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Abstract
We introduce multivariate exponential smoothing models based on a vector innovations structural time
series framework. The models enable us to exploit potential inter-series dependencies to improve the fit
and forecasts of multivariate (vector) time series. Models are applied to forecast the exchange rates of the
UK pound (UKP) and US dollar (USD) against the Korean won (KRW) observed on monthly basis; subse-
gently, we compare their performance with alternative models. We observe that the multivariate exponential
smoothing models are superior to alternatives.

Keywords: exponential smoothing methods, vector innovations structural time series frameworks, multivari-

ate time series, state space models

HEHL HZ AHS AE3H 2, autoregressive integrated moving average (ARIMA) 23 9]
7 =239t} (Hyndman¥} Athanasopoulos, 2018). ¢ol& S9], X4HEH-2 thAst
23 g ojxuo]d FEFNREHOE Y ¢ glon olF B TATH o8 & Fxo 7vdt
vyor $RHT Atk 59, ASABLAL o83 ol FS B AA AAY RopolA HE A=
= = WHF A 5BEH 2 Jones (1966)l 23] L= Att. Jonesw T A4
FEH (Brown, 1959)% st thA s A A Lo ol IR R FEHE ZF Qi
Harvey (1990)& Jones®] thH= X|4HEHE 2R o 72 AAYE EFE ALt Harvey2
282 M| (trend) 2t F7](cycle), AlZA (seasonality)ol] A= e E] & (state vectors)S EH
b, 2y oke] ZF AR AL A2 579l tE 2 A& (multiple sources of error)& ARSI}
Anderson®} Moore (1979)+= o|:=®|o]A AElFNRHES Attt o] AL Y2 A (single sources
of error)TH AMg3tH B30l 242 A= AMS-SIth Snyder (1985)% o]i=w|o]M AelE 3t
B3 ALy Atold] A4S S De Silva 5 (2010)2 ALBE&ES S0 3 AH
ol:zwo] A 2 Al A ¥ (vector innovations structural time series framework; VISTS)S A QFFA T
2 ROt o 28E bl AR B o2y Rl Aok B mRoldE chuw A+3Yn
Fe oAy, BeAacl 28U o RS AALY SIS 2E(evel) R FAS} TS MBS
45T BAVT I DU ARG AE37) WEel FHo| BT F8F £T oIk,
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Bere 3 5goz 7450 Uk 2AAL HIRFORA 7E BYY Tl A5 BRY 2
2 AsEch 3FOIAL TP AP RR P Heloh TRl e 2na, 47
At 9/28% 9/5E BBARE o gdte] YARYTe] AZHSL vwdth vpAT 5A

2 Folde, i AeBERY] Hdez AE 5 3l

rlr

71E RS0l tishiA Ao

HAIRY Wiy Aegdrygoz 7Pt dy ARSEE FHE, DY FA5-FE Y (univariate
local level model; ULL)¥ ZF4FM 23 (univariate local trend model; ULT), Z4]ZAFAME
3] (univariate damped local trend model; UDLT) o]t}

ULL B3 o33t 22 Rysos wddrt

yr = Le—1 + ex, (2.1)
ét = étfl + aet. (22)

A7NA, b= =L JERY, ¢ i'inN(O o? )2 w2 9 xgtojty. ULT ¥ UDLT E3-e FAE Hl
571 Asto] Tk 2ol by FE =YLt

Yy =Li1 4+ @b, +et, (2.3)
Et = Etf]_ + ¢bt71 + aet, (24)
by = ¢b,_, + Pe,. (2.5)

