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GLOBAL EXISTENCE AND ASYMPTOTIC BEHAVIOR OF
PERIODIC SOLUTIONS TO A FRACTIONAL CHEMOTAXIS
SYSTEM ON THE WEAKLY COMPETITIVE CASE

YuzHU LEI, ZUHAN LI1U, AND LING ZHOU

ABSTRACT. In this paper, we consider a two-species parabolic-parabolic-
elliptic chemotaxis system with weak competition and a fractional dif-
fusion of order s € (0,2). It is proved that for s > 2pg, where pg is a
nonnegative constant depending on the system’s parameters, there ad-
mits a global classical solution. Apart from this, under the circumstance
of small chemotactic strengths, we arrive at the global asymptotic stabil-
ity of the coexistence steady state.

1. Introduction

In this paper, we investigate the following chemotaxis system with Lotka-
Volterra type competition and a fractional diffusion on two dimensional periodic

torus T? = [—m, 71]2:

up = —Au—x1V - (uVw) + ru(l —u —ayv), z € T?, t >0,
v = —A%v — X2V - (VW) + rov(l — v — agu), © € T2, t > 0,

(1.1) )
0=Aw+au+ pv—yw, x € T, t >0,

u(z,0) = ug(z),v(x,0) = vo(x), w(z,0) = wo(z), € T?,

where u and v denote the densities of two species which interact with each other,
and w is the concentration of a chemoattractant. Furthermore, r; > 0, x; >
0,a; € [0,1), (i € 1, 2) are used to denote the strengths of growth kinetics,
chemotaxis and competition for each species, respectively. In the meantime,
a, 8 > 0 denote the production of the chemoattractant by each species and
7 > 0 represents chemoattractant’s decay. Here we write A®* = (—A)? with

Asu(€) = [¢]*a(e),
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where * denotes the usual Fourier transform, and the differential operator A®
has the following kernel representation:

() = fy) f(x) =~ f(y)
AN f(x) =C5 g P.V. ———dy+Cs 4 dy,
() e o —gloe P (e T =+ 2|
2°1(4te) . .
where Cy 4 = ﬂTz) > 0 is a normalization constant.
T2 -5

In the following of this introduction, we will discuss the inspirations and
reasons for studying this problem, and at last, the main conclusions are given.

1.1. Classical Keller-Segel system. For one single species, the original
chemotaxis model was proposed by Keller and Segel (see [27,28]). Tello and
Winkler [40] considered the following parabolic-elliptic Keller-Segel system with
a logistic source:

{ut:Au—XV-(qu)—i—f(u), x€Q, t>0,

(1.2) 0=Av—v+u, €, t>0.

In biology, u is the bacterial density, v is the concentration of a chemoattrac-
tant, and x denotes the chemotactic sensitivity coefficient. Meanwhile, the
bacteria u has the ability to move in the direction of higher concentration of
chemoattractant v. f(u) = ru(l — u) is the logistic source in literature and
Q C R" is a bounded domain with a smooth boundary. In the last decades,
scientists have done extensive research for the system (1.2) and its generaliza-
tions. What concern scientists most is the existence of global solutions or the
occurrence of a blowup at a finite time, and the asymptotic behavior of global
solutions was also considered. It is proved in [40] that for dimensions n < 2
orr > "T*Q X, there admits a global bounded classical solution which is unique.
That is, for a sufficient large r, the logistic term might suppress the occurrence
of a blowup in some way. The correlative literatures are rich, readers can refer
to the surveys [26,30,34,44,45] for a detail study.

1.2. Derivation of our problem. Notice that there are two differences
between our system and the parabolic-elliptic Keller-Segel model (1.2): one is
the fractional diffusion and another is the bispecies competition term. Hence
we are going to introduce the motivations for these two differences. At the
same time, we will state some previous results that inspired our interests of the
problem (1.1).

1.2.1 Motivation for the fractional diffusion. Since the 1990’s, with the devel-
opment of research, it is found that the behaviors of many creatures in nature
are not completely suitable to be described by the classical chemotactic model.
For example, it is proved by Carfinkel [15] that the movement of mesenchymal
cells due to the attraction of a certain chemical substance does not conform to
the classical chemotactic model. For a stronger theoretical and more empirical
evidence, Escudero [18] improved the classical chemotaxis model and replaced
the classical Laplace diffusion with a fractional one in Keller-Segel system:
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A%, 0 < s <2 (Whens =1, Al = (—A)%, particularly, —A = A2.) That
is, using levy flight instead of Brownian motion to describe the spread of cells.
By this way, a large number of phenomena in nature are better modelled, the
interested readers can refer to [2,9,11,25, 38,42, 43,49] for a more exhaustive
discussion.

Let us mainly recall the fractional parabolic-elliptic Keller-Segel system with
a logistic source:

{Ut = —ANu—xV - (uVv) + au — bu2, xeR", t>0,

1.3
(13) 0=Av—v+u, z€R" t>0.

Because —A®u provides a weaker dissipation than the standardized one for
$ < 2, it is more possible for the occurrence of a blowup, we can consult [3,6,7]
by Biler and collaborators, as well as [33-36] by Li and Rodrigo for more
results in the case of generic fractional parabolic-elliptic system. Recalling the
suppression of a logistic source, it is more significant to consider the combined
effect of fractional diffusion and logistic term incorporated in (1.3). For this
question, Zhang systematically studied the global existence and the asymptotic
behavior of classical solutions of the problem (1.3) in [48], it is proved that for
positive initial data ug € C’zm-f(]R") and s € (3,1), if x < b, there admits a
unique global classical solution (u,v) which is bounded for x < b. Furthermore,
for b > 2x:

u(t) — % and v(t) — % as t — oo.

Burczak and Granero-Belinchén came up with a series of results on periodic
torus. [11] proved that for any initial data and any positive time, the so-
lutions of parabolic-elliptic Keller-Segel system on S' with critical fractional
diffusion (—A)? remain smooth. For one-dimensional case, [12] showed the
global existence of classical solutions under the condition of ¢; < s < 2, where
the nonnegative constant c¢; is a specific constant related to the coefficients of
problem. When the spatial dimension n = 2, for ¢a < s < 2, where ¢3 € (0,2)
depends on the parameters of system, the global existence of the regular solu-
tions was obtained in [13]. For d-dimensional (d = 1,2) case, [10] obtained the
uniform in time boundedness of solutions for s > d(1 — ¢3), where c3 is an ex-
plicit constant relying on the parameters of problem. Meanwhile, the stability
of the homogeneous solutions was also considered by [14].

