.
Proof. This follows from [19], page 54. U
Example 3.1: Consider a matrix polynomial
ﬁ(R)_<(1) (1)>R4—<(1] ?)R3+<(1) (1)>R2+<é ?>R+<(1) ?) (3.23)

This polynomial is self inversive matrix polynomial if

s =aagon={ 5 )= (5 ) (6 0 ) (5 0

+ < (1) (1) > :r8—2r7+3r6+r4—3r2—|—2r—|—1,
is a self inversive polynomial. Let (s - k1, s - k2, s - k3) be the unknown type of p(r). Through
iterative application of Theorem 3.2, we obtain the polynomial pg(r) of the type (1,0,1). It
implies that the matrix polynomial p(R) in (3.23) is of the block root or solvent distribution
type (2,0, 2) and p(r) is equivalently of root distribution type (4,0, 4), see definition 3.1d).

Theorem 3.3. The matrix polynomial p(R) in (2.2) is a Schur matrix polynomial if the asso-
ciated polynomial p(r) in (3.22) satisfy the following conditions, | p*(0) |>| p(0) | and p1(r)
is a Schur polynomial.
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Proof. Following [19], page 55, suppose that the matrix polynomial (2.2) is a Schur matrix
polynomial then the polynomial p(r) in (3.22) of degree ¢ = s - k is of the type (s - k,0,0)
and thus,| p*(0) |>| p(0) |. From theorem 3.2, it shows that p;(r) must be of type (s - k —
1,0,0). 0

The application of definition (3.1a, b) is considered in the next example.

Example 3.2: Consider the matrix polynomial

1 _ 3
ﬁ(R,z):(_Ql 32>+(_23 3)}22((1) ?)R, z € C. (3.24)

3 2 6
The associated polynomial p(r) in (3.22) is given as

p(r) =det (p(r,0)) = — — —r+ —r, (3.25)

with | p*(0) |>| p(0) | and pi(r) = S (r — 1) which is a Von Neumann polynomial. It
follows that the matrix polynomial in (3.24) is a Von Neumann matrix polynomial. Here

p(r) = (r—1) (Br - L) in (3.25).

Similarly, the polynomial p(r) in (3.24) is given as
117 11,

~ 10 5 2 2
— —_ — - — 2 _
p(r,z) = det (p(r, 2)) D 67"—1— 1" rz 37“z+7“z,
1 89 75
p(r,6) = 5T ZTQ’ z=6. (3.26)
Here | p*(0) |[>| p(0) | and p1(r) = =222 + 31y i a Shur polynomial. Thus the ma-

trix polynomial in (3.24) is a Schur matrix polynomial since roots are r; = 0.00565845 and
ro = 0.785453 in (3.26).

For this reason, the generalization of multi-block IVMs in definition (3.1) to multi-block BVMs
is given in the following definition.

Definition 3.2. A matrix polynomial p(R) of degree k = k1 + ko in (3.22) is an S, y,-matrix
polynomial, if the roots {r; };1-:1 of the polynomial p(r) are such that

[r|< - <Slrg [<T<]rga |[< g, a+@e=q=s-k
Definition 3.3. A matrix polynomial p(R) of degree k = ki + ks in (2.2) is an Ny, y,-matrix
polynomial, if the roots {r; };1:1 of the polynomial p(r) in (3.22) are such that

]S Srg [SI<| g[S gy ata@e=qg=s-Fk
Definition 3.4. The MBoVM (3.7) with (k1, k2)- block boundary conditions where k = ki + ko
s ;

(@) O, k,-stable if the corresponding first characteristics matrix polynomial p(R) in (3.2)
is a Ny, ,- matrix polynomial with q1 = s - k1 and q2 = s - ko.
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(b) (K1, k2)- absolutely stable for a given z € C, if the corresponding matrix polynomial

o~

[I(R, z) in (3.4) is a Sk, k,- matrix polynomial.

(c) The region Dy, 1, = {z € C : [[(R, 2) in (3.4) is a Sk, k,- matrix polynomial } is
said to be the region of (k1, ka)-absolute stability.

(d Ak1,k2_5tabl€ lf(c - Dk1,k’2'

The Ay, i,-stability define the stability of the MB2VMs in terms of the block number k£ which
is the degree of the stability matrix polynomial (3.4). It can as well be referred to as Ay, k,-
block stability.

3.1.2. The Wiener-Hopf factorization of a matrix polynomial.

Following [44, 45], recall the matrix polynomial
k
P(R) =Y AR = Ag+ AiR+-- + AR
j=0

from (2.2) which may be with A; € C*** such that Ay # O and Ay, # O, where det(p(R)) #
0. To obtain a Wiener-Hopf factorization of this matrix polynomial p(R), we seek the root
distribution of det(p(R)) in the factorization

p(R) = F(R)U(R); det(p(R)) = det(F(R))det(U(R)) (3.27)

relative to the interior and exterior of the unit circle |  |= 1, where
F(R)y=Fy+ -+ F, R and U(R) = Uy + U1 R + - - + Ug, R*2.

such that the roots of {r; }j’jl are of the roots of det(p(r)) and

det (r™MF(r)): |rj[>1: j=1(1)s- ke

det (U(r)): |rj|<1: j=11)s -k }S'kZS(k1+k2). (3.28)

respectively. In this sense, we assume the matrix polynomial F'(R) is monic by fixing F, =
I, , since Fy, is required to be invertible. Thus the matrix polynomial p(R) = F(R)U(R) is
said to be canonical right factorization of p(R) , if

F(R)=Fy+ -+ Fpy 1R '+ I, R, U(R) =Uy+UiR+ -+ Uy, R™,
and the roots are distributed relative to the interior and exterior of the unit circle as below

det (F(r)) #0: |rj|<1 j=1(1)s-k B
det (U(r) £0: |7y [> 1 j:1(1)5.;€;}5’k‘—8(k1+k2) (3.29)

respectively. From (3.28) to (3.29), a right canonical factorization is assumed to exist, thus

ko
G(R)=R™MpR)= Y AR, ki+k =k, (3.30)
J=—k1
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has a matrix factorization,

G(R) =G_(R) \G4(R), )\ =diag(R",--- R%), (3.31)

with
G (R =RMFR)=1+F, R '+ +FR™, (3.32)

and
G (R)=Uy+ U R+ -+ UpR"™. (3.33)

