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STATIONARY MHD EQUATIONS

Zhouyu Li, Pan Liu, and Pengcheng Niu

Abstract. The aim of this paper is to establish Liouville type results

for the stationary MHD equations. In particular, we show that the veloc-
ity and magnetic field, belonging to some Lorentz spaces, must be zero.

Moreover, we also obtain Liouville type theorem for the case of axially
symmetric MHD equations. Our results generalize previous works by

Schulz [14] and Seregin-Wang [18].

1. Introduction

MHD equations are a combination of Navier-Stokes equations of fluid dy-
namics and Maxwell’s equations of electromagnetism. In this paper, we inves-
tigate the following three-dimensional steady-state incompressible MHD equa-
tions

(1.1)


u · ∇u−∆u +∇p = H · ∇H,

u · ∇H −H · ∇u = ∆H,

divu = 0,

divH = 0.

Here u(x, t) = (u1(x, t), u2(x, t), u3(x, t)), p(x, t) denote the velocity and
pressure of the fluid respectively, and H(x, t) = (H1(x, t), H2(x, t), H3(x, t))
is the magnetic field vector. The MHD equations play an important role in
astrophysics, geophysics and cosmology, for more details see [3, 13].

Recently, there are many works on the well-posedness theory for the classical
MHD equations. We refer the reader to interesting papers [7,10] and references
therein.

Liouville type theorems for partial differential equations have drawn much
attention. Actually, Liouville type theorems naturally appear when considering
the regularity of solutions to partial differential equations. When H = 0, (1.1)
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reduces to the stationary incompressible Navier-Stokes equations and Galdi in
[4] proved that the condition

u ∈ L 9
2 (R3)

implies u ≡ 0. In [2], Chae-wolf showed a logarithmic improvement of Galdi’s
result under the assumption

N(u) :=

∫
R3

|u| 92
{

log

(
2 +

1

|u|

)}−1

dx <∞.

Moreover, the authors in [8, 18] extend the result of [4] to the Lorentz spaces.
Since the convective terms are similar in the Navier-Stokes equations and MHD
equations, many researchers also consider the Liouville type theorems for (1.1).
Chae and Weng [1] showed that the smooth solution (u, H) ≡ 0 to (1.1)
provided

(u, H) ∈ L3(R3) and (∇u,∇H) ∈ L2(R3).

Another interesting result (see [14]) pointed out that the condition

(u, H) ∈ L6(R3) ∩BMO−1(R3)

implies (u,H) ≡ 0 as well. More references, we recommend [9,15,17].
Motivated by [18], we consider the velocity and magnetic field belongs to

some Lorentz spaces. It is a natural way to extend the space widely and improve
the previous results. Compared with the result in [14], we relax the restriction
that (u, H) ∈ L6(R3)∩BMO−1(R3). For the case of axially symmetric MHD
equations, we also show that the condition |(u(x), H(x))| 6 C

(1+|x′|)µ with

x′ = (x1, x2) and µ ≈ 0.67 implies (u, H) ≡ 0.
Define

Mγ,q,`((u,H), R) := Rγ−
3
q ‖(u,H)‖Lq,`(B(R)\B(R2 )),

where B(R) is a ball of radius R centered at the origin. Our main results can
be stated as follows.

Theorem 1.1. Let (u, H) be a smooth solution to (1.1).
(i) For q > 3, 3 6 ` 6∞, (or q = ` = 3 ), if γ > 2

3 , assume

(1.2) lim inf
R→∞

Mγ, q, `((u, H), R) <∞,

then (u, H) ≡ 0; If γ = 2
3 , under (1.2) and for some 0 < δ < 1

C(q, `) ,

(1.3) lim inf
R→∞

M3
2
3 ,q,`

((u, H), R) 6 δ
∫
R3

|∇(u + H)|2 dx,

then (u, H) ≡ 0.
(ii) For 12

5 < q < 3, 1 6 ` 6∞, γ > 1
3 + 1

q , assume that

(1.4) lim inf
R→∞

Mγ, q, `((u, H), R) <∞,

then (u, H) ≡ 0.
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Theorem 1.2. Let (u,H) be an axially symmetric smooth solution to (1.1)
and satisfy

(1.5) |(u(x), H(x))| 6 C

(1 + |x′|)µ

for any x = (x′, x3), µ > 2
3 . Then (u, H) ≡ 0.