¢ =12 ZL= AAL yoll FAZF IHE 9EGs &= ULT 282, 0 < ¢ < 19 A& FA7F 24 (F
3= o] 9hdEE UDLT 23S Uehdth ol A4-38r 3o A 9 955 s R =221
2] forecast H7|A] A ets TE 7P de] ARS8t} (Hyndmand} Athanasopoulos, 2018). A3
02 247k 208 222 o Bo] A, 55 FAFLFATH] ol SUAE o Soehn
&2 A ok

e ARIMA 23
ARIMA 232 Box$} Jenkins (1976)] &J3] A¢ta Ry oz XAL A5 S 2y3lat7] Y3t 713
de] A= ok AADo] FAA (stationarity) & TSR] k= A HIFAAEES AABH7] 28]
ZHEE o]83te] FAdES TEAIZ & ARMA 230 A3tetA dot. AAE y. 7t ARIMA(p, d, q) x
(P,D,Q). & W= o} Zro] AT 4~ i},

¢p(L)Pp(LY)AYAL Y = 04(L)Oq(L°)er. (2.6)
olwf, p,d,q= 27t AR?J A, AREAE, MAS] 28, P,D,Qt AR AR A5, AR AEA4
=, A-E MAX}—rE, + AZF715 YepH; L2 TR A A (backshift operator), A = 1 — L
AREAEA, Ay =1 — LS% AA AREALEA OITE. ¢y (L) Pp(L°)-2 AR AXFTHEA o)™, 6,(L)3F

Oq(L%)= MA /\]i}ﬁ‘r%“ﬁ‘ ojth. A =01, ¢p(L) =1— 1L — -+ — ¢p L7} ATt
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Aot Zol ARIMA 22, A AALY A8S JA AALH 24 1
exsfor Adysich oo g XFHEHL AAE 5T =
E(components)] NEE QAAFoE WET o5 2 Gl

Sk ARIMA Ego|M&s FAY &4 FF7& Q3= 2A7T A
FAFNEY 2 AHFAFAEY 5 s 58T A

Al ARIMA 232 A3gt 9 o =L forecast 7] %] 2 auto.

4 T
i
Ao
k)

)
e
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o
o,
o

¥

e HIEl ARIMA 23
Nae] th = A A E y: ol tiste], Sims (1980) 7F Al ¢Hek VAR 232 th53 o] AojHrh

P
Y= Py +e, (2.7)
=1

A7|A ee FHOIA FHo] 0, B4to] XA NAY AFREE w2 exgelth. 7|3 A 9] 2t
%71 pQl VAR 232 VAR(p) B¥olgta atn, oiek 239 %A)9} AR VARIMA(p,0,0) &
Po 2 Uehl7| = gttt By A3 2 o 5E $135t] RO vars 31717 (Pfaff, 2008) & +2 AM&-3ic}.

3. LHIZ XIS BROH 53
chis A5 RRRYL, Bd A-RLRYe PR YHeA, DG BN EASE vem

3] (simple exponential smoothing model), EE 3| &2 & (Holt’s trend model), 4] A 23 (damped
trend model) 5-°] thAZS] ] (multivariate or vector) 2 ZFH Zlo|t}).

3.1. LI X|+38ed

o WEIZLSED

NRQY T AAD yol sl TY ASFBRY F bF 0ER RS MEILSER
o o
a1 PR

3 (vector local level model; VLL)oJt}. VLL 282 v|#=
on, £ A2 Alztol Aol wel Yo K3 (random walk)S wETH VLL 232 th33} 2ol &
HH T
Yyt = L1 + e, (3.1)
Zt = Zt_l + Aet. (32)

VLL 2ol o] w2} T+ haAl 8ol 5934 L chest 2
Gran =L, h=12 ..., (3.3)

714 T &9 A (forecast origin) o)L, y, ol &3 A1 A4 A
< Aol 4] (transition equation)o|th. UREH o7 Q A7Fe] FE4F FE T tiAPH = 7}
g Adrk st ye g Ak DRFE AALEY] 4TSS FEES FE A9 vt
22 Yehd 5 9l7] af2olth

—~

measurement equation), £; 0]

N2 e L= AR XS] £ES orst, (N x N)AHe] 3 A= (ay)9 942 749 38
B4 (smoothing parameters)E o u|dttt. #E A7} 00] obd HIHAYLE Zh= AF ol WFET
o JEelEde /HIke 28 gk A (213 222 P34 Ay = (A= Der + e £

2]
7bs38tE g VLL 292 VARIMA(0,1,1) 239 5¥3 Fejz 2 5 itk
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o AHBLFHY

W =4 FH 2 (vector local trend model; VLT)2 R|#AZ QA =53 34| AJRo] 3=, o}
=34z O] EdHAT.