The matrix G_(R) and G (R) in (3.32) and (3.33) respectively are said to be invertible for |
r; |> land | j(2) |< 1. The matrix function in (3.31) is called the Wiener-Hopf factorization
of p(R) or as a right Wiener-Hopf Factorization. From (3.30) , we thus have,

G(R) = G_(R)diag (R",--- , k%) G4(R), (3.34)

with g1, -+, gs € R, then G(R) be is said to invertible for | r;(z) |[> 1 and | rj(z) |[< 1 with
respect to G_ and G respectively, see [44]. In (3.32) and (3.33), g1, - , gs are the right
partial indices of G(R) and are unique up to their order. The factorization in (3.34) is said to
be canonical, if all partial indices are such that g; = --- = gs = 0. Thus,

G(R) = G_(R)G4(R). (3.35)

The matrix polynomial factor representation in (3.35) provides a block upper and lower (UL)
triangular factorization see [46],

G=G_Gy,
of the block Toeplitz matrix A in (3.9), that is

Ap, Agy1 - Ay O O oo ... [0)
Ay
Ao :
0O Ap
: " Apy 11
0 o w0 00 A Ay e Ay (N—K)sx(N—Fk)s
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Fo, Fog+1 -+ I O O o ... 6)
(0]
(0]
G_ = o o ,
(0) 1.
: . N
(0] ... 0O O O --- 0 Fr, Ny (N
Uk, o --- O O O - ... 0
Uy
Uo
a=| o
o 0o
: - .0
O -~ 0 0 U Ui - Un / (n pysx(N_ky)s

The Wiener-Hopf matrix factorization in (3.35), if it exist suggest the MB2sVMs in (3.6) which
stability polynomial in (3.5) has s - k1, number of roots in the unit circle and s - ko number
outside it. This is equivalent to the band structure of Gy and G_ respectively for all z € C
preferably in the left half of the complex plane that include the stable region of the MByVMs
in (3.6). The stable region of methods have been obtained herein by boundary locus plots of
the corresponding stability polynomial [] (7, z) in (3.5), see Fig. 1 and others. In general,
for the existence of the Wiener-Hopf matrix factorization in (3.35) of the matrix polynomial
p(R) in (3.2) which has the associated stability polynomial det(p(r)) in (3.3) having the root
distribution (g1, 0, g2), then the dimension of the coefficient matrices of the MB2VM in (3.6)
must be a multiplicative factor of ¢; and go. This apply to polynomial in (3.4) and (3.5) for a
fixed z € C. The existence of such Wiener-Hopf factorization gives rise to a stable multi-block
boundary value method and its band structure.

Remark 3.1. The root distribution of the stability polynomial in (3.5) gives the appropriate
(k1, k2)-block boundary conditions of the respective method from (3.6). The correct imple-
mentation is obtained when the first characteristics polynomial p(r) in (3.3) has the same root
distribution with that of (3.5) for all values of z in the stability region in definition (3.4).
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Consider now the Newton-Raphson approach by Albrecht and Martin [44] to obtain the ma-
trix factors F'(R) and U(R) when they exist. Recall again the matrix polynomial p(R) =
Z?:o AjR) = Ag+ A1R + - - - + A, R* and assume p(R) has a right canonical factorization
(3.35) with k1 > k. The case k2 > k; can be worked out similarly. The equation in (3.27)
can be expressed as the non- linear system of the form

Yo\ _ (%o
()= () 539

in search of the unknown matrices Uy, - - - , Uy, and Fy, - - - , F},, 1, with
Fy o) o0
¢ Fl FO (0} . w Ak’l U UO
0 — . . . ) 1= ) = )
: . 0 Ay U,
Fp.1 - - Fy O 2
1 Fp Fy O
A 1
.0 T Fro_, - F
Yo = : ;1= .
Ak‘l—l I
System (3.36) is equivalent to the two equations ¢y = ¢oU and 1)1 = ¢1U. Thus
E(F) =40 —¢o(¢1) " ¢1 =0 (3.37)
To illustrate this with an example consider the matrix polynomial,
P(R) = AsR?> + A|IR+ Ay — 2B1R; z = Ah, (3.38)

where the matrix coefficients are given as

12 2 1
A0=<1 §>;A1:<(1) 31>;A2=< 12 01>;B1=<i >
0 1 ] 0 —%

w O O

which correspond to a MBoVMs that is A ;-stability. Here the case of z = 0 in (3.38) gives
rise to the first characteristics matrix polynomial p2(R) = F(R)U(R) , which
1 =2 f 0 0
112 _33 01 f 02 up1 U2
AO _ 10 4 _ f03 f04 0 0 up3  Uo4 (3 39)
Aq 0 % 1 0 for foo uir U2 ’ '
Ao % %1 0 1 fos foa Uz U4
& 0 00 1 0
-1
0 % 00 0 1

Using Netwon-Raphson approach as in [44] to resolve this non-linear equation in (3.37), we
have
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Jor = 0.18873316096819862, fo2 = —34.05633419515901,
Joz = —2.02831719316661, fos = —28.858414034166945,
uor = —0.01572776341401655, up2 = 0.09906109674734993, (3.40)
up3 = —0.00235976609721752, ugs = 0.01902643276388418,
u; = —0.08333333333333334, u12 = 0, u13 = 0, u34 = —0.016666666666666666.
By this,

0.1887331 —34.0563341 10
F(R) = < ~2.0283171  —28.8584140 > < 0 1 )R’ 41)
where the roots of the det (F'(r)) gives two real outside the unit circle;
r1 = —2.04642 and ro = 31.0936. From (3.40),
—0.015727  0.0990610 —0.0833333 0
U(R) = ( —0.0023597 0.0190264 ) < 0 —0.0166666 >R' (3.42)

Similarly, the roots of the det (U(r)) gives two real roots inside the unit circle;
rg = —0.0471472 and r4 = 1. From (3.38), arise the 2-block s-point formula

AoYpio+ A1Ynp1 + AgYy = hB1Fypp1; n=0,1,---. (3.43)
which is found to be O1 ;-stable and A1 ;-stable of order p = 4. The result is the 2-block BVM
—AgY, + hByF,
0]