Remark 1.1. If let q = ` = 3 and assume (u, H) ∈ L3(R3), we see that
Mγ, 3, 3 → 0 as R→∞ for every γ ∈ [ 2

3 , 1]. Hence, Chae and Weng’s result in
[1] follows from Theorem 1.1.

Remark 1.2. For the case of Navier–Stokes equations, there are also some re-
sults similar to Theorem 1.2, see [16,19].

The rest of this paper is organized as follows. In Section 2, we recall the
definition of Lorentz spaces and the related inequalities. In Section 3, we obtain
the Caccioppoli type inequality, which is the key of our proof. Finally, we will
give the complicate proof of Theorems 1.1–1.2, respectively in Sections 4–5.

2. Preliminaries

For convenience of the readers, we will describe some basic function spaces
and useful inequalities which will be used later.

Let us recall the definition of Lorentz spaces. Let 1 ≤ p < ∞, 1 ≤ q ≤ ∞.
We say that a measurable function f belongs to the Lorentz spaces Lp,q(R3) if
‖f‖Lp,q(R3) < +∞, where

‖f‖Lp,q(R3) :=


(∫∞

0
tq−1|{x ∈ R3 : |f(x)| > t}|

q
p dt

) 1
q

, if q < +∞,
sup
t>0

t|{x ∈ R3 : |f(x)| > t}|
1
p , if q = +∞.

It is well known that ‖ · ‖Lp,q is a quasi-norm, namely, ‖ · ‖Lp,q do not satisfy
the usual triangle inequality. Instead, we have

‖f + g‖Lp,q ≤ C(p, q)(‖f‖Lp,q + ‖g‖Lp,q ),

where C(p, q) = 21/p max(1, 2(1−q)/q). For details see [11].
We also need the Hölder inequality and the Calderón-Zygmund inequality

in Lorentz spaces.

Lemma 2.1 (see [12]). Let f ∈ Lp1,q1(R3) and g ∈ Lp2,q2(R3) with 1 ≤ p1, p2 ≤
∞, 1 ≤ q1, q2 ≤ ∞. Then fg ∈ Lp,q(R3) with 1

p = 1
p1

+ 1
p2
, 1
q ≤

1
q1

+ 1
q2

and

the Hölder inequality in Lorentz spaces

‖fg‖Lp,q(R3) ≤ C‖f‖Lp1,q1 (R3)‖g‖Lp2,q2 (R3)(2.1)

holds true for a constant C > 0.
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Lemma 2.2 (See [6]). Let Ω be a bounded domain in Rn, f ∈ Lp(Ω), 1 < p <
∞, and w the Newtonian potential of f . Then w ∈ W 2, p(Ω), ∆w = f a.e. Ω,
and ∫

Ω

|∇2w|pdx 6 C
∫

Ω

|f |pdx,

where constant C > 0 only dependents on n and p.

3. Caccioppoli type inequalities

We begin with an auxiliary proposition about Caccioppoli type inequality,
which is the key of our proof.

Proposition 3.1. Let (u, H) be a smooth solution to (1.1) and v = u + H,
T = u−H. Then the following Caccioppoli type inequalities hold:

(i) for q > 3, 3 6 ` 6∞,

(3.1)

∫
B(R2 )

|∇v|2 dx 6 CR−2

∫
B(R)\B(R2 )

|v|2 dx+D1,

where D1 := C(q, `)R2− 9
q ‖T ‖Lq,`(B(R)\B(R2 ))‖v‖2Lq,`(B(R)\B(R2 ))

;

(ii) for 0 < δ 6 1, 6 3−δ
6−δ < q < 3,∫

B(R2 )

|∇v|2 dx 6 CR−2

∫
B(R)\B(R2 )

|v|2 dx+D2,(3.2)

where D2 := C(δ)
(
R2− 9−3δ

q −
δ
2 ‖T ‖Lq,∞(B(R)\B(R2 ))‖v‖

2−δ
Lq,∞(B(R)\B(R2 ))

) 2
2−δ

.

Proof. Given R > 0, fix two numbers % and r so that 3R
4 6 % < r 6 R. Now,

choose a cut–off function ϕ ∈ C∞0 (B(R)) satisfying the following conditions:

ϕ(x) =

{
1, if x ∈ B(%),

0, if x ∈ B(r)c,

0 6 ϕ 6 1 and |∇ϕ(x)| 6 c
(r−%) .