1.2.2 Motivation for the bispecies competition terms. The biological activities
of individual species have been well modelled by Keller and Segel. But most
species in nature interact with one another to survive. One of the simplest but
most representative case is the interaction of two species and their surround-
ings. Similar to the single-species chemotactic model, for the multi-species
model, the occurrence of a blowup and global existence of solutions are mainly
concerned in [4,5,17,22,29,32]. The pure two-species chemotaxis model without
competition term or logistic source was introduced by [46], and for the qualita-
tive features of solutions, there are many colorful results in the bispecies case
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[19-21]. Moreover, the long-term behavior of global solutions was also studied
in [31,39,47].

The two-species chemotaxis model with Lotka-Volterra type competition
and classical diffusion was first introduced by Tello and Winker in [41]:

up = d1Au—x1V - (uVw) + ru(l —u —av), x € Q, t >0,

vy = doAv — x2V - (vVw) + mov(l — v — asu), x € Q, t >0,
(1.4) 0=dsAw+ au+ fv—~yw, z€Q, t >0,

Vu-v=Vv-v=Vw-v=0, ¢ €9Q, t >0,

u(z,0) = uo(x),v(x,0) = vo(z), w(z,0) = we(z), z € Q,
where the nonnegative constants d;, do and d3 denote the diffusion rates of
species and chemoattractant, respectively. In [41], it is showed the global exis-
tence and the asymptotic stability of solutions under the conditions that

2(x1 + x2) + arre <7y and 2(x1 + x2) + agry < 7.

Black, Lankeit and Mizukami improved the conditions and came to the same

conclusion in [8]. Assume ¢ := ’T‘—ll, q2 = ’T(—j satisfy the conditions
ds aids ds asds
0,2y, 18y 4 e 0, 200, and
(L5) €05 o)n| 5 ), a2 € [ 25) [ )

(Zlagdg < (d3 - 20«]1)(613 - 26(]2)7

then there exists a unique global classical positive solution (u,v,w) from non-
negative functions ug, vo € C(2) with the following asymptotic behaviour:

au® + vt
u(t) = u*, v(t) = v* and w(t) — au” + pot ast — oo
v
uniformly in €, where
* 1-— ay « 1-— a9
= ———and v = ——.
1— a1a9 1— ayas

Inspired by [8] and [13], in this paper, we consider a fractional chemotaxis
system with Lotka-Volterra type competition on two dimensional periodic torus
T?2. This system is a generalization of the model (1.4). We study the fractional
Laplace diffusion of species, which is more consistent with biological behaviors
than classical Laplace diffusion. The problem (1.1) describes the dynamical be-
havior of two competitive species attracted by the same chemical signal more
precisely. What interested us are whether the problem (1.1) can achieve co-
existence steady state and the required conditions. We will study the global
existence of classical solutions for s > 2pg, where pg is a nonnegative constant
to be fixed later. Due to the influence of fractional diffusion, the global exis-
tence of the solution to the problem (1.1) is different from the classical proof in
the model (1.4). We will use the properties of the fractional diffusion and the
periodic domain to prove it with a different method under different conditions,
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the specific process has been given in Section 4. Furthermore, only by obtain-
ing the global existence can we further consider the global asymptotic stability
of the solution. Here are our main results.

Theorem 1.1. Let ug, vg € H*(T?) be nonnegative initial data and T be any
positive number. If

(1.6) 2> 5> 2py,

where

(7) pozmax{(wa - 7“1)+’ (Bx1 — a17"1)+’ (Bx2 — 7"2)+’ (ax2 — azrz)+ }7
X1 Bx1 Bx2 axz2

then the problem (1.1) admits a global nonnegative classical solution
(u,v,w) € C([0,T); H*(T?)) N C**(T? x [0, T)).

Remark 1. For the sake of simplicity, we only consider two-dimensional case.
For d-dimensional, we have the same conclusion in H3[2]" (T?), where []*
denotes the integer operator.

Compared with [8], we do not need the parameters of the equation to meet
the smallness condition on the relative chemotactic strength (1.5) (see [8]), but
only add the condition (1.6) to the order s in the problem (1.1). Moreover, the
range of parameters in the problem (1.1) are expanded. (1.7) gives the sufficient
condition for the chemotaxis, logistic, competition and growth terms to prevent
blowups from occurring. When the logistic terms r1, o and the competition
terms ai, as are sufficiently large, while the chemotaxis terms x1, x2 and the
production terms «, S are sufficiently small, the condition (1.6) is automatically
satisfied. Under these assumptions, the global existence of the solution is also
proved.

Theorem 1.2. Assume that the parameters satisfy

X1 1 ar. X2 1 as
(18) E € [07 Z) N [Oa E)a E € [O’ %) N [07 E) and
aay < (1 — 20X1yq _ 2Bxzy

™ 2
Then for any 0 < s < 2, the unique global classical solution (u,v,w) of (1.1)
possesses the following asymptotic behavior:

au® v*
u(t) = u*, v(t) = v* and w(t) — au” + fot ast — oo
Y
uniformly in T2, where
1—a 1—a
w=—""1 gnd vt = ——2,
1—ajas 1—ajas

Remark 2. Notice that when (1.8) in Theorem 1.2 is satisfied, py defined in
(1.7) is zero. Thus the problem (1.1) admits a global classical solution for any
0<s <2
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The rest of this paper is formed as follows. In Section 2, we introduce some
preliminary notations and function spaces as well several elementary lemmas
which are required for the proof of our main conclusions. In Section 3, we
give some auxiliary results and energy estimates. Taking advantage of these
statements, we will prove Theorem 1.1 and Theorem 1.2 in Section 4 and
Section 5, respectively.

2. Preliminary

In this section, we will give some symbols which are used extensively in this
paper.

We write " for n € Z* by a generic derivative of order n, and define the
fractional LP-based Sobolev spaces W*?(T%) as

wer () —{ rerr(rd) |l pe rrerd), (I O IW ¢ ppipapa)),
oy B LoD

with the norm

A ye o = A0 + AU

Ls] ols]
LsJ ¢ 0L f(z )P
||f||Wsp_||8 il / /]l‘d |x— |d+(€ Do dzdy.

In the case p = 2, we denote H*(T?) £ W*2(T%) for the standard non-
homogeneous Sobolev space endowed Wlth the norm

11 = 1122 + (1 F1[7. and (1]l ge = [[A°f]|e-

Before giving the proof of our main results, we first introduce several ele-
mentary lemmas which will be needed later. Their proofs are classic, so we
omit them here, those who are interested can consult to the relevant reference.

and

Lemma 2.1 ([13, 16, 37], Stroock-Varopoulos inequality). Let m > 0,0 <
s < 2and d > 1. Then for a sufficiently smooth u > 0 (u € L>(T%) N

H*(T?) is enough) it holds
| % (u 1)|2 < / u™ A u.
Td

4m
2.1 —_—
(2.1) (1+m)?

