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ON A CHANGE OF RINGS FOR MIXED MULTIPLICITIES

TrRUONG THI HONG THANH AND DUONG QUOC VIET

ABSTRACT. This paper establishes a formula changing the ring from a
Noetherian local ring A of dimension d > 0 containing the residue field
k to the polynomial ring in d variables k[X1, X2, ..., X4] for mixed mul-
tiplicities. And as consequences, we get a formula for the multiplicity of
Rees rings and formulas for mixed multiplicities and the multiplicity of
Rees rings of quotient rings of A by highest dimensional associated prime
ideals of A.

1. Introduction

Let (A, m, k) be a Noetherian local ring with maximal ideal m and the residue
field k = A/m. Let M be a finitely generated A-module. Let J,Iy,...,I; be
ideals of A such that J is an m-primary ideal and I = I - - - I, is not contained in

VAnnM. Set dim M/0p; : I = q. Then {4 {W} is a polynomial

of degree g — 1 for all large ng,ny,...,ns [18, Proposition 3.1(i)]. The terms of
total degree ¢ — 1 in this polynomial have the form

ko, k ks
Z eA(J[ko-‘rl],Il[kl]’ o Is[ks}; M) n00n11 Y O '
kolkq!- - k!
ko +hid -+ ke = g—1
Then eA(J[kO‘H],I{kl], e Is[ks];M) is called the mized multiplicity of M with

respect to ideals J,I1,...,Is of the type (ko + 1,k1,..., ks).

It has been known that mixed multiplicities are an important object of Alge-
braic Geometry and Commutative Algebra. In past years, one obtained inter-
esting results for this theory. Apart from the results for the positivity and char-
acterizations mixed multiplicities in terms of the Hilbert-Samuel multiplicity
(see e.g. [4-6,10-16,18-22,24,25,27-29]) and the Euler-Poincare characteristic
(see e.g. [15,32]), the representation of the multiplicity of Rees modules as the
sum of mixed multiplicities has been established (see e.g. [7,9,16,17,23,26]).
Moreover, recent papers showed that many important properties of the Hilbert-
Samuel multiplicity can be expanded to mixed multiplicities (see e.g. [30,31]).
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In this paper, we study mixed multiplicities and the multiplicity of Rees rings
over a Noetherian local ring A containing the residue field k. Let a1, as, ..., aq
be a system of parameters for A. Denote by S = k[X;, Xo, ..., X4] the polyno-
mial ring in d variables X1, Xs,..., Xg over k, and by R = S(x, x,,... x,) the
localization of S at the maximal ideal (X7, Xs,..., Xy). For any ideal J of S,
put Jg = JR and J4 the ideal of A generated by {f(a1,as,...,aq) | f € T}

Boda and Schenzel in [3] investigated the relationship between the Hilbert-
Samuel multiplicity of A and the Hilbert-Samuel multiplicity of R.

Being inspired by the main result of [3], we want to build formulas for the
relationship between mixed multiplicities of A and R. In fact, we obtain the
following.

Theorem 1.1 (Theorem 2.2). Let (A, m, k) be a Noetherian local ring of di-
mension d > 0 containing the residue field k. Let q = a1, as,...,aq be a system
of parameters for A. Assume that J, I1,..., Iy C (X1, Xo,...,X4)S are ideals
of S with Jg being (X1, Xo, ..., Xq)R-primary and I - - - Iy # 0. Then we have

eA(JXCOJrl],IlB;l], .. .,ISLI;S];A) = eR(JI[éC°+1]711%1]7 ... ,IS[II%CS];R)eA(q;A).

Using this theorem one can transfer the computation of a class of mixed
multiplicities satisfying the assumptions of Theorem 1.1 from Noetherian local
rings containing the residue field k£ to polynomial rings over k. As corollaries
of Theorem 1.1, we obtain a formula on the relationship between the multi-
plicity of Rees rings of A and R (see Corollary 2.3), and formulas for mixed
multiplicities and the multiplicity of Rees rings in the case of A/p for p-highest
dimensional associated prime ideal of A (see Corollary 2.4).

2. On some formulas transferring multiplicities

This section states and proves the main theorem together with corollaries
for the multiplicity of Rees rings and mixed multiplicities in the case of A/p
for p-highest dimensional associated prime ideal of A. And to prove the main
theorem we show in Note 2.1 that mixed multiplicities of a module are the
same as that of its completion.