We consider the following Dirichlet problem{
∆ψ = div(ϕv) in B(R) \B( 2r

3 ),

ψ = 0 on ∂B(R) ∪ ∂B( 2r
3 ).

From the standard elliptic equations theory, there exists a unique solution ψ ∈
W 1, s

0 (B(R)\B( 2r
3 ))∩W 2, s(B(R)\B( 2r

3 )). Therefore w = ∇ψ ∈W 1, s
0 (B(R)\

B( 2r
3 )) such that divw = div(ϕv) = ∇ϕ · v. Applying Lemma 2.2, we can
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deduce ∫
B(R)\B( 2r

3 )

|∇w|s dx =

∫
B(R)\B( 2r

3 )

|∇2ψ|s dx

6 C
∫
B(R)\B( 2r

3 )

|∆ψ|s dx

= C

∫
B(R)\B( 2r

3 )

|∇ϕ · v|s dx

6
C

(r − %)s

∫
B(R)\B( 2r

3 )

|v|s dx,

(3.3)

where C is independent of R and only depends on s (1 < s <∞).
Based on the general Marcinkiewicz interpolation theorem [12], it infers

‖∇w‖Lq,`(B(r)\B( 2r
3 )) ≤ C(q)‖∇ϕ · v‖Lq,`(B(r)\B( 2r

3 ))(3.4)

for any 1 < q <∞ and 1 ≤ ` ≤ ∞.
Adding the equations (1.1)1 and (1.1)2, (1.1)3 and (1.1)4 respectively, we

obtain

(3.5)

{
T · ∇v −∆v = −∇p,
div v = 0.

Multiplying (3.5)1 by (ϕv −w), and integrating by parts over B(r), it follows∫
B(r)

ϕ|∇v|2 dx = −
∫
B(r)

∇v : (∇ϕ⊗ v) dx+

∫
B(r)

∇w : ∇v dx

−
∫
B(r)

(T · ∇v) · ϕv dx+

∫
B(r)

(T · ∇v) ·w dx

=

4∑
i=1

Ii.

(3.6)

Noticing that R > r > % > 3R
4 > 2r

3 > R
2 , Hölder’s inequality gives

|I1| =
∣∣∣ ∫
B(r)

∇v : (∇ϕ⊗ v) dx
∣∣∣

6 C
(∫

B(r)

|∇v|2 dx
) 1

2
(∫

B(r)\B(%)

|∇ϕ⊗ v|2 dx
) 1

2

6
C

r − %

(∫
B(r)

|∇v|2 dx
) 1

2
(∫

B(R)\B(R2 )

|v|2 dx
) 1

2

.

(3.7)
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By (3.3), we deduce

|I2| =
∣∣∣ ∫
B(r)

∇w : ∇v dx
∣∣∣

6 C
(∫

B(r)

|∇v|2 dx
) 1

2
(∫

B(r)\B( 2r
3 )

|∇w|2 dx
) 1

2

6
C

r − %

(∫
B(r)

|∇v|2 dx
) 1

2
(∫

B(R)\B(R2 )

|v|2 dx
) 1

2

.

(3.8)

Let us prove (3.1). To estimate I3 and I4, we are going to use the fact that
divT = divu− divH = 0. Integration by parts gives

I3 = −
∫
B(r)

(T · ∇v) · ϕv dx = −1

2

∫
B(r)

ϕ div(T |v|2) dx

=
1

2

∫
B(r)

(T |v|2) · ∇ϕdx.

Using Lemma 2.1, assuming that q > 3 and ` > 3, we have

|I3| =
∣∣∣1
2

∫
B(r)

(T |v|2) · ∇ϕdx
∣∣∣

6
C

(r − %)

∫
B(r)\B(%)

|T ||v|2 dx(3.9)

6
C

(r − %)
‖T ‖Lq,`(B(r)\B(%))‖v‖2Lq,`(B(r)\B(%))‖1‖L

q
q−3

, `
`−3 (B(R)\B(R2 ))

6
C(q, `)

(r − %)
R3− 9

q ‖T ‖Lq,`(B(R)\B(R2 ))‖v‖2Lq,`(B(R)\B(R2 ))
.