Lemma 2.2 ([1,12,14,23]). Let h € C%*(T?) be a function. Assume that
h(z*) := max, h(x) > 0. Then there exist two constants M;(d,p,s), i = 1, 2
such that either

(2.2) Mi(d,p, )|kl s > h(z*),
or

* 1—0—7:"
(2.3) Afh(a*) > Mo(d,p,s)ED 2
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with
T2 . ¥
M (d,p,s) (21+p/ Z%e dz)
and
rf )Hi
P s 20g
(O L2 e—2dzy 4Sln (*1) -1
Ma(d, p, s) = £4.5-2 ,5:2(/7201).
2(d,p,s) = €4 pppSaE d,s T x

3. Auxiliary results

At first, we obtain the local existence of classical solutions with a continua-
tion criterion for the problem (1.1). Then we give some needed energy estimates
which are necessary later. Finally, a standard extension criterion provides con-
venience for the proof of Theorem 1.1.

Lemma 3.1 (Local existence). Assume ug, vo € H*(T?) are nonnegative ini-
tial data and 0 < s < 2. Then there exists a time 0 < Tyax(uo,vp) < 00
such that there admits a nonnegative solution (u,v,w) on T2 x [0, Tiax (o, vo))
which belongs to

C([0, Timax (10, v0)); H*(T?)) N C*H(T? x [0, Tinax (10, v0)))-
Moreover, if Tax(to,vo) < 400, then
lwC, Ollers + [[o( )]s — 00 as t 7 Tiax(uo, vo)
is fulfilled.

Proof. Part 1. (a priori estimates) Testing the first equation of (1.1) with
u, we obtain

/ Uy = —/ uASu—x1/ uV - (uVw) +7‘1/ u2(1 —u — av)
T2 T2 T2 T2

=— [ |AZu 41 +1,.
']1‘2

(3.1)

Integrating by parts for the term I; yields

(3.2) I = xl/ wWw-Vu=22 [ V. v = —&/ u? Aw,
T2 2 T2 2 T2

using the Sobolev embedding H*(T2?) c L>(T?2) for k¥ > 1 and the third
equation of (1.1), we get

L < Cl|Awl| e JullZ2
< Cllwllgrallulls
< Cllull 2 + l[vllzr=)lull+
< Cllullrrs + llollzr)llul 77

(3.3)
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Here and thereafter, we denote C by a general constant. And for the term I,
we obviously have

(34) Lo <ri(1+ flulloe + arfollze)ullzs < CQ +llullas + [[ollz)l|ulls
Plugging (3.3) and (3.4) into (3.1), we obtain

1d
2 dt
Taking the fourth derivative with respect to x on both side of the first equation
of (1.1) and testing it with d2u, we get

(3.5) lullZs < C+llullzrs + l[ollzra) el Fa

Otudtu, = — Dtud Ay — Xl/ D2V - (uVw)
T2 T2

T2
(3.6) +7 / Irudtu(l —u — ayv))
T2
= — / IA20%u® + 13 + 1.
T2
Taking advantage of Leibniz’ formula and the third equation of (1.1), we have
I;= — Xl/ Dtudi(Vu - Vw) — Xl/ Diud (uAw)
T2 T2
= —x1 / DtudiVu - Vw — 4y / DtudVu - 0, Vw
T2 T2

— 6x1 / D20 Vu - 92Vw — 4y, / Dtud, Vu - 92Vw
(37) T2 T2

- X1 / dtuVu - 02Vw — yx1 / yudy (uw)
T2 T2
o [ otuokt) + g [ otudkun)
=1} + 12 +TI§ FI3 I3+ 15+ I§T+ I3.
For the term I3, integrating by parts yields

(3.8) I = —% V(9ku)? - Vw = %/ (04u)? Aw,
T2 T2

by (3.3), we obtain
X1
(3.9) L < Sl Awlllgulze < Cllullms + l[olla)lulFs.

By Hoélder’s inequality and the Sobolev embedding theorem, as well the third
equation of (1.1), the terms 13, I3, I and I3 are controlled by

(3.10) I3 < dxif| Aw] e |0zull7 < O(llullms + [[vllzra) s,
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I3 < 6x1 100 Awl| o< |03l L2 07 V| 2
< C(10xwll e + [[OpullLoe + [0zl o) ull mra|ul ms
< Cllwllzrs + [lull s + ol o)l 77

< C(llullzs + ol ma)llullZs,

(3.11)

I3 < 4x1 102 Vul| oo |0zl 12|02 V] 2
(3.12) < Cllulfgs lwl s
< Cllullgs + Noll o) lulls

and

I < xallVull = | 0zul 12 |0 V|| 2
< CllullFpallwll s
< C(llulls + vl as) el s
< Clfullzzs + lJoll ) full s

(3.13)

Making use of Leibniz’ formula, Hélder’s inequality and the Sobolev embedding
H*(T?) C W2 °°(T?), the terms 1§, I} and I§ are estimated by

S —7X1/ 3§u8§uw—4vxl/ Dtudud,w
T2 T2
—6'yX1/ 8§u8§u8§w—4wxl/ Dtudud>w
T2 T2

— X1 / Dtuudiw
T2
(3.14) < yxallwll = |0zulzz + 4vxa 0wl Lo 107 u] 22 | 05wl 2
+6yx1 02wl L | Oul| 2|07 ul 2
+4yx1 [0z L |0 ull 12| 0w 2
+yxallull Lo 10 ull 2 95w 2
< Cllullallw] s

< Cllullms + llollzo)llullzs

I; = 2ax1/ 8§uu8§u+8ax1/ 8;1u8$u8§u+6a><1/ Dtud?udu
T2 T2 T2
3.15) < 200lfull = |0ulZ: + 8axal|Owul| L |0l e[| 07wl 2
+ 6o |0 ul| o< |07l 2 107wl 2

< Cllullzzs |l 7
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and

I§ = Bxs /1r2 Dtudiuv + 46x1 /1r2 DtudPud,v + 68x1 /T2 Diud2udv

+45x1 / Otududv + B}a/ diuudiv
T2 T2
(3.16) < Bxallvllz=~l10zullZ> + 4BxallOsv]| e |0z ul L2 l|0Full 2
+68x1[102v]| o |03 ull 12|07 2
+4B8xll0sul o |10zul 21070l L2 + Bxallull L | 0pull 21|07 vl 2
< Clloll g lulla-
Plugging (3.9)—(3.16) into (3.7), we obtain
(3.17) Iy < C(llullms + [oll o)l Fa-
As for the term I, by (3.15) and (3.16), we have

Iy = 7‘1/ (“)iuf);lu—rl/ Dtudt (u?) —alrl/ D4ud (uv)
T2 T2 T2
< m0gullZe + Cllull gallullFra + Cllolmalulls
< O+ [lullzs + vl )l Fa-
Inserting (3.17) and (3.18) into (3.6), we conclude

(3.18)

1d
(3.19) Qg\laﬁUIliz < OO A fullga + vl o) [l Fa-
Similarly, we can obtain
1d
(3.20) 0Ful|2: < O+ |Jullgs + o]l ga) |ul|4e for k=1, 2, 3.