AY — hBF = : : (3.44)
0

(0]
_AQYnJrN + hB2Fn+N

defined by the band structured block Toeplitz matrix

Ay, A, O O --- O O B, O O 0

Ay A4 A, O -+ O O O B, O 0)

O Ay A A -+ O O 0O O B 0)
A= . ’ B = ’

(0} 0O Ay A A O 0 O 0 B

(0} 0O 0 4 A O 0O O O O

(3.45)

from (3.38). The matrix A has a Wiener-Hopf factorization G_G_ given by (3.35). The
remark 3.1 holds with respect to (3.44), see (3.39) to (3.42). The MB2VMs in (3.6) is appro-
priately implemented if its stability nature is correctly determined through the Wiener-Hopf
factorization of its first characteristics stability matrix polynomial p(r) and its stability matrix

polynomial ﬁ (R, z) to have the same root distribution. The following definition emphasizes
the essence of this.
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Definition 3.5. A consistent MB2VMs in (3.6) is correctly used with z € C~, where its stability
matrix polynomial ﬁ (R, z) in form of (3.4) is of the root distribution type (k1,0, ka) when k1
number of block conditions are imposed at the initial block of points and ko number of block
conditions imposed at the end of the interval of interest of the integration.

~

By definition 3.5, the polynomial det(p(r)) must be of the same root distribution as det(] [ (r, z)),
z € C™. More so, for the MB2VMs in (3.6) with (k1, k2) —block-boundary conditions, the cor-

responding family of block matrices T](\f ) = A — 2B from (3.7) are well conditioned when

2z € Dy, i,. That is, the condition numbers of the block matrix T](\f ) are uniformly bounded
with respect to increasing /N and k, see Table 2.

4. CONSTUCTION OF THE MULTI-BLOCK GENERALIZED BACKWARD DIFFERENTIATION
FORMULAS (MBGBDFS)

A particular family of MB, VMs in (3.6) to be proposed, is the multi-block GBDFs (MBGBDFs),

k
Y AV, =hBF (Yoy); i=11k, n=01,; k=k +k,
3=0 4.1
Yo, Yi Yio oo YNk YN —ktit1 5 YN
(a) multi-block solution values to be generated by the MBGBDFs (b)

as the main formula, while the block solutions input (a) and (b) are to be provided or replaced
by multi-block multistep formulas (MBMFs) as equations. The ¢ = k in (4.1) is the conven-
tional initial value methods of multi-block backward differentiation formulas (MBsDFs). For
example, the one-block 2-point BDF is A-stable, 2-block 2-point BDF is A(63°)-stable, while
the case of 3-block 2-point BDF is unstable. In general, the A-stability property of MBoDFs
is limited as the block number k£ and the dimension s increases. The BVMs overcome the
Dahlquist order-stability barrier [1, 3, 15] which has been extended to LMMs that employs
second derivative or higher order derivatives in the Daniel-Moore order-stability barrier con-
jecture [1]. However, this setback in the stability of the initial value multi-block methods (1.6)
from [11] is corrected through its implementation as MBoVMs as will be seen in what are to
follow. Using (4.1) as MBoVMs with i # k, we gain the freedom of choosing the appropri-
ate values of ¢ that provides methods having the best stability properties for all block number
k > 2 and block size s > 2. The stability polynomial of (4.1) is

[[(r.2) = det (5(r) — z6(r) = det (A;r7 — zBr'), i =0(1)k
a . 4.2)

with
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as the first and second stability polynomials associated with (4.1) respectively. Note that for a
stable method, stability region is the exterior of the simple closed curve defined by the boundary
locus of the stability polynomial in (3.5) or (4.2) in all the stability plots of the methods, see
Fig. 1, 2, and others. The MBGBDFs in (4.1) has k& + 1 blocks which allow the method to
attain maximum order p = ¢(= s - k). However, B; can be choosen as I, the identity matrix
or

0O --- 010 --- 0
Bi=1: ... 1+ ... 0. (4.3)
0O --- 010 --- 0

The B; = I is preferred when solving the DAEs problems in (1.2), in order to avoid singularity
in the Jacobian of the method. The B; in (4.3) is suitable for solving stiff problems (see,
problem 1 in (6.5)).

Theorem 4.1. Suppose the MBGBDF in (4.1) is A, k,-stable. Then ki = i and ko = k — 1.

Proof. The stability polynomial of an Ay, j,-stable MBGBDF in (4.1) is given in (4.2) which
does not change its type as z varies in C~, since the boundary plot belong to C \ C~ and as
z — oo. The stability polynomial [](r, 2) in (4.2) approaches the polynomial > %, b;r® if
z — oo which has matrix polynomial of the type (i,0,m — 7). The s - i = ¢ is the number of
zeros inside the unit circle and s(m — i) = ¢ — ¢; is the number of roots outside the unit circle

of the stability polynomial in (4.2) of the method in (4.1) O
Here ¢ = u is choosen as
Et2m. L epen k<< k

The method in (4.1) are A,, j_,-stable thus implemented with (u, k — «)-block boundary con-
ditions. The following set of initial additional block formulas

k
S AYY =mBYF; n=0, i=0,- u-1, (4.5)
3=0
and final additional block formulas,
k . .
ZAEZ)YN—IH-]' = hBi(Z)Fi; n=0, i=N-m+1,--- N, (4.6)
j=0
are needed to implement a MBGBDFs in (4.1). The coefficients of (4.5) and (4.6) are uniquely
determined to attain the same order as the MB2VMs in (4.1). For simplicity, we fix s = 2,
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Lo is even =1
10 uiseven, a=

0 1 .
aBy = <0 1) uisodd, a=2, 4.7

10
\(0 1) foranyu, a=3

to derive a family of methods in (4.1) for an increasing block number k. The method in (4.1)
has the stability polynomial (4.2) of type (s - k1,0, s - k2) and possesses Oy, i,-stability and
Ay, k,-stability properties. Here the third option & = 3 in (4.7) is preferred for ,B,, to avoid
singularity in the blending of the method (4.1) during implementation (see, [47]). The first
characteristics stability polynomial in (4.2) is of the type (s - k1 — 1,1, s - k2). The boundary
loci are shown in Fig. 1a for m odd and Fig. 1b for m even. The MBGBDF in (4.1) have been
derived for various dimension of block size of solution Y;,; ; and block number k. The Fig. 1
has the stability plots of MBGBDF in (4.1) of order p = 2k, s = 2, k = 2(1)15 for k odd
or even with aid of MATHEMATICA version 11.1 [51]. See Fig. 2 for MBGBDF in (4.1) of
order p = 3k, s = 3, k = 2(1)10 for k£ odd or even, and Fig. 3 and 4 for block dimension
s =2(1)7 and s = 8(1)10 respectively. The Fig. 8 contains the boundary loci of MBGBDF in
(4.1) of order p = 2k, s = 2, k = 2(2)16.