Thanks to (3.4), I4 can be evaluated as follow:

|I4| =
∣∣∣ ∫
B(r)

(T · ∇v) ·w dx
∣∣∣ =

∣∣∣ ∫
B(r)\B( 2

3 r)

(T ⊗ v) : ∇w dx
∣∣∣

6 C‖T ‖Lq,`(B(r)\B(%))‖v‖Lq,`(B(R)\B(R2 ))‖∇w‖Lq,`(B(r)\B( 2
3 r))

× ‖1‖
L

q
q−3

, `
`−3 (B(R)\B(R2 ))

(3.10)

6
C

(r − %)
‖T ‖Lq,`(B(r)\B(%))‖v‖2Lq,`(B(R)\B(R2 ))

‖1‖
L

q
q−3

, `
`−3 (B(R)\B(R2 ))

6
C(q, `)

(r − %)
R3− 9

q ‖T ‖Lq,`(B(R)\B(R2 ))‖v‖2Lq,`(B(R)\B(R2 ))
.

Thus, inserting (3.7)-(3.10) into (3.6) leads to∫
B(%)

|∇v|2 dx 6
∫
B(r)

ϕ|∇v|2 dx

6
C

r − %

(∫
B(r)

|∇v|2 dx
) 1

2
(∫

B(R)\B(R2 )

|v|2 dx
) 1

2

(3.11)
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+
C(q, `)

(r − %)
R3− 9

q ‖T ‖Lq,`(B(R)\B(R2 ))‖v‖2Lq,`(B(R)\B(R2 ))

6
1

2

∫
B(r)

|∇v|2 dx+
C

(r − %)2

∫
B(R)\B(R2 )

|v|2 dx

+
C(q, `)

(r − %)
R3− 9

q ‖T ‖Lq,`(B(R)\B(R2 ))‖v‖2Lq,`(B(R)\B(R2 ))
.

Using the standard iteration argument (see [5], Lemma 3.1), for reader’s
convenience, we give a sketch. Let us first define ρ0 := R

2 , ρk+1 := ρk + (1 −
τ)τk R2 , where k = 0, 1, 2, . . . and τ ∈ (

√
2

2 , 1). Applying (3.11), we get∫
B(%k)

|∇v|2 dx 6 1

2

∫
B(ρk+1)

|∇v|2 dx+
4C

[(1− τ)τkR]2

∫
B(R)\B(R2 )

|v|2 dx

+
2C(q, `)

(1− τ)τkR
R3− 9

q ‖T ‖Lq,`(B(R)\B(R2 ))‖v‖2Lq,`(B(R)\B(R2 ))
.(3.12)

By iteration from (3.12), we have∫
B(%0)

|∇v|2 dx

6 (
1

2
)k
∫
B(ρk)

|∇v|2 dx+
4C

(1− τ)2

k−1∑
m=0

(
1

2τ2
)m

1

R2

∫
B(R)\B(R2 )

|v|2 dx

+
2C(q, `)

(1− τ)

k−1∑
m=0

(
1

2τ
)mR2− 9

q ‖T ‖Lq,`(B(R)\B(R2 ))‖v‖2Lq,`(B(R)\B(R2 ))
.

Letting k →∞, we arrive at∫
B(R2 )

|∇v|2 dx 6 CR−2

∫
B(R)\B(R2 )

|v|2 dx+D1,

where D1 := C(q, `)R2− 9
q ‖T ‖Lq,`(B(R)\B(R2 ))‖v‖2Lq,`(B(R)\B(R2 ))

. This com-

pletes the proof of (3.1).
Next, let us prove (3.2). We only need to re-estimate I3 and I4. To the end,

we introduce v = v − [v]B(r)\B( 2r
3 ), where [v]Ω is the mean value of v over a

domain Ω. Thanks to the integration by parts, we know

I3 = −1

2

∫
B(r)

(T · ∇|v|2)ϕdx

= −1

2

∫
B(r)

(
T · ∇(|v|2 − |[v]B(r)\B( 2r

3 )|2)
)
ϕdx

= −1

2

∫
B(r)

ϕdiv
(
T (|v|2 − |[v]B(r)\B( 2r

3 )|2)
)
dx

=
1

2

∫
B(r)\B(%)

(T · ∇ϕ)(|v|2 − |[v]B(r)\B( 2r
3 )|2) dx

(3.13)
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and, since R
2 < 2r

3 < 3R
4 6 %,

|I3| 6
C

r − %

∫
B(r)\B( 2r

3 )

∣∣T ∣∣ ∣∣v∣∣ ∣∣v + [v]B(r)\B( 2r
3 )

∣∣ dx.(3.14)

By the assumptions 0 < δ 6 1, 6(3−δ)
6−δ < q < 3, it implies

0 < β := 1− 3− δ
q
− δ

6
< 1.