2dt

Thus, we have

4
1d 1d
3.21) 5l = 5@(;0 |05 ulZ2) < OO+ Nullza + ol o) l|ullFa.
ie.,
d
(3.22) gpllelle < CQ A+ lullgs + l[vll o)l s

As for the second equation in (1.1), in the same way, we can get
d

(3.23) gplvllzs < CQ A flullza + lollza)lfvll .

Combining (3.22) with (3.23), we finally arrive at

d
(3.24) Sl + lollas) < OO [lullas + [lollm)*.
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By a comparison theorem, we obtain

[wollrs + l[voll s + 1

3.25 ullga + [|v)lge +1 < .
3.28) Al e T Clluole + Tvolls + 1%

Part 2. (Existence) As for the existence of smooth solutions to the problem
(1.1), the proof is classic, we can refer to the proof of Theorem 1 of [1] and
the proof of Theorem 1 of [24]. Let us consider a nonnegative function J €
C°, J(x) = J(|z]) with [z, J = 1. For € > 0, we define the mollifiers J. =
£ J(%) and the regularized initial data u®(z,0) = J- * up(z) > 0, v*(z,0) =
Je xvo(x) > 0, w®(x,0) = J * wo(xz) > 0. By Tonelli’s Theorem, we have
|z * ug(z)|| L1 = ||uo||zr. Polishing both side of the equations of the problem
(1.1), we can get the regularized problem

out = — Te* N (T xu®) — x1Je * V- (T x u"V(Te * w°))
+ ruf (1 —u® — av%),

(3.26) O = — T x A°(Je x0°) — xoTe * V - (T2 * v° V(T2 * w°))
+ 7rov° (1 — v° — agu®),

0 = Aw® + au® + fv° — yw®.

In the approximate problem (3.26), we use Picard-Lindelof Existence-Uniq-
ueness Theorem in H* x H* x HS. Define the set

Of = {u,v € HY(T?), Jull s + vl s < o, Jull w2 + vwzee < v},

with [Jug|| g2 + |voll s < p and |Jug ||z + ||vo||wz.~ < v. Due to the Sobolev
embedding H*(T?) C W?2°°(T?) are continuous functionals, O¥ is a non-empty
open set in H*(T?), so ||u|| g4+ ||v|| 7+ is bounded in this set. By Picard-Lindelof
Existence-Uniqueness Theorem, we can prove that the regularized problem
admits smooth solutions sequence (u®,v®, w®), and these solutions satisfy the
same energy estimates in the last part, so the solutions exist in the same time
interval [0, T (ug,vo)]. Furthermore, by the iterative method we know that the
sequence (uf,v) is a Cauchy sequence in C([0,T], H®) for 0 < s < 4 with T =
T (ug,v9) < C(|‘“°”H4+1\Ivo|\H4+1)‘ Thus, it admits a limit (v, v) which is a smooth
solution to our problem. Furthermore we have u, v € H*, because u®, v° are

uniformly bounded in H* which implies u° and v® are weakly convergent to u
and v, respectively in H%.

Part 3. (Uniqueness) We argue by contradiction in order to show the
uniqueness of solutions to our problem. Assume that for the same initial
data (ug,vo,wo) € H* x H* x HS we have two different solutions written
by (u1,v1,w1) and (ug, v, ws). Then the system for (u, v, w) = (u; — ug,v1 —
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Vg, w1 — Wa) is
Oi = — AN°u—x1V - (aVw; + uoVo) + ria
—ru(ur + ug) — arri(wvy + ugd),
00 = — A0 — x2V - (0Vwy + v2VW) + 120
—ro0(v1 + v2) — agre (v + u2?),
0= Aw + au + 80 — vyw,
a(x,0) =0, (x,0) =0, w(z,0)=0.

(3.27)

Testing the first equation of (3.27) with 4, we can obtain

/ Uiy = —/ ul’u — X1/ aV - (aVwy) — Xl/ aV - (u2Vw)

T2 T2 T2 T2

(3.28) + 7 / - 1 / QQ(ul + UQ) — alrl/ a(avl + UQ'E)
'JI‘2

T2

= — [ |A2a? + 10, + Iy + 105 4 11, + 115,
T2
Integrating twice by parts for the term II;, we have

(3.29) 1L, =><1/ aVw, - Vi = XL Vw; - V(@) = —&/ @ Aws,
TZ 2 '[['2 2 '[[‘2

and Holder’s inequality yields
(3.30) < X Awn e )3 < Clals.

By Holder’s inequality and the third equation of (3.27), we immediately obtain
the estimates of the remaining parts

11, = *Xl/ uVug - Vo — Xl/ UUs AW
T2 T2
(3.31) < xallVue| pee |l 2 V0| 2 + xalluzl e 4]l 2] Aw]| 2
< Cllall g2 ||wl|
< Cllalle=(lallz> +ollz2),

(3.32) I3 = a7,
(3.33) Wy < 7i((fuallze= + [Juzllz=)llall7: < Cllalle
and

IIs = —ayr; ’Ul’l]2 —air U UV
T2 T2

arry||vr||pee [|@]|72 + arrilluz|| Lo @l 2 || 0]] L2

(3.34) -
< C(llallzz + l|ollc2) @l 2
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Plugging (3.30)—(3.34) into (3.28), we arrive at

1d,_ _ _ _
(3.35) 5@”“”%2 < C(llall gz + l[vlle2) )@l 22,
ie.,
d, _ -
(3.36) gplllee < Cllallze + [1ollz2).

As for the second equation of (3.27), in the same way, we have
d, _ _

(3.37) vl < Cllallzz + |2l 2)-

Combining (3.36) with (3.37), we obtain

d, . _ ~ _ _
(3.38) 5 (allzz +1ollz2) < Clllallz2 + [[0] 22)-
Hence the Gronwall’s inequality immediately yields
(3.39) [all 2 + 9]l 2 < (@, 0)]| 22 + ||z, 0)] £2)e "
From the last inequality we can obtain the uniqueness of solutions.