with B, =, B, in (4.1) given as

Let Y,, be block discrete solution obtained by using the k-block GBDF (4.1) on the test equa-
tion 3/ = Ay. Suppose the roots associated with the corresponding stability polynomial (4.2),
for Re(z) < 0 1is such that,

L1 floo< -+ <l Ly Moo < 1<l Lyt [loo< -+ <[| L []oos

from theorem (2.3). By theorem (2.4), it shows that Ry, is the solvent block vector generating
root and then

Y, =~ Rp Y.
Also from theorem (4.1), it follows as z — —oo then that RZI — 0 as n increases. Therefore
the multi-block GBDFs is L, j,_,-stable for diagonal matrix ,B,. To fix idea, using MATH-
EMATICA version 11.1 [50, 51], the matrix coefficients of the fourth order 2-block, s-point
MBGBDFs,

AQYn+2 + A1Yn+1 + A()Yn = hBan_H; n = O(l)(N — 2), B, = 3Bu7 4.8)

in (4.1) as main method have been derived with s - k1 = q1, s - k2 = g2 and s = 2, where
m = 01n (4.4) and

11 1 1)
a=(m = (% ¥ )T 5 )
75 40 5 15 200
L 9 _ L
31=< y 1); C5=< 3?°>.
10 100

4.9)

o=
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In general, the entries of the matrix coefficients of the MB2VMs presented herein are normal-
ized to avoid round off amplification. It is A; 1-stable and can be used with one initial block
formulas in (4.5) having the matrix coefficients,

Aéo’z(ol N >;A§0)=<2 O >;A§°)=<Ol 8)
40 12 20 20 120 (4.10)
(3 4) a=(2%)
10 300
and one final additional block formulas in (4.6) with matrix coefficient,
- (§ 8 )= (§ )= (5 2)
25 8 3 X 2 010 4.11)
BO-(1 ) a=(1%).
10 1

In one-block form in (3.15), then (4.8) is,

0 0
AP AP o . 0
Ay A Ay O 4)
O A, A 4, O 0)
iy ) o o |
0O Ay, A A, o
: O O Ay A A,
o o o A A A )
O O O - (0] | B
O B, 0O O O O | (0)
O 0 B O O O
= = O(N—l)st~s | 0
BN_ ‘ 0O y D0 — | [0) 5
: 0 0 B O |
O O O O BéN) NsxNs | O
and
AL
4)
B )
Ay = o
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For k = 3, one obtains the matrix coefficients of a sixth order 3-block, 2-point GBDF in (4.1)
withs- ki =4,s - ky=2,s=2,By = ;51 ,m=0as

1 2 1 _4
A0=< 0p %50);A1=< % 530>;A2=(129 29)
T 1050 120 30 60 6 @
1 1 ~
— 7= 0 = 0 Cy — =
we(F 0 )me(8 1) (9)-(ik)
Ey 0 15 Cs ~T680
It is Ag i-stable, which can be used with two additional initial block equations in (4.5) defined
by the coefficient matrices

0 0 0 0 0 0
A(()O):(_l T >;A§0)=<1 1 >5A§0)=<1 1 )%
60 600 4 6 ~ 12 40 (413)
0
0

0 0 0 0
A =( 5 0)m=(
300
and

1 1 7 2 1 1
al= (B Al (T A )= ()
1050 100 50 40 10 100

4.12)

_ (4.14)

1 1 1

AW = (g0 0 g _ (1 0. Cr\ _ ( —1
3 1 1 y 2 0 1 ) C 1
150 1400 10 8 560
The one final additional block equation in (4.6) with the matrix coefficients,
1 3 3 _2 3 _3
A(()N):(_Gol 7 >%A§N):<_821 73>%A§N):<_47 215)9

70 60 50 8 6 (4.15)

[y

20

49 1 5 1

N o5 0 N w5 0 C — =5
Ag):<_209 363>;B§):<16]>5 <@;>:(_710>-

10 1400 10 80

Similarly, for £ = 3, one obtains the matrix coefficients of a sixth order multi-block GBDF in
(4.1)withs-ky =4, ke =2,s=2,B;=9By,u=2,m=0

S S _1 1 _1 77
75 24 5 4 3 600
1 1 A 1
= 0 0 5 Cr 55
Since it is A ;-stable, it can be implemented with the same coefficient matrices given in (4.13),

(4.14) and (4.15) respectively or having additional methods of the same order with (4.16) as
given below; two additional initial block equations in (4.5) with matrix coefficient given from

(4.13) and
A= (Yl (T Gy - (a ),
525 60 25 15 100
0 (8)-()
Ty Cr 50 /)

2
P
120
1 1
M _ [ ~&oo g _ (1 O
A3 < 0 420 >’B2 < % )

(4.16)
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and one final additional block equation from (4.6), with the coefficient matrices,

1 3 3 2 3 3
N & e N 3 3 N i —%

A0 =(T T8 )M =(5 4 ) =(1 i)
35 12 25 8 3 20
49 1 ~ 1
3500 0 N) kTl 0 C7 — =3

A(N) = ( 200 993 );B( = < 0 >; < ~ = (K
3 0 1400 3 0 10 C7 10

Also for k = 3, u = 1, m = —1 in (4.1), the resultant method is not a boundary value method

since the root distribution of the corresponding stability polyomials p(r) and [] (r, z) are not
the same. In this circumstance such method can not be implemented as a multi-block boundary
value method. In general when the stability polynomial p(r) from (3.3) and [[(r, z) in (3.5)
do not have the same root distribution, the arising method defies the correct use notion in defi-
nition 3.5 and therefore cannot be used as a MBo VM.