In virtue of Lemma 2.1, we show

|I3|

6
C

(r − %)

∫
(B(r)\B( 2r

3 ))

|T ||v|1−δ|v|δ|v + [v](B(r)\B( 2r
3 ))| dx

6
C

(r − %)
‖T ‖Lq,∞(B(r)\B( 2r

3 ))‖|v|1−δ‖L
q

1−δ ,∞(B(r)\B( 2r
3 ))
‖|v|δ‖

L
6
δ (B(r)\B( 2r

3 ))

× ‖1‖
L

1
β
, 6
6−δ (B(r)\B( 2r

3 ))
‖v + [v](B(r)\B( 2r

3 ))‖Lq,∞(B(r)\B( 2r
3 ))

6
C

(r − %)
R3β‖T ‖Lq,∞(B(r)\B( 2r

3 ))‖v‖1−δLq,∞(B(r)\B( 2r
3 ))
‖v‖δL6(B(r)\B( 2r

3 ))

× ‖v + [v](B(r)\B( 2r
3 ))‖Lq,∞(B(r)\B( 2r

3 )).

Using

‖v + [v](B(r)\B( 2r
3 ))‖Lq,∞(B(r)\B( 2r

3 )) 6 C‖v‖Lq,∞(B(r)\B( 2r
3 ))

and Galiardo-Nireberg-Sobolev inequality, it gives

|I3|

6
C

(r−%)
R3β‖T ‖Lq,∞(B(r)\B(R2 ))‖v‖

2−δ
Lq,∞(B(r)\B(R2 ))

‖∇v‖δL2(B(r)\B( 2r
3 ))

6
1

8

∫
B(r)\B( 2r

3 )

|∇v|2 dx+ C(δ)
(R3β

r−%
‖T ‖Lq,∞(B(R)\B(R2 ))‖v‖

2−δ
Lq,∞(B(R)\B(R2 ))

) 2
2−δ
.

By (3.4), we get

|I4| =
∣∣∣ ∫
B(r)\B( 2r

3 )

(T · ∇v) ·w dx
∣∣∣

=
∣∣∣− ∫

B(r)\B( 2r
3 )

(T ⊗ v) : ∇w dx
∣∣∣

6 R3β‖T ‖Lq,∞(B(r)\B( 2r
3 ))‖v‖1−δLq,∞(B(r)\B( 2r

3 ))
‖v‖δL6(B(r)\B( 2r

3 ))

‖∇w‖Lq,∞(B(r)\B( 2r
3 ))

6
C

r − %
R3β‖T ‖Lq,∞(B(r)\B(R2 ))‖v‖

2−δ
Lq,∞(B(r)\B(R2 ))

‖∇v‖δL2(B(r)\B( 2r
3 ))

6
1

8

∫
B(r)\B( 2r

3 )

|∇v|2 dx
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+ C(δ)
( R3β

r − %
‖T ‖Lq,∞(B(R)\B(R2 ))‖v‖

2−δ
Lq,∞(B(R)\B(R2 ))

) 2
2−δ

.

Therefore, from (3.6),∫
B(%)

|∇v|2 dx 6 C

r − %

(∫
B(r)

|∇v|2 dx
) 1

2
(∫

B(R)\B(R2 )

|v|2 dx
) 1

2

+
1

8

∫
B(r)

|∇v|2 dx

+ C(δ)
( R3β

r − %
‖v‖2−δ

Lq,∞(B(R)\B(R2 ))
‖T ‖Lq,∞(B(R)\B(R2 ))

) 2
2−δ

6
1

2

∫
B(r)

|∇v|2 dx+
C

(r − %)2

∫
B(R)\B(R2 )

|v|2 dx

+ C(δ)
( R3β

r − %
‖v‖2−δ

Lq,∞(B(R)\B(R2 ))
‖T ‖Lq,∞(B(R)\B(R2 ))