Yt =£i—1 + bi1 + e, (3.4)
£y =401 + b1+ Aey, (3.5)
bt = bt—l + Bet. (36)

VLT 23] o397 4.2 che ) 2o,
YT+h =£T+(h71)bT, h=1,2..., (37)

olty. NaHd el b= tAHANY] FAE s, (N x N)A
gusg owshe] ultdaas) dus Ash sdsth 4 (24) %
( — A)et_z + (A —'I— B — 2I)€t—1 + eti .u_—?:]__ 7}3‘6}“3; VLT E'_ég

4 349 B:=
(2 5), (2.6)= 3 zé*ﬁ‘ Ay,
© VARIMA(0,2,2) &

714 byl 3t A2 {OI‘%}%@
( J

—~ Q

u

ox
I

~ ol

i _xz

W E] 74| 2 AFM 23 (vector damped local trend model; VDLT)2 t}2-3} Zbo] 2 H Y.

Yyt = £i—1 + Pbi—1 + €, (3.8)
b =i + Pbi_1 + Aet, (39)
bt = @btfl + Bet. (310)
VDLT m3e] o234 48 o}t 2o},
Gran =Lr +®"'br, h=1,2, ..., (3.11)

A7IA (N x N)A-ge] tizeE &&= 74 A2 (damping factor) 2Hal %}tﬂ Frho 2 o] WA OFE
S uRHFE 9L Aok o) YAULE 03 1] I AT 4 (28) 2 (29), (21002 33
A Ay = PAy1+ (A+ B —I—@)er2+(B(I — A))err + e 2 FY 7bs 322 VDIT 29
£ VARIMA(1,1,2) E30) &3},

s A +H R De Silva 5 (2010) 0] Akt HE] oo 72 AJAE FE) (vector inno-

vations structural time series framework; VISTS)®] He|ZA T3} 22 AHStRgdoz "
& ek

= H.’.thl + €, (312)

x; = Fxy_ 1 + Get, (313)

A (2.12)9F (2.13) 2 SAYA AT dogA ety ye= NAH &54] W (observation vec-

Zgstar Qlok. 53], o9 22 ezt
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SAPAAL AE5A] HE y 2 JEEE x5 (N x k)AHd 32 HE AZ43%1H, 348 He S4Y
& (measurement matrix)o|2tal Sl Aol AL Al L] ko] (t — 1)AIH ] Frollwt J&3)= 14}
nt7zZ A& (Markov property)& 7HAth (kK x k)2 A8 Fo} (k x N)AY 3E G+ 747 Hold
9 (transition matrix)3} X438 & (persistence matrix) o] 2tal 3t}

T o
g AeBERgolA A-PE HS F,GS 324 E I+ B 05 AT 249 42
A (maximum likelihood estimation)& ARS-3lH, njx]e] Rowle] 62} AeEHE ] 2
Ao 8 29T P ol ol LA

N

T T N
log L(0, x0) = -3 log(27) + Zlog (o})| - % Z Z e—g, (3.14)

i=1 t=1 t=1

A7 eie BLLAT €9 A AT oudte, of = 2o WA AL E ugh

ASLH ToA hAFS S22 #d AE2 thadt 2ol AFHoz At - Stk

prinT = Hmoyon 1, Vrognr = HWT+h71\THI + 3, (3.15)
My inr = Fmrin_yr, Wrinr = FWT+h_1|TF/ +GEd, (3.16)
mpr =xr and Wrr =0, (3.17)

AN prinr 2 Vepnr2 T+HRAIR Y S 2o i3 B3} 24 A E S 242 vebd oy mgr - 2
Wrynre 242 e el tieh Ba3) 24 FLojtt.