Another approach of implementing the method in (4.1) without need for initial and final addi-
tional block equations in (4.5, 4.6) is to transform (4.1) into a multi-block GBDFs of the form
in (3.7). The case k = 2 is the Oy 1, A; 1-stable methods of (4.8) given in (3.43) (3.44) and
(3.45) with Y = (Ypp1, Yoso, - > Yoyn—1)", F = (Fpi1,Fnag,-+  Forn_1)!. In
similar fashion, further examples of the k-block s-point block boundary value method in (4.1)
withm = 0, B; = I, s = 3 are listed below. The matrix coefficients for 2-block 3-point
block boundary value method in (4.1) withm = 0, By = %I s are given by,

1 3 _3 0 3 _ 3
A goo 200 30 4 3 430 goo
0= 1200 60 FO ;A1 = ~53 10 100 ;
U O FON |
400 56 6 10 8 200
1 1 1
600 01 0 10 (1) 0 _ 14010
Ay = 0 —50 (1) Bi=| 0 (1) ;o Or= ~ 70 ;
0 0 1680 0 0 10 140

For 3-block 3-point block boundary value method in (4.1) with m = 0, By = 11—0[ s , one
obtains the matrix coefficients

1 __3 3 _ 1 3 _3
U (N I L W DU (N R U
- ) )

SN B KNG

13200 1050 180 50 20 75

37 3 3 1 0 0
VRPN (s A (R IR (s GRS SR S I
= N = )

L U 0P

50 5 8400 30 300 1950

1 = 1

10 (1) 0 QlO *81400
By = U (1) ; Cn | = 13200 ;

0 0 15 Chz ~ 19800
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The matrix coefficients for 4-block 3-point block boundary value method in (4.1) with m = 0,
By = %I s are,

1 1 _1 _ 5 15 _ 6
55440 3850 56 30 56 0
Ao=| —3 %50 3610() - go AL = 4% _% 420I0 3
I G S o I G
30800 1550 360 550 100 50
5 1 _1 1 0
630 760 385D 55440
Ag=| —& & S A= 0 gk O :
0 450 4100 ) 414 514800 )
2 _ 1L 2 0 0 1
50 200 4950 1801800
6 15 1 1
0 9 540 w O 0 _ 120120
Ay = _% 350 50 ; By = 0 % 0 ;o Ciz= 8551; 0
of0 3 ol 0 0 4 8589
200 70 2800 10 22900

Other MBoVMs from (3.6) can be derived similarly. The Fig. 9 has the plot of absolute error
constant against block number for the MGBDF in (4.1) in comparison with SDGEBDF [23],
SDGBDF [48] and GBDF [19]. The new multi-block boundary value methods MBGBDF in
(4.1) have the advantage of smaller absolute error constant than the cited methods as can being
seen in Fig. 9 with an enlargement in Fig. 10 for block dimension of s = 2, 3.

5. EFFECTS OF ADDITIONAL MULTIBLOCK METHODS ON THE STABILITY OF MBo,VMS
AND MINIMUM BLOCK SIZE IMPLEMENTATION OF THE MByVMS

From the results in the section 3, we conclude that the main formula (3.6) which is Ay, 1,-
stable is implemented with (k1, k2)-block boundary conditions without need for initial and
final block formulas. However providing the exact k1 block of initial values (a) and k9 block
final values (b) in the implementation of (3.6) on (1.1) and (1.2) may be demanding, especially
with a high block step number m of the main method in (3.6). The way, is to replace them by
an equivalent number of block equations formed by LBMFs as in (3.10) and (3.11) preferably
of the same order as in the example of (4.8) to (4.11). The introduction of the initial and final
block formulas into a MB2VMs implementation in (3.15) affects its stability. This stability
is reduced to A(«)—stability when these values are instead replaced by initial block and final
block methods. We now shall study the role of this additional block methods related to the
whole composite scheme in (3.15), which make such a choice appealing. To study this effect
of the initial methods (3.10) and the final methods (3.11) on the whole composite schemes of
the MB2VMs (3.15), we obtain the following discrete problem

(AN — ZBN) ?n+1 = —(a — Zb)Yn, (51)

from (3.15) (see,(3.13), (3.16), (3.17) and (3.18)). The method in (5.1) will have a multi-
block solution for all Re(z) < 0, if the eigenvalues of the matrix pencil

Mp(p) = (A — pBn), (5.2)
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(A) (B)

Figure 1: Boundary loci of the MBGBDFs (4.1) of order p = 2k, s = 2, (A) k = 3(2)15
m = 0and (B) k = 2(2)14, m = 1. The exterior of the closed curves is the stable region of
the method.

% {7\ 0\

k=7 \
: . k=5
W )
o /; 5 " ; I
I k=9 /
) / / /
V) /
"L}//,/ k=2 A4 KT /
= e
I

(A) (B)

Figure 2: Boundary loci of the MBGBDFs (4.1) of order p = 3k, s = 3, m = 0, (A)
= 2(2)10 and (B) k = 3(2)9. The exterior of the closed curves is the stable region of the
method.

have positive real part for all values of the block size N - s . In fact, a multi-block method in
(3.15) is said to be pre-stable if the spectrum of the corresponding block matrix pencil Mp(u)
in (5.2) is contained in C*. Note that,
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(A) (B)

Figure 3: Boundary loci of the MBGBDFs (4.1) of order p = 4s, k = 2,m =0, (A) s = 2(2)6
and (B) s = 3(2)7. The exterior of the closed curves is the stable region of the method.

27/\ /\
2
2

.

s=8 1 s=9 , s=10

0.5 1‘0 15 2.0 L Rez

0.5 1.0 15 20 25 0.5 1.0 1.5 20 25
1 -1 1
2 2 2
(A) (B) (©)

Figure 4: Boundary loci of the MBGBDFs (4.1) of order p = 4s, k =2, m =0, (A) s = 8,
(B) s =9and (C) s = 10. The exterior of the closed curves is the stable region of the method.