Let (A, m) be a Noetherian local ring with maximal ideal m and the residue
field Kk = A/m. Let M be a finitely generated A-module. Let Iy,..., I be
ideals of A such that I = I --- I, is not contained in vAnnM. Let J be an
m-primary ideal. We put 0 = (0,...,0); k = (k1,...,ks);n=(ny,...,ns) € N®
and k! = ki1 -kl |k |=ky + -+ kg; 0¥ = nf* - ke Moreover, set

I=1,... I; I = =) gkl o= oaepme
Suppose that dim M /0y : I°° = q. Recall that the author of [18, Proposition
3.1(i)] in 2000 (see [11, Proposition 3.1(i)]) proved that £, [m} is a
polynomial of degree ¢ — 1 for all large ng, n. The terms of total degree ¢ — 1
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in this polynomial have the form

ko .k
ST ea(Wot T )0
ko'k!
ko +‘k| =q—1

Then ey (JFo+tU Tk M) is called the mized multiplicity of M with respect to
ideals J, I of the type (ko + 1, k).
We need the following note which will be used in the proof of the main result.

Note 2.1. For any A-module N, denote by N the m-adic completion of N.
Now assume that £4(N) =t < 0o, i.e., N has a composition series of length ¢:

N=NyD>N; DD N ={0},
V\/f\here N;_1/N; %Ak for all 1 < i < t. Then we get a decreasing sequence of
A-submodules of N:
(1) N=Ny>N,>---2> N, ={0}.
Note that N;_1/N; = N;_ 1/]\7 ~% and k = k for all 1 < i < t. Therefore (1)

is also a composition series of N. Hence N is an A-module of finite length and
CA(N) =Lz(N ) From this it follows that

JroTn M JroTn M _¢, Jrolm ... I M
A J”O+1HUM Jn0/+]_H\nM j’ﬂo-‘rl‘/[\{ll e _/[;n‘gﬁ ’

Consequently e (JFo 1 T A1) = ¢ o (Jlko+ 1] T} il T A,

Next suppose further that A contains the residue field k. Let a1, ao,...,aq
be a system of parameters for A. Denote by S = k[X7, Xo, ..., X4] the polyno-
mial ring in d variables X1, X»,..., X4 over k, and by R = S(x, x,,.. x,) the
localization of S at the maximal ideal (X7, Xo,..., X4).

For any ideal J of S, put Jg = JR and J4 the ideal of A generated by

{f(ar,az,...,aq) | f €T}

Now assume that J,I1,..., Iy C (X1,Xoa,...,X4)S are ideals of S with Jgr
being (X1, Xo,..., X4)R-primary. We need to determine the relationship be-

tween mixed multiplicities of A with respect to ideals Ja,I14,...,1s4 and
mixed multiplicities of R with respect to ideals Jg,IiR,.-.,Isp of the same
type.

And as one might expect, the our aim is achieved by the following theorem.

Theorem 2.2. Let (A, m, k) be a Noetherian local ring of dimension d > 0 con-
taining the residue field k. Let q = ay,as,...,aq be a system of parameters for
A. Assume that J, I,..., I, C (X1, Xo,...,X4)S areideals of S with Iy - - - I #
0 and Jgr being (X1,Xs,...,Xq)R-primary. Set Iy = L1 a,...,Is4; Ig =
Iip,...,Isg. Then we have

6A(JK€O+1] , Ig(]; A) = 6R(J}[;I;°+1] , IB};]; R)ea(q; A).
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Proof. Set A’ = ka1, a2,...,aq4) and n = (a1, as,...,aq)A". Define
F:S*)A/ by F(f(X17X27"'3Xd)):f(alaG'Q,"';ad)'

Remember that the system of parameters aq,as,...,aq for A is algebraically
independent over k (see e.g. [1, Corollary 11.21]), so F is an isomorphism.
Moreover

F((X17X2, . ,Xd)) =n.

Hence dim A’ = d and n is a maximal ideal of A’. Set C' = AL. It is clear that
n=m([] A’ From this it follows that C' is a subring of A,,. Note that A, = A
because A is a local ring with maximal ideal m. Hence C is a subring of A.

It can be verified that the isomorphism F' yields an isomorphism F* : R — C
given by

F*(i) _ f(al,ag, N ,ad).
g g(ar,as,...,aq)

Consequently, C' is a d-dimensional Noetherian local domain with maximal
ideal nC' and the residue field k. Now for any ideal I of S, we put I = F(I)C
and Ic = Iig,...,Isc. Then F*(Ig) = Ic for any ideal I of S. So J¢ is
nC-primary since Jg is (X7, Xo, ..., X4)R-primary. Moreover, we get

ec(ai,az,...,aq;C) = er(X1, Xo,..., Xg; R);
ec(Jgfo-‘rl]’I[clf];O) _ 6R(J%€0+1],I%];R)~

It can easily be seen that IcA = I, for any ideal I of S. Since aq,a2,...,aq
is a system of parameters for A, we get m" C (a1, aq,...,aq)A for a certain
integer n. On the other hand [(a1, ag,...,aq)C])" C Jo for a certain integer u
because J¢ is nC-primary. So we have

[(a1,a2,...,aq)A]" = [(a1,a2,...,aq)C]"AC JcA=Ja.

Hence m™* C Jy4. Consequently Jy4 is m-primary.