) 2
2−δ

for any 3R
4 6 % < r 6 R. The following inequality can be obtained by the

standard iterative arguments∫
B(R2 )

|∇v|2 dx 6 C

R2

∫
B(R)\B(R2 )

|v|2 dx+D2,

where D2 := C(δ)
(
R2− 9−3δ

q −
δ
2 ‖T ‖Lq,∞(B(R)\B(R2 ))‖v‖

2−δ
Lq,∞(B(R)\B(R2 ))

) 2
2−δ

. It

completes the proof of Proposition 3.1. �

4. Proof of Theorem 1.1

With Proposition 3.1 in hand, we are now ready to prove Theorem 1.1.

Proof of Theorem 1.1(i). It is easy to check that, for q > 2,

R−2
(∫

B(R)\B(R2 )

|v|2 dx
)
6 R−2‖1‖

L
q
q−2

, `
`−2 (B(R)\B(R2 ))

‖v‖2
Lq,`(B(R)\B(R2 ))

6 C(q, `)R1− 6
q ‖v‖2

Lq,`(B(R)\B(R2 ))

= C(q, `)R1−2γM2
γ,q,`((u, H), R).

Note that
D1 6 C(q, `)R2−3γM3

γ,q,`((u, H), R).

By conditions (1.2) and (1.3), we derive∫
R3

|∇v|2 dx

6

{
C(q, `) lim infR→∞

(
R2−3γM3

γ,q,`((u, H), R)
)
, if γ > 2

3 ,

C(q, `) lim infR→∞M3
2
3 ,q,`

((u, H), R) <
∫
R3 |∇v|2 dx, if γ = 2

3 .

Then v ≡ 0. Hence, u ≡ −H.
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Substituting u ≡ −H into (1.1)1 and (1.1)3, we know

(4.1)

{
∆u = 0,

divu = 0.

As before, we can also find a w ∈ W 1,s
0 (B(r)\B( 2r

3 )) such that divw =
div(ϕu), where ϕ is the same cut–off function used in the proof of Proposi-
tion 3.1. Testing (4.1)1 with ϕu−w, and the integrating by parts allows∫

B(r)

ϕ|∇u|2 dx = −
∫
B(r)

∇u : (∇ϕ⊗ u) dx+

∫
B(r)

∇u : ∇w dx.

Thus, once again we obtain∫
B(R2 )

|∇u|2 dx 6 CR−2

∫
B(R)\B(R2 )

|u|2 dx

6 CR−2‖1‖
L

q
q−2

, `
`−2 (B(R)\B(R2 ))

‖u‖2
Lq, `(B(R)\B(R2 ))

6 C(q, `)R1− 6
q ‖u‖2

Lq, `(B(R)\B(R2 ))
.

(4.2)

As a result, let R → ∞, we have u ≡ 0. The proof of Theorem 1.1(i) is
ended.
Proof of Theorem 1.1(ii). Based on Proposition 3.1(ii), using Lemma 2.1, we
have

R−2

∫
B(R)\B(R2 )

|v|2 dx 6 R−2‖v‖2
Lq,∞(B(R)\B(R2 ))

‖1‖
L

q
q−2

, 1
(B(R)\B(R2 ))

6 CR
1
3−

2
q (R

1
3 + 1

q−
3
q ‖(u,H)‖Lq,∞(B(R)\B(R2 )))

2

= CR
1
3−

2
q (R

1
3 + 1

q−γ)2M2
γ,q,∞((u, H), R)

and

D2 6 C(δ)
(
M2−δ
γ, q,∞(v, R)Mγ, q,∞(T , R)R3β−1−(γ− 3

q )(3−δ)
) 2

2−δ

6 C(δ)
(
M2−δ
γ, q,∞((u, H), R)Mγ, q,∞((u, H), R)R2− δ2−γ(3−δ)

) 2
2−δ

6 C(δ)
(
M3−δ
γ, q,∞((u, H), R)R2− δ2−γ(3−δ)

) 2
2−δ

.

Hence ∫
B(R2 )

|∇v|2 dx 6 CR1−2γM2
γ, q,∞((u, H), R)

+ C(δ)
(
R2− δ2−γ(3−δ)M3−δ

γ, q,∞((u, H), R)
) 2

2−δ
.