I
—(An)ta=| : | € RN®,
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However, the introduction of extra row at the top and bottom respectively, when implementing
the methods in (3.15) as seen from (3.14) allows some eigenvalues of the matrix pencil in
(5.2) to enter C~. Thus, the method becomes Ay, 1, («)-stable see [23]. For example, this is
the case with MBGBDF in (4.1) when k& > 5, when the additional initial (4.5) and final block
formulas (4.6) are used during the implementation of the composite methods in (3.15) see Fig.
5, 6 and 7. The method (3.15) can be safely used for all the block number of % in (3.6) for any
particular problem provided that ¢ = z = hA is not closed to imaginary axis. Nevertheless, to
have all the eigenvalues of (5.2) for the case of MBGBDF (4.1) for &k > 5 in C~, we adopt the
suggestion of Brugnano and Trigiante [19] to consider taking the output solution inside each
block Y in (3.8) not equally spaced. For example, let

T07T17 e 7TT‘7T7‘+17 e 7TN—T‘—17TN—7"7 e 7TN—17TN;
T .
Tj = (tjsstjst1stjst2s s tjsts—1) ; j=01)N

be the grid of block points inside the multi-block vector Y and let the following block output
points

(5.3)

TOvTT7' o aTNfT‘vTNu

be equally spaced with steps size h. The remaining points in (5.3) are computed from

Ti=Ti 1 +V™ 1 h, =1, r (5.4)
TN—i = TN+i—1 — Vr+1_ilsh, 7 = 1, e, Ty (55)
where
V= diag(y(i—l)s—i—l? V(ii—1)s+2) " 7V(i—1)s+s)T; L= 1(1)T

For simplicity, we set V' = v, that means fixing v = v; = v;, where 4,j = 1(1)s. Then
whenr =1, v =1, whenr =2, v = _71 + @ and when r» = 3, v = 0.543689. Thus, for the
case r > 4, v is determined from
T

Zyi—lz(); O<rv <1,

i=i
This suggest the introduction of hybrid solution in the block of solution vectors Y, ;, j =
1(1)k. The points (5.4) and (5.5) are referred to as the initial and final block of auxiliary
points, respectively. In Table 1, we have the minimum values of r required to have all the
eigenvalues of the corresponding matrix pencil (5.2) to have positive real part for all chosen
values of N - s. Where N is the multi-block size of the method (3.15) and the matrix in (5.2).
The minimum value (N - s)* (N - s)* < N - s) to have an A—stable method depend on the
block number k of the main method of interest and on the number r of the auxiliary grid points
used. Thus, we have

Yy = —E} (An — zB’N)_l (a—2b) Yo = é(2)Yy; n=0,

from (5.1), where E% , = (0,0, ...,0,I;) € RW'*). The function ¢ (z) is analytic for z €
C~, since r auxiliary grid points are introduced, the matrix pencil in (5.2) contains all the
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eigenvalues with positive real part. Therefore,such methods are A—stable provided that
| o(it) |<1, VteR i=+—1.

Table 1, shows the values of (N - s)* corresponding to different values of the number of r of
auxiliary grid points used.

TABLE 1. Minimum blocksize (N - s)* for A—stability of BVM

Boundary value methods

GBDF [20] k 12 3 4 5 6 7
(order p = k) r 11 211 212 (2 311 2
s=1 (N -s)* 217 4119 6|6 |8 7112 7
SDGEBDFs [23] k 12 3 4 5 6
(order p = 2k — 1) r 1)1 2 4 4 8
s=1 (N-s)*|2|3 5 7 9 11
Multi-block boundary value methods (3.6)
MBGBDFs k 213 4 5 6 7 8 9
(orderp = s- k) r 1)1 1 2 2 2 4 4
s=2 (N-s)* |46 8 10 12 14 16 18
MBGBDFs k 213 4 5
(orderp = s - k) r 1)1 2 2
s=3 (N-s5)*169 12 15

TABLE 2. Condition number of the matrix A — zB associated with
Ay, i, —stable MBGBDFs (3.6); h = 1; 2 = hA, s = 2

A -1
N-s\k 2 3 4 5

50 1.712 2918 6.297 1.164
100 1.714 2925 6.328 1.165
500 1.714 2926 6.339 1.165
1000 1.714 2926 6.339 1.165
5000 1.714 2926 6.339 1.165
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Figure 5: Eigenvalues of the pencil (5.2) corresponding to the eight order MBGBDF (4.1) (
with block additional conditions, see (3.15) ) (k =4, s = 2) for N - s = 8, 30.

Im(u)

10f
s An-H By H R
® o An-zB,
o ° 05 % NTEEN
osf  N=7 e
. N=15 %
05 0 5 Re 3 05 70 5 Fow
°
-5} ° &
10F L4 05 4
°
15F
L4 ¢ -10f H

Figure 6: Eigenvalues of the pencil (5.2) corresponding to the order p = 14 MBGBDF (4.1) (
with block additional conditions, see (3.15) ) (k =7, s = 2) for N - s = 14, 30.
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Figure 7: Eigenvalues of the pencil (5.2) corresponding to the order p = 12 MBGBDF (4.1) (
with block additional conditions, see (3.15) ) (k =4, s =3) for N - s = 12, 39.

6. THE MBGBDFs (4.1) ON DIFFERENTIAL ALGEBRAIC EQUATIONS (DAES) AND
NUMERICAL RESULTS

In this section, we apply the MBGBDF (4.1) to solving the DAEs problem (1.2) of the form
My = f(t,y), (6.1)

where M € R™*™ may be singular, such problem arise in modelling applications which
include, electric circuit design, optimal control, chemical reaction process control, chemical
kinetics, mechanics and robotics. For convenience, Eq. (6.1) can be a linear autonomous case
as

M)y (t) + Gy(t) = f(t),
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(A)
Figure 8: Boundary loci of the MBGBDFs (4.1) of order p = 2k, s = 2, k = 2(2)16, m = 0.
The exterior of the closed curves is the stable region of the method.

and is easier in the equivalent form
M(t)y' + Gy(t) — M'(t)y = f(t). (6.2)

Here M and G are a constant v X v matrix and f(¢) is a vector valued function. However, the
problem in (6.2) will have a solution if and only if the pencil

uM + G,

is regular. That is the pencil is said to be regular, if the polynomial Q(u) = det(uM + G) is
not identically zeros, as a function p. Since the pencil (M, G) is regular, it can be transformed
into the WeierstaS-Kronicker canonical form, see [1, 2]. Details on DAEs can be found in book
of Hairer [1, 2] . This leads to the following definition.
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Figure 10: This is an enlargement of Fig. 9 about its origin.