Part 4. (Positivity) We will show that we can obtain a nonnegative solution
from nonnegative initial data to complete the proof of Lemma 3.1.
Let (u,v,w) be a smooth solution with nonnegative initial data and denote

w(t) = min u(z,t) = u(xy,t), v = min v(z,t) = v(z,, ) and
z€T? z€T?
w = min w(z,t) = w(we, t*).
z€T?

Evaluating the first equation of (1.1) at the minimum point of v and using the
kernel expression for A® as well the equation of w, we have

d
(3 40) &Q(t) = 7A8u($t7t) - Xl@Aw(zt,t) + 7"1@(1 — U — alv(l‘t,t))

> u(t)[r1 4 (ax1 — r)u+ (Bx1 — arr1)v(ae, t) — yxaw(ae, 1))
By a comparison theorem, we obtain
t
u(z¢,t) > ug(z) exp (/ [r1 4 (ax1 — r1)u(zs, s)
(3.41) 0
+ (B — ar)u(es, s) = aw(es, )] ds).
Thus,
u>0

since ug(xz) > 0. As for the positivity of v, making through the same part of
the procedure for the second equation of (1.1), we can get

v=>0
because of vg(z) > 0. Using the third equation of (1.1), we have
yw = au(zp, t°) + fo(ze, t*) > au+ fv > 0.
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Since then, we have completed the proof of Lemma 3.1. Il

Lemma 3.2 (Weak estimates). Let 0 < T < oo be arbitrary and (u,v,w) be a
nonnegative solution to (1.1). Take any m > 0 such that

(m+1)(ax1 — 1) < ax, (m+1)(Bx1 —arr1) < Bxa,
(m+1)(Bx2 —r2) < Bxz and (m+1)(axz — agrz) < axe.
Then for any t € [0,T], it holds

(3.42)

sup |Ju(t)||pmer < ™7 |lug||pmer and
tel0,T

(3.43) <1011 .
sup ||v(®)||pm+1 < e |lvug||pm+1.
te[0,T]

Proof. Testing the first equation of (1.1) with u™, we can get

/ uuy = —/ umASu—Xl/ u™V - (uVw)
T2 T2 T2

(3.44)
+7 / w1 —u — apv).
T2

Integrating by parts yields
;i/ ymt +/ W ARy
m + 1 dt T2 T2
= / ximu™Vw - Vu 4+ ru™ — ru™? — apru™ o
’]I‘2

m
(3.45) = / —%HUW-HA’UJ + ™t — ™ — g™ e
’]I‘Q

axim
= /T2 ™t 4 (m 1 ry)u™ 2

4 (5X1m B mAl, ’Yleum+1w
m-+1 m+1

Via the Stroock-Varopoulos inequality in Lemma 2.1 and (3.45), we have

d 4 s m
Lot 2 [ bt
T2

ayri)u

% m + 1 T2
< / ri(m 4 Du™ 4+ {axlm —ry(m+1)|u™?
(3.46) T2
+ [5X1m —ayri(m+ 1)} u™ My — vy mu™

< / ri(m 4 1)u™
']I‘Q
Therefore we conclude

(3.47) d/ umt Srl(m+1)/ u™
2

%’H‘Z T
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On integration, we can obtain

(3.48) sup_[|u(t)]| g < €™ ug| s
t€[0,T]

Testing the second equation of (1.1) with v™ and integrating by parts, in the
same way, we can get

(3.49) sup |[o(t)||pmir < €T vl pmta.
te[0,T) O

Lemma 3.3 (Strong estimates). Assume 0 < T < oo be arbitrary. Let (u,v, w)
be a nonnegative solution to (1.1). If 2 > s > 2pg with

pO:maX{(QX1—T1)+7 (5)(1—6117“1)+7 (»3X2—7‘2)+7 (aX2—a2T2)+} e (0,1).
axi Bx1 Bx2 axz

Then for any finite p > 1, there exist finite constants C1 and Cy such that
lull o 0,7;27) + [Vl Lo (0,7 L)

(3.50)
< ClET + Dlluo G + (€T + 1) o 53],

2.
Proof. Let us recall (3.46) and use the Sobolev embedding Hz (T2?) C L'~% (T?)
for u™s , we can get

m+1 C % 1-3
J— 2
dt Jpz " + G W'u‘ )
(3.51) < / ri(m 4 Du™tt 4+ {axlm —ri(m+ 1)} u™t?
T2

+ [ﬂxﬂn —ayri(m+ 1)} um Ty,

Using Young’s inequality for the last term on the right hand side and inequality
u™tl — ™2 <1, we have

d m+1 1_s
el m+1 C 1—7 2

< / ri(m 4 Du™ = (m 4 Du™ 2 + [axlm
T2

m+1 m
5 |5X1m —ayri(m+ 1)|] 2
(3.52) m;f
m—+2
+ m’ﬁxlm —airi(m+ 1)‘1}

m -+
< An?ri(m+1) + / [axlm + 7’5X1m —airy(m+ 1)” mt2
’]I‘Z

1
+ mw)ﬁm —arry(m+1)[p™ 2.
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After going through a similar process for v, we can arrive at

d mil g s
el v7n+l+cm S(/ |’U|17§)1 3
dt T2 ’ T2

1
(3.53) < dm’ro(m+1) +/ [ﬁmm i mt2
T2 m + 2

’axgm —agra(m + 1)”1}

5 |aX2m — agre(m + 1)|um+2.

Adding (3.52) and (3.53) together, we obtain

d m m m—+ m
GULwms [ o) Gl + G ol
(3.54) L Loz

< 4r?(m + (r1 +r2) + 44 / ™t 4 Ag/ "2
T2 T2

where

1 1
Ay = axim+ %W}(lm —ayri(m+ 1)| + e |ax2m — agre(m + 1)|
and

Ay = Bxam +

1
12|axgm—a2r2(m+l | + _~_2’5X1m*al7’1(m+1)|-
Let ¢ > 1 be a finite number to be fixed further, and using the interpolation
inequality

(3.55)  Jluflpmiz < Clul® 1 lullzz? and [[v]|gm+z < Clv]® mi1 ||v||Lq ;
L "2 Lt

with
2m +2— q)m + 1)
(m+2) [Q(m +1)—¢q(2 - s)} ’

As long as the interpolation inequality holds, we need the condition ¢ < m+2 <

1
T

(3.57) s(m+2)>2and g <m+ 2.