Set I = 1} - I} and I = I ' - - - I, Note that any A-module is also
a C-module. Moreover, for any composition series of an A-module U is also a
composition series of U as a C-module because the residue fields of A and C
are the same. So

J4" IR A Ja" I A
Al i g | = T o A |-
Ja A Ja M A

Now, consider A as a C-module, then since IcA = I 4 for any ideal I of S, it

follows that
R s

Ja™o Iy Je™ IR A
Therefore

Ja™T% A ] { Jo™IR A ]
2 la| g | = e | ———5—|.
@ A[JA”‘)“]I')‘A “Icm¥ 84
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By Note 2.1, without loss of generality, in this proof, we can consider A = E;
C =C and R = R. Then we have
k[[al,ag, e ,ad]] =C=2R=R= k[[X17X2, NN 7Xd]]~

So in this case, A is a Noetherian complete local ring containing the residue
field k and C = k[[a1, ag, ..., aq]]. Hence A is a finite generated C-module (see
e.g. [2, Theorem A.22]). Consequently, by (2) and the definition of the mixed
multiplicity, it shows that

ea( S5l A) = eq (sl IR 4).
As well as this formula, we have the following formula for the Hilbert-Samuel
multiplicity
ealay,as, ... aq; A) =ec(a,ag,...,aq; A).

Denote by K the field of fractions of C. Then by [31, Corollary 3.6] we have

eo(JE T A) = eo(JE 1N 0) dimg (K © A).
Consequently, since ec(JgCOH],I[CIf]; C) = eR(J%mH],I%]; R),

ea(JE 1 4) = (st 1 R) dimg (K ® A).
Recall that

ec(ay,ag, ... aq; A) =ec(a,az,...,aq;C)dimg (K @ A)
(see e.g. [2, Corollary 4.7.9] or [8, Corollary 11.2.6]). On the other hand,
ec(ay,ag,...,aq;C) =er(X1,X2,..., Xg;R) =1
because R is a regular local ring. Hence
ealar,as, ... aq;A) = dimg (K ® A).
Thus, eA(JKCDH], IBT};A) = eR(J%COH],I%];R)eA(al, as,...,aq; A). O
Denote by R(L; A) = €D,,5o [ the Rees algebra of ideals I and by
RLM) = PIM
n>0

the Rees module of ideals I with respect to M. Set R(L; A)+ = B, 0 I
Then as a corollary of Theorem 2.2, we get the following formula for Rees
rings.

Corollary 2.3. Set Js = (JA,D%(IA;A)+);3R = (JR,S)‘{(IR;R)+). Then with
the previous notions and the assumptions as in Theorem 2.2 we have

(3R (La; 4)) = e(3ns R (Ins B) ) e (s A).
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Proof. By Theorem 2.2, we have
ea(Jot 1. 4) = ep (It T R)e 4 (g; A).

Now, since C' 2 R are domains and Iy --- I3 # 0 in S, htg(l1 -+ Isg) > 0 and
hto (I - Isc) > 0, here C as in the proof of Theorem 2.2. Note that A is
integral over C since q = aq,ds, ..., aq is a system of parameters for A. Then
it is easily seen that ht 4(I14---Is4) > 0 since hto(l1o- - Isc) > 0 and A is
integral over C. Hence by [17, Theorem 1.4}, we get

e(:JA;m(IA;A)) D R TYC/ A (Y
ko +|k|= d—1

S er(E IR Ryea(q; A)

ko +|k|=d—1
=1 Y er(p I R)ea(a; A)
ko +|k|=d—1

= (I R(Lni B) ) eala: A).
Consequently, e(JA;ER(IA;A)> = e(JR;%(IR;R)>eA(q;A). O

Finally, denote by II the set of all prime ideals p of A such that p € MinA and
dim A/p = dim A. For any p € II, denote by a1, as, . . ., Gq; Jasp;Lasp the images
ofai,az,...,aq; Ja;1ain A/p, respectively. Set J 4/, = (JA/p, R(La/p; A/p)+).
Then since dim A/p = dim A, it follows that a1, as, ..., a4 is a system of param-
eters for A/p. Since C' is a domain and A is integral over C, we get pNC =0
for any p € II, here C as in the proof of Theorem 2.2. Consequently, % =~ (.
Hence we can consider C' as a subring of A/p.

So one can replace A by A/p in Theorem 2.2 and Corollary 2.3, that means
ear( T LI A/p) =en(J" M I R)easp (a1, a2, aa) A/p; A/p) and

6(3A/p;9‘i(1A/p;A/P)> 26(33;9“{(1}2;}3))614/;0((@1,az, caq)Afp; Alp).
Hence we get the following result.

Corollary 2.4. Denote by Il the set of all prime ideals p € MinA such that
dim A/p = dim A. Then with the previous notions and the assumptions as in
Theorem 2.2, for any p € Il we have

(1) earp (T I A p) = er(Tao T IR R)e s (a)A/p; Afp).
(1) e (Taspi R(Lappi A/p) ) = (I R(Tni B) e ((@)A/p3 A/p).
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