Definition 6.1. cf: [1] The non-linear DAEs
f (y/(t)7y(t)a t) =0,

has index p, if p is the minimal number of differentiation,
df (y'(£),y(t), 1) df (y'(1),y(t), 1)
/ t t t — 0 ) ) ’ I
(W), y(t),t) =0, o o
where (6.3) gives room to extract an explicit system of ordinary differential equations ¢'(t) =
o(y(t),1).

A regular matrix pencil for the linear DAEs in definition (6.1) will have a differentiation in-
dex p if the kronecker index is w see [1, 2, 19]. The numerical solution of DAEs in (1.2)
becomes more difficult with increasing index . The next subsection considers the application
of MBGBDF (4.1) on the ODEs in (1.1) and DAEs in (1.2).

=0,

=0, (63)
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6.1. Numerical results from the implementation of the MBGBDFs (4.1).

This subsection presents as well some numerical results of experiments to illustrate the perfor-
mance of the MBGBDFs in (4.1). of the boundary value methods comprising of (4.12), (4.13),
(4.14)and (4.15) on some stiff ODEs and DAEs problems. The MBGBDFs (4.1) for & = 3,
p = 6 s in (4.12) is implemented as main method in one-block formalism in (3.15) along with
two initial block formulas and one final block formula in (4.13), (4.14)and (4.15) respectively.
Here the one-block form

ANYpi1 + AgY, = h (BN Foy1 4+ BoFy,) : MBGBDFs3(a), (6.4)

with option that ¢ = 2,3 indicating the choice of ,B,, in (4.7); where the block matrices
{An, Ao, By, By} as defined in (3.15) and are determine from the main method (4.12), initial
block formualas (4.13), (4.14) and final block formula (4.15). Denote the method in (6.4)
by MBGBDFs3(a), with N - s = (N - s)* = 6 being the minimum multi-block size that
preserves A—stability of the composite boundary value method comprising of (4.12), (4.13),
(4.14) and (4.15). All computations are carried out using the MATLAB 2010a on a Dell laptop
with configuration of Intel (R) Core (TM) ¢5 with processor speed of 2.5GH and RAM of
8GB. The minimum block dimension leads to minimial block method and is employed in the
implementation as shown in the Table 3, 4, 5 and 6. The numerical solution from ODE15s in
MATLAB is used as our reference solution. Consider the numerical solution of the following
stiff ODEs and DAEs.

Problem 1: Consider the linear problem in [19, 23]

—21 19 -20 1
y=1 19 21 20 |y, yo=| 0 |; (6.5)
40 —40 —40 1

e 2 4+ 740 (cos(40t) + sin(40t))
y(t) = = | e % — e %0 (cos(40t) + sin(40t))
240 (cos(40t) — sin(40t))

Table 3 shows the numerical test containing the maximum relative error max (IIer_lzggl‘) in

the interval 0 < ¢ < 1. The results from MBGBDFs3 are compare with GBDFs6 of order 6 in
Brugnano and Trigiante [19], and SDGEBDFs3(a) in [23] of order 6. The case of the method
MBGBDFs(a=2) compares in accuracy with other methods in the Table 3. In Table 3, it seen
that the MBGBDFs3(a=3) performs better than GBDFs6 in accuracy and compares with the
accuracy from SDGEBDFs3. The (rate) is the numerical order of convergence. In all, the rate
is in agreement with the order p of the respective multi-block boundary value methods in Table
3.
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Problem 2: A non-autonomous DAEs of index 2 from [19],

0 0 / 1 /]’lt _ et ‘ B

(=0.5) = —0.356530659712633 (1) = el
Y\t = 0.606530659712633 ’ e

This problem 2 is conveniently written in an equivalent form as in (6.2) before being solved
for n = 0,1,—1. In Table 4, are results of the numerical errors and the numerical order
(rate) of convergences at the output 7' = 0.5. The numerical accuracy of MBGBDFs3(a=3)
are in comparison with that from GBDFs6 in [19], with MBGBDFs3(a=3) converging with
appropriate numerical order rate which close to the real order p = 6. The order of convergence
for MBGBDFs3 is sk — u + 2.

TABLE 3. Numerical solution of problem 1 in the interval 0 < ¢ < 1 with
Ns=(N-s)"=6

MBGBDFs3(a=2) MBGBDFs3(a=3) GBDFs6 SDGBEDFs3

(N -s)* 6 6 6 5
p 6 6 6 6
h error error error error
(rate) (rate) (rate) (rate)
1.0e — 2 2.56e — 4 1.64e — 4 2.51le — 3 3.50e — 5
(-) (-) (-) (=)
5.0e — 3 1.77e — 5 8.94e — 6 9.096e —5 2.2le—6
(3.84) (4.18) (4.79) (4.00)
2.5e — 3 2.40e — 7 1.10e — 7 1.81e — 6 2.77e — 8
(6.20) (6.34) (5.65) (6.60)
1.25e — 3 1.99¢ — 9 9.60e — 10 3.04e — 8 2.29¢ — 9
(6.90) (6.84) (5.90) (6.91)
6.25¢ — 4 2.04e — 11 9.59e — 12 4.85e — 10 2.29¢ — 12
(6.60) (6.65) (5.97) (6.64)

The maximum relative error from Odel5s at ¢ = 1 is 3.660087954199254e — 5
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TABLE 4. Numerical solution of problem 2 at the output 7" = 0.5 with N = 3

MBGBDFs3(a=3) GBDFs6

(N -s)* 6 6
p 6 6
h error error
(rate) (rate)
1.250e — 1 1.87e — 7 6.50e — 7

(=) (=)

6.250e —2  9.89¢ — 10 1.19¢ — 8
(7.56) (5.80)

3125 —2  142e—11  2.02 — 10
(6.12) (5.90)

Problem 3: The problem consider is of index 3, [19]

0 0 O cost
1 00 |y+y= 0 ; te[-0.5,0.5],
01 0 0
cost 0.877582561890373
y(t)=| sint |, y(=0.5) = —0.479425538604203
—cost —0.877582561890373