(3.56) 0=

Under conditions (3.57), we have

d
%(/ um+1+/ Um+1)+cm,s||u‘mj;}rl +Cm s||U|mI«1H
T2 L' 2 L-%
0(m+2) (1- 9) (m+2)
iy |
Lt

0(m-+2 10m2
+Cll ||< “H |52,

7n+1

(3.58) <Ar*(m4+1)(r1 +712) + C’||u|

Furthermore, if we have 5r-tos +12) > 1, by (3.56), i

qs > 2
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then Young’s inequality yields

d C, C,
([t / ) 4 Sy mtt o Smes met
dt T2 T2 2 Lfg 2 LT%

(3.59)
(1) (m+2)(m+1) (1) (m+2)(m+1)
< dn*(m+ 1) (re+72) + Clull L7 4 Ol
Recalling the expression of § and assuming that
(3.60) s(m+2)>2,¢g<m+2and gs > 2,

we can arrive at

d C C
St [omy+ Dospun, o+ S,
(3.61) T2 T2 L'732 L7
Q[S(m::?z)*ﬂ Q[S(m::?z)*ﬂ
< C(llully. ™ +llolle +1).
Denoting A\ := % < o0, integrating above inequality in time and

neglecting the second and the third terms on its left hand side, we have
lull oo (0,75 2m+1) + ||Vl Loo (0,775 Lm+1)
A A e
(3.62) < CUNIES 200y + NI ES 00y + T )+t s+l e
e A A
< CTw (HUHL;ZQ,T;LQ+||'UHL;20,T;[/1) + 1)4_””0”L’"4rl + HUOHL’"Hv

where the conditions (3.60) are required. Let
(3.63)

axi Bx1 Bx2 axz }
axi—r1)+ (Bxi—air)y’ (Bxa—7r2)+ (axa—asrs)
€ (1,400),

q=pal=min{(

by Lemma 3.2, we have
(3.64) lull oo (0, 1500) < e ||uol| £« and vl Lo (0,7;9) < e"T|vo|| La.
Thus, we obtain
lull oo (0,75 2m+1) + |Vl Loo (0,773 Lm+1)
1 r T #—H roT %—*—1
(3.65) < €T | (" T ol a) ™ + (7T ool ze) T +1]

+ lluollpm+s + [lvofl Lmer-

Noticed that we already have sq = spa1 >2ifl<m+1<qg= pal, Lemma,
3.2 immediately yields

Lm+1 + €T2THU0| Lm+1.

(366) ||/U/||LOQ(O7T;L1IL+1) + H'U”LOO(O)T;LNL«FI) S 6T1T||UO|

If m 4+ 1 > g, the required conditions (3.60) are meet, interpolation in (3.65)
of |Jug||re between ||ugllrr and |Jug||pm+1 as well ||vg||r« between |vg|/r: and
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lvol| m+1, Tespectively, we can obtain
l[ull oc (0,75 2m+1) + |Vl Lo 0,75 Lm+1)

(3.67)
< O[(e%T + 1) uo | Shs + (97 + 1) w0l |. .

Lemma 3.4. Under the condition of Lemma 3.1, if
Hu||L°°(O,Tmax;L°°(T2)) + |‘v||Lm(07Tmax;Lm(T2)) < F(Tiax) < 00,
then we have

limsup ||u(t)HH4(T2) + ||U(t)||H4(T2) S G(Tmax) < 0.

t—Tmax

Proof. In view of the definition of Sobolev space H*, we have
4
(3.68) lull sz + ol s = l[ullz2 + [loll 2 + Y (105l L2 + 05w £2)-
k=1

By Hoélder’s inequality, we immediately obtain
(3.69) ||u||L2 + HU”Lz < C“|UHL°°(O,T,MX;L°C('JI‘2)) + ||’UHLO®(O,TmaX;LOO(']I‘2))] < 00.

Let us take k = 1 for an example. Taking the derivative of 1d,u[?. in time
and using the first equation of (1.1) yield

Orulpus = — Opud Nu — x1 0:u0;V - (uVw)
’]I‘2 ’]I‘2 ’]1‘2

(3.70) +r1 [ Opudypu(l —u— aqv)]
T2

= — / |A20,ul? + 111, + III,.
T2
Integrating by parts and using Hélder’s inequality for the term III;, we obtain

(3.71) III; = —x; 0,u0,(Vu - Vw) — Xl/ 0,0z (UAW)
T2 T2
= —x1 OpudpVu - Vw — x1 OzuVu - 0, Vw
T2 T2

- X1 / Opu0puAw — X1 Opuuly Aw
T2 T2

_Xi
2 Jpo

IN

V(0zu)? - Vw + x1]|0: Vel o |0t 2 [ V] 2

+ X1l Awllzee [0xullFs + xallull Lo 10sul 22 102 Awl| 2

IA

5[ 0eu) w4 C Aw] - [l 3
T2

+ Cllyul 2 ([|0pull L2 + [[0zv] 2 + [|02w]| L2)
Cllawlz10aullZs + Cllosull2(|0sullz + [8avl L2 + 10sw]l 2)

IN
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< Cl|0zull2([|Ozull 22 + |0z0] 2 + 1),
where we have used
(3.72) [0zwl|r2 < [Jwllgz < fullzz + [Jv]lrz < oo
and
[Aw|[ree < C([JullLee + [[v][ee + lw]| L)
(3.73)
< C([lulle + [[v][Le + [[w]|g2) < oco.

As for the term IIIy, Holder’s inequality immediately yields
I, = r; Ogpulzu — 11 8Iu8m(u2) —air 0 u0,; (uv)
T2 T2 T2

= 7"1||8Iu||2L2 — 2r1/ Ozuudzu — airy O udpuv
T2 T2

(3.74) —aim OputuOyv
’]1‘2

< r]|0pull T2 + 2r1f|ul| Lo | 0pull7 s + arry [[v]| Lo || Opull7
+ arry||lul| Lo [|Ozul[ L2 [|0zv]| L2
< Cllozull 2 ([|0zul L2 + [|0zv] 12)-

Plugging (3.71) and (3.74) into (3.70), we obtain

1d
(3.75) 3 719z < Clldsull 2 (100l 2 + (1950l 2 + 1),
ie.,
d
(3.76) i 10zullze < C(|10zullr2 +1|850ll 22 + 1).

As for v, in the same way, we have

d
(3.77) C10u0llze < Ol + 1ollze + 1),
Combining (3.76) with (3.77) yields

(3.78) %(H&zullm + 102v[l22) < C(|02ul[L2 + |102]| L2 + 1)
By a comparison theorem, we obtain
(3.79)  N0sullzz + 182022 +1 < C(I0suoll 2 + |9sv0] 2 + 1)e“ < 0.
Similarly, we have
|05 ul|p2 + (| 0%v]|p2 < 0o for k =2,3,4.