Now, for any q ∈ ( 12
5 , 3), we can find q1 satisfying the following relationship

q > q1 >
12

5
, γ >

1

3
+

1

q1
>

1

3
+

1

q
,
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and then there is a real number δ ∈ (0, 1) such that

q1 =
6(3− δ)

6− δ
< q.

Noticing that

2− δ

2
− γ(3− δ) = 2− 3(3− q1)

6− q1
− γ
(
3− 6(3− q1)

6− q1

)
=

3 + q1 − 3q1γ

6− q1
=

3q1( 1
3 + 1

q1
− γ)

6− q1
< 0,

we have v ≡ 0 via letting R→∞. Hence, once again we deduce u ≡ −H.
Now, our goal is to prove u ≡ 0. Using the relation u ≡ −H as we did in

the proof Theorem 1.1(i) we have (4.1) and the Caccioppoli inequality∫
B(R2 )

|∇u|2 dx 6 C

R2

∫
B(R)\B(R2 )

|u|2 dx.

Therefore∫
B(R2 )

|∇u|2 dx 6 CR1−2γM2
γ, q,∞(u, R) 6 C(q, `)R1−2γM2

γ, q, `(u, R).

Considering (1.4), u ≡ 0 can be yielded by passing R→∞. Now we complete
the proof of Theorem 1.1. �

5. Proof of Theorem 1.2

Proof of Theorem 1.2. Let C(R) := {x = (x′, x3) ∈ R3 | |x′| 6 R, |x3| 6 R},
which is the cylindrical region.

In terms of (3.2), we have∫
C(
√

2R
4 )

|∇v|2 dx

6 CR−2

∫
C(R)\C(

√
2R
4 )

|v|2 dx

+ C(δ)
(
R2− 9−3δ

q −
δ
2 ‖T ‖

Lq,∞(C(R)\C(
√

2R
4 ))
‖v‖2−δ

Lq,∞(C(R)\C(
√

2R
4 ))

) 2
2−δ

6 CR1− 6
q ‖v‖2Lq(C(R)) + C(δ, q)(R2− 9−3δ

q −
δ
2 ‖T ‖Lq(C(R))‖v‖2−δLq(C(R))))

2
2−δ

for 12
5 < q < 3, where we used the fact that B(R) ⊂ C(R) ⊂ B(

√
2R) and the

property

‖v‖Lq,∞(Ω) 6 C(q, `)‖v‖Lq,`(Ω).

Introducing the polar coordinates, the decay assumption (1.5) yields

‖v‖Lq(C(R)) =
(∫ R

−R

∫
|x′|<R

|v(x)|q dx′dx3

) 1
q
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6 C
(∫ R

−R

∫
|x′|<R

1

(1 + |x′|)µq
dx′dx3

) 1
q

= C(2R)
1
q

(∫ 2π

0

∫ R

0

1

(1 + ρ)µq
ρ dρdθ

) 1
q

.

For µq > 2, we have

‖v‖Lq(C(R)) 6 C(4πR)
1
q

(∫ R

0

(1 + ρ)1−µq dρ
) 1
q

6 C(µ, q)R
1
q .

Similarly,

‖T ‖Lq(C(R)) 6 C(µ, q)R
1
q .

Combining the above estimates together, it follows

(5.1)

∫
C(
√

2
4 R)

|∇v|2dx 6 C(µ, q)R1− 4
q + C(δ, µ, q)R(2− δ2−

6−2δ
q ) 2

2−δ .

For fixed µ > 2
3 , there is a constant δ ∈ (0, 1) such that

2

µ
< 4

3− δ
4− δ

.

Since δ > 0, we know 6 (4− δ) < 4 (6− δ). Then let

q :=
1

2

(
max

{
6

3− δ
6− δ

,
2

µ

}
+ 4

3− δ
4− δ

)
.

It is easily to see

12

5
< max

{
6

3− δ
6− δ

,
2

µ

}
< q < 4

3− δ
4− δ

< 3 and µq > 2.

Then

2− δ

2
− 6− 2δ

q
< 0.

Passing R→∞, it follows from (5.1) that∫
R3

|∇v|2 dx = 0,

which implies v ≡ 0. Hence u ≡ −H.
Similar to the proof of Theorem 1.1, repeating above arguments yield u ≡

H ≡ 0. �
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