The results of solving problem 3 are in Table5. In Table 5, are the absolute errors , along
with the rate of convergence of the implemented method MBGBDFs3(a = 3). The order of
convergences of the MBGBDFs3(a = 3) issuch that s - k — u+ 2 = s - k — 1. It is clear from
the numerical results in Table 5 that the MBGBDFs3(a = 3) and GBDFs6 are of comparable
accuracy. The choice of (a = 2) as noted already in MBGBDFs3(a = 2) is not amenable to
the numerical solution of DAEs because it leads to singularity of the Jacobian in the method.
Problem 4a: Robertson’s equation of index 1 in [1]

3/1 = —0.04y; + 104y2y3, y’Q = 0.04y; — 104y2y3 —3x 1073/%,
O=y1+y2+ys—1L 5(0)=1, y(0)=0, y3(0)=0,

From definition (6.1), the DAE of index one in problem 4 can be written in ODEs in (1.1) as,
Problem 4b: Robertson’s equation, [1]

yi = —0.04y1 + 10%y2ys, vh = 0.04y; — 10%yoy3 — 3 x 10743,
Y5 =3x107y5; y(0) =1, 12(0)=0, y3(0)=0.
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TABLE 5. Numerical solution of problem 3 at the output 7' = 0.5 with N = 3

MBGBDFs3(a=3) GBDFs6

(N -s)* 6 6
p 6 6
h error error
(rate) (rate)
1.250e — 1 2.68¢ — 5 1.06e — 5
() (-)
6.25e — 2 6.53e — 7 3.78e¢ — 7
(5.35) (4.80)

3.125e — 2 1.72e — 8 1.25e — 8
(5.24) (4.90)

Table 6, contains the absolute error which is given as the modulus of the ODE15s in MATLAB
[49] minus the numerical solution of the MBGBDFs3(a=3).
The stepsize h = 0.0001, 0.0005,0.001, 0.005, 0.01,0.05, 0.1 have been used to compute the

log (max (‘ff'zgg‘l )) for all the problems considered, the plot is given in Fig. 11. We observe

that the number of Jacobian calls can be estimated by Integer ( 0 ]f,t?;*) in Table 7.

7. CONCLUSION, FURTHER AND FUTURE INVESTIGATION

This paper has presented for the first time the multi-block boundary value methods (MB2VMs).
The MB2VMs introduced herein are a novel approach at developing very large scale integra-
tion methods (VLSIM) in the numerical solution of differential equations. The derivation of the

TABLE 6. Errors from problem 4a, 4b using Erry; =| y;(3.15) —
ODFE15s(y;) |,i = 1(1)3, h = 0.0001
Problem 4a ‘ problem 4b
t Erryp Errys Errys ‘ Erry; Errys Errys

1 148¢—6 2.35¢e—10 —1.48e—6 ‘ —4.4le—7 —7.03e—-11 44le—-7
5 7.776e—6 8.23e¢—10 7.76e —6 ‘ —2.89¢e -6 T7.1le—10 —2.89e—-6

10 227e—-5 1.72¢e—-9 2.27e—-5 ‘ 1.09¢ -5 1.26e — 9 1.09¢ — 5
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Figure 11: Log of maximum absolute error from MBGBDFs3(a=3) against log h

proposed families of MB2VMs have been done in a unified framework, based on multi-block
methods of [11]. The theoretical properties of the methods with respect to consistency, order
and stability along with other practical aspect of implementation have also been presented. The
Weiner-Hopf matrix factorization of the characteristics matrix polynomial of the main method
along with the root distribution of the arising stability polynomial have been used to deter-
mine the structure of the arising multi-block boundary value method in (3.6). Examples are in
(4.12) amongst others. More so, a particular family of MB2VMs called MBGBDFs in (4.1)
has been proposed. Finally, the numerical results presented in Tables 3, 4, 5 and 6 , shows that
MBGBDFs compare in accuracy with methods from [19] and [23] on some considered ODEs
and DAEs in Section 6. The errors of the three problems are plotted against stepsize h on a
log-log scale in Fig. 11.

TABLE 7. The number of function calls, Jacobian calls, number of LU de-
composition and response time in seconds at the output point ¢ = 1.0 for
problem 1 and 7" = 0.5 for Problem 2 and 3, on implementing the method
MBGBDFs3(a=3) with minimum block size (V - s)*

Problem (N -s)* steps Function calls Jacobian calls LU Time (seconds)

2 6 105 1260 15 90 0.21

1 and 3 6 105 1890 15 90 0.25
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On a conclusive note, further research will focus on deriving the multi-block boundary value
methods

ko
(Q) l l) . ki+ks =k>2 _
O S B S ) e
j=—k1 j=—k1
Y07Y17"',Yk1—1 Yiis o YNy YNohyi1s 5 YN
—_— N— ———
(al) multi-block of solution values to be generated by the MBo VM (a2)

(7.1)

based on (1.7) with block definitions in (1.8) which may employ derivative evaluations. The

case of k = 1 gives rise to initial value multi-block methods. The multi-block boundary
value methods to be presented in future works are along the line of thoughts of the well-known
boundary value methods of TOM, GAM and ETR3s in [19], SDGEBDF in [23] and GSDLMM
in [21] based on Enright [22]. We will also consider the use of pre-conditioning (see [41]) in
(3.19) considered instead as a block of system of linear equations,

(Ay — hBy )AL = (ANYYL | 4 AgY, — hByF, — hBNE)); (7.2)
A |7 7 . OM
vl =y 4ol i=oe g>1 J=50 (13)

while also taking advantage of parallelism in the efficient implementation of these new multi-
block boundary value methods. The MB3sVMs in (3.6) and in (7.1) output multi-block of
solutions on a single application on ODEs in (1.1) and (1.2), unlike the conventional linear
multistep methods in (1.3) which output a solution at a point or the conventional boundary
value methods (1.4) and multi-block methods [11] which output a block of solution per step.
This Multi-block of solution output of the MB2VMs in (3.6) and in (7.1) is a considered ad-
vantage over existing numerical methods for the solution of the ODEs in (1.1) and the DAEs
in (1.2). The large-scale linear algebra implementation in (7.2) of the novel approach of the
methods in (3.6) on a high dimensional system of ODEs in (1.1), will benefit from the massive
parallelism offered by the modern system of heterogeneous CPU-GPU parallel architecture
for high performance computing (HPC) [52, 53] at extreme/exa-scale. This will be an open
worthwhile investigation in the future.
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