Hence, we can arrive at the conclusion. (I



1288 Y. LEI, Z. LIU, AND L. ZHOU

4. Global existence

Taking any ug, vg € H* and taking advantage of Lemma 3.1, it is proved
that there admits a local classical solution on the time interval [0, Ty,ax) for
problem (1.1), and the standard continuation argument for an autonomous
ODE in Banach spaces implies that either Tiax = 00 or Thax < 0o and

(4.1) limsup [Ju(t)|| ga + ||v(€)|| s = oo.

t—=Tmax

Due to Lemma 3.4, in order to prove the global existence of solutions, we
only need to show the boundedness of the sum of [[u(t)| Lo (0,7, (72)) and

[0() o (0, TrmaxsLoe (72)) -
The proof of Theorem 1.1. Let us denote by ;1 the point such that

u(zy,t') = maxu(x,t)
z€T?

and z;2 the point such that

v(zy,t?) = maxv(z,t),
zeT?

meanwhile, we write
a(z,t) = u(zy,th) and o(x,t) = v(ze, t2).

Since u, v € C*Y(T? x (0,Tinax)), the function % and © are Lipschitz and
therefore they possess a derivative, respectively almost everywhere. As the
derivative vanishes at the maximum point, evaluating the first equation of
(1.1) at the maximum point of u and using the kernel expression for A, we
obtain

(4.2) Uy = —ANu(zp,t') — xiaAw(zg, t') + ra[l — @ — ajo(za, th)].

Taking advantage of the third equation of (1.1) and the nonnegativity of solu-
tions, we can get

d
%’l_ll(t) + ASU(I’tl , tl)
43 = Xlﬁ[vw(xtl,tl) — Qi — Bv(xtl,tl)] + 7"117[1 —a— ayv(xgp, tl)}
= ri+ (ax1 — 1)@ + (Bxa — a1r1)ao (g, 1) — yxraw(z,, th)
< b+ (axy — )48 + (Bxa — axry) yav(ap, th).
As for the second equation of (1.1), in the same way, we have
d
(4.4) %ﬁ(t) + ASv(zpe, 1) < 190 + (Bxa — ro) 102 4 (axa — agra) vu(we2, t2).
If
ax1 —r1 <0, Bx1 —air <0, Bx2 —re2 <0 and ayxz —azrz < 0.
The inequalities (4.3) and (4.4) turn into

d d
%ﬁ < i — (ry — ax1)@® and @Tj <ol — (1o — Bx2)0%
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By a comparison theorem we conclude

u(t) < max {||u0||Loo; 7”71} and v(t) < max{||v0HLoo; L}
1 — oX1 T2 X

- Bx2
Thus
Hu||L°°(0,Tmax;L°°(T2)) + ||UHL°C(0,T,,,M;L°°(T2)) < 0.
Else,
pozmax{(aXI_rl)+, (ﬁxl_a1r1)+’ (3X2—7°2)+7 (ax2 — a2T2)+} € (0,1),
axi Bx1 BXx2 axz

using Lemma 2.2 for u with p = pal > 1, we have either
u(t) < My(s)llul e,

or ‘
a(t)' ¥

Asu(zp, tt) > Mo(s) 5
([ull 2

and Lemma 3.3 yields
[l oo (0, Tma; L7) + 10l L% (0, e L)
(4.5) < O (5T 4 1) fug | Z2 + (€% Tw + 1) | 3]
= Co(Timax)-
Then we have the following alternative: either

[l oo (0, Tmaeszoo) < M1(8)[[wl| Loo (0, T L)

(46) < MI(S)CO(TmaX)
S CN(O(T’max)a
or
=1\ 1+2
Nou(ep, 1) > Ma(s)—!)
[l £

(4.7 ) a(t

i.e., we have either

(4.8) 1wl oo (0, Tnas L20) < Co(Tmax);
or
(4.9) A u(zp, ) > Co(Tmax)u(t) 7.

As for v, after going through the same process, we have a similar conclusion:
either

(4'10) ||UHLOC(Omiax;LOQ) S C’O(Tmax)g
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or
(4.11) A v(zy2,t2) > Co(Tmax)0(t) 7.

If (4.8) and (4.10) are true, we immediately arrive at

(4.12) [ull oo (0, Tpanszoe) + 1Vl Lo (0, Ty < 00
In the case (4.8) and (4.11) are satisfied, we have

(4.13) 2]l oo (0, Tpas o) < 00,

and

d - sp
%T)(t) + Co(Tmax)0' T2

(414) < 90U + (ﬂXz — 7’2)+’D2 + (O[XQ — CL2T2)+T]’IL(.’L't2,t2)

< (Bxe = 712)+0% + [ra + (axa — agra) 1 |ull oo (0, Tymn: ) | T-
In fact, we can get 14 % > 2 from s > 2py. Using Young’s inequality on the
right hand side, we obtain

d
%T) S 03 (Tmax)-

Integration (4.15) in time gives us

(4.15)

(@16) ol i) S N0l Ty e o,

Combining (4.13) with (4.16) also leads to (4.12).
The case (4.9) and (4.10) hold can be treated in a similar fashion.
Finally, when (4.9) and (4.11) are correct, Young’s inequality yields

d - sp
ﬁa(t) + Co(Tax)u' T2

(417) < ra+ (axy — 1)@ + (Bx1 — arry) 4 uo

—_

1
< ru+ [(axr — )4 + 5(5)(1 - 017"1)+]172 + 5(5)(1 —ayry) 407

and
i@(t) + Co(Tmax)0' T 7
dt 0\4L max
(4.18) < 79U+ (Bx2 — 72)+0° + (a2 — agra) 44D
1 1
< 1ol + [(Bx2 —r2)+ + §(CYX2 — agry) 4 |0 + 5(00(2 — agra) 4.

Adding (4.18) into (4.17), we obtain

d = sp = sp
o (a(t) + 0(t)) + Co(Tmax)u' T2 + Co(Trmax)0' T2
1 1
(419) < ra+rav+ [(ax1 — )4+ + =(Bxa — air1)4 + = (axe — agre) 4] @

2 2

+ [(Bxz —r2)4+ + %(mcz —asra)4 + %(5)(1 —ayry) 4]0
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Making use of Young’s inequality and neglecting the second and the third terms
on the left hand side of (4.19), we have

(4.20) %(a(t) +0(t)) < Ca(Tax)-

Integration (4.20) in time yields
[ull oo (0, Tanszoe) + 1Vl Lo (0, Trpariz)
(4.21) < (lluoll Lo 0, Tupanszo) + ||’UO||L°O(0,Tmax;Loo))ec“(T’"a")T‘“a"
< Q.
In all above four cases, taking advantage of Lemma 3.4, we arrive at a contra-

diction with (4.1). Hence we obtain the global existence of solutions. That is,
the proof of Theorem 1.1 is complete. O

5. Global asymptotic stability

In this section, we will take advantage of the proof method of [8] to discuss
the asymptotic behavior of solutions, for the sake of completeness, we present
the main process here.

From the proof of Theorem 1.1, we know that v and v exist globally and they
are both bounded and nonnegative, so we can define some finite nonnegative
real numbers Ly, Iy, Lo, lo by

Li:=1 t)), l1 := liminf i ,t
1 :=limsup (maxu(e, 1)), b = liminf (min u(z,?)),

Ly :=1i t)), lg := liminf i ,t1)).
2 += limsup (maxv(e, 1)), Iy = Hpiof (min (2, ))

By the definitions, we obtain that for any € > 0, there exists T, > 0 such that
Iy —e <u(x,t) < Ly +¢ and
5.1
(5:1) lo —e <v(x,t) < Ly+¢e forall t>T. and all z € T2
Via the maximum principle applied to the third equation of (1.1), we can get
i t t

min(au(§, £) + Fu(€, 1))

(5.2) < yw(z, 1)
< max(au(&,t) + Bu(&, 1)) for all £ > 0 and all x € T

geT
Therefore, we have for all € > 0, there exists T. > 0 such that
(5.3) aly + Bly —2¢ < yw(z,t) < aly + Ly +2¢ for all t > T. and all x € T2

Having the boundedness of u, v and w at hand, it is sufficient for us to obtain
the conclusion.
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Proof of Theorem 1.2. At first, by the first and the third equations of (1.1), we
have

(5.4) uy + ASu+x1Vu-Vw = riu+ (axs —r)u? + (Bx1 — a1ry)uww — yx1uw.

Assuming € > 0 and ¢ > T, taking advantage of (5.1), (5.3) and (1.8) as well
the nonnegativity of u, we obtain

up + A°u+ xy1Vu - Vw
< ru+ (axy —r)u? 4+ (Bx1 — a1r)u(ly — ) — x1u(aly + Bly — 2¢)
= — (r —ax)u? + [r1 + L(Bx1 — a1r1) — xa(edy + Bla)

+ (=(Bx1 — a1m1) + 2x1)e] u.

Choosing 4. € (0,00) such that u(-,7.) < 4. in T? and denoting by ¥ :
[T.,+00) — R the function solving

(5.5)

—/

= —(r1—ax)y*+ [7"1 +12(Bx1 — arr1)

(5.6) —x1(aly + Bl2) + (—=(Bx1 — arr1) + 2x1)e]7,
y(T2) = te.

Thus we have

[r1 = arrily — axaly + (a1 — Bxa + 2x1)e] |

L — ax1

By comparison as well the arbitrarity of €, we can get

(5.7) y(t) — as t — o0.

(5.8) L; <limsupy(t) = (1 —airlz — OéXlll)-&--
t—o0 r1 — QX1

Making use of (1.8), we have
(5.9) (r1 —ax1)Llr < (r1 —arrls — axili)+-

On the other hand, making use of (5.1), (5.3) and (1.8) as well the nonneg-
ativity of u again, for all € > 0 and ¢ > T, we also have

ug + A°u+ x1Vu - Vw
> riu+ (ax1 — 7"1)U2 + (Bx1 —air)u(La +¢)
(5.10) —x1u(aLy + BLa + 2¢)
= —(r —ax1)u® + [r1 + La(Bx1 — a1r1) — x1(aLy + BLo)
+ (Bx1 — arr1 — 2x1)e] .

Let us choose u. > 0 such that u(-, T.) > w, in T? and denote by y : [T, +o0) —
R the function solving

y=—(n- axﬂf + [r1 + La(Bx1 — a171)
(5.11) —xi(aLy + BLy) + (Bx1 — 171 — 2x1)e]y,
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Then we arrive at
r1 —air1Ly —axi1Li + (Bx1 — a1r1 — 2x1)€
(5.12)  y(t) — [ n
- 1T — X1

From the comparison theorem and the arbitrarity of €, we can obtain

as t — oo.

r1 —ai1r1Le — ax1Ly

(5.13) I, > htrg&lfg(t) = e an
By (1.8), we have
(5.14) (r1 —axi)h >ry —airiLy — axiLy.

Making the same process to the second and the third equations of (1.1), we
get

(rg — agraly — Bx2la)+

5.15 Lo <
( ) 2= ro — BXe2
and
ro — agraly — BxaLle
5.16 lg > .
( ) 2= T2 — X2
Using (1.8), we have
(517) (7’2 — ﬁXz)LQ S (7“2 — G,Q’I“Qll — 6X2l2)+
and
(518) (7’2 — IBXQ)ZQ Z To — CLQT‘QLl — /BXQLQ.

Next, before going on, we will verify that the quantities of the upper bounds
for Ly and Lo are in fact nonnegative, so we can neglect the positive part
operator (-);. By Lemma 3.3 of [8], we obtain

(5.19) r1 —a1r1ls — axily > 0 and ro — asraly — Bxale > 0.
Thus (5.9) and (5.17) turn into

(5.20) (r1 —ax1)lr <r;y —airmls —axih

and

(5.21) (r2 — Bx2) L2 < 12 — agraly — Bxala.

Since then, we have get explicit bounds for u and v, next we will calculate
the exact limit values of u and v as t — oco. Let us start with the convergence
of w and v, i.e., Ly =1; and Ly = I3 hold. Collecting (5.14) and (5.20) as well
Making use of (1.8), we can obtain
ai1Ty

5.22 Li—11 < ————(Ly—1s).
(5.22) 1 1_“72&)(1(2 2)
By (5.18), (5.21) and (1.8), in the same way, we have
(5.23) Ly =l < —22__ (1, —1y).

ro — 28X2
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Combining (5.22) and (5.23) yields

a272 a1’
ro — 2Bx2 1 — 2ax1
Hence we can obtain Ly = I3 from the small coefficient in (1.8). By (5.22), we
can also get Ly = ;.

Finally, we will show
(5.25) Li=1; =u" and Ly = I, = v".

From (5.14), (5.18), (5.20), (5.21) and (5.25), we have

(5.24) Ly—1s < (Ly — Iy).

(r1—axi)Ly =r1 —arr1La —axi1Ly and (rg — Bx2)La = r2 —azra Ly — Bx2La.
Therefore, we can obtain

1-— 1-—
leialzu*zllandlzgzicu:v*:lg.
1—ajas 1—aias

These imply that
u(t) — u* and v(t) — v* as t = oo

uniformly in T2. According to (5.3), for any £ > 0, there exists 7. > 0 such
that

au* + fv* — 2 < yw(z,t) < au* + fv* + 2 for all t > T, and all z € T

Therefore w(z,t) — 2238 45 ¢ — 0o uniformly in T2. With these results,
we have accomplished the proof of Theorem 1.2. O
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