I 37O 2T i A+ BEF S o8] FHEARE

|
533 el 54%5S Wtk Z, ©WF A5FF 3707 (ULL, ULT, UDLT)$ ARIMA, VAR %
Bol F 5714 2L vt gt
1. sigxe
AZEA SR ABE 0T Deig 9F sheco] O@ U3} e 47 Az, /7

7
1964'd 59-7F 2019d 1097bA]9] 666792 tFe= st3ltt. Figure 4.1 FA4 o ARg o]
FEARE oF YH AAE 2o R HojFu gtk F &2 S| BA ] wste] Sl
= WA glow o] Foto] ool St & Ak wEbA, D AR ohi
| 8 Bud A5e & 2ozt 7|thd 4 k.

Mr 0% ol rlo

BYPATS 95 UL (training set)d] 7)17HS 1964 59KE 20139 8L7tA oY, &5
£ 213t ASALE (test set)] 7172 20139 9€HEH 20193 10€97FA] 63 270147k A5 & AMES
R 2
1=l

N

MBS 93 2 A A Az 21 WSS dlgon, At 2oy AAEAANL
‘:I(https //ecos.bok.or.kr/)& 55 ¥4& 5+ AUtk

b A eHERY S o]]e =2 R smooth FZ|A] (Svetunkov, 2019), VAR vars 37|
2] (Pfaff, 2008), Y™A] t}2 BHEL forecast 7| A (Hyndman 5, 2019)5 o]&3}ct BE
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Figure 4.1. US and UK monthly exchange rates with dual Y axis.

ARIMA 2o H2Z 23] AL corrected Akaike information criterion (AICc) FHFS 7|=
oz ARt 59, 9/29 AR 42 918 ARIMA 232 ARIMA(0,1,1) x (0,0, 1
A/31E LA EAS 9514 ARIMA(0,1,1) E8o] A2 o, VAR BdojNs 22 23
o7 VAR(3) B3 o] AL&E U}

B7HY A= S v°r1'3H A == E79 9% W (expanding window or rolling origin ap-
proach)& ARESHGTE & #5A] 66671 F v A5A] T4ME Evﬁ}i v 2] 592709 F#EA}
R2E o]&3te] 171L R H 247Hé g AEFAR7R] AEXE S 2 T BRE £ AFA F 7}
7 -?—EH% 54 g RS FHAE F71eAL T A ] Jol st N ESAE BTt 2 =Fol
o] AL 50 wHEsto] 3k 7HO] o Sl thete] F 50714 WHEH oS X E vl

r{n

9}
rlr

7z} 230 o &A5S H7Is7] 98] FF AU ME-S 2 X} (mean absolute percentage error; MAPE) 2}
AFZH A HF 2 XHroot mean square error; RMSE) H A2 = 2 2 (mean absolute scaled error;
MASE)E AREslitt. MAPEE o5/45< a8 ME8E FAstER 44 o + dvk= F4
o] gltt. RMSEE c&2a1e] 27] SHoA &F ‘3! oAl RZsiths S 7HA, MASE=
oL A7)0 BEgle] Y3 7FECR Bl s sithe FES 7HKTh

o 2417 Kol MAPE: th83} 2ro] Aa ey,

0

r411

: (4.1)

S
0171/‘1 S+ W 7}1#&*1 2 lﬂ%, I W3l 5o) gro & 500)th gy sAA WA A uk

s I
RMSE), = | 57 > > (i ~ ). (4.2)
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Figure 4.2. MAPE for forecasting by 8 competing models.
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A5S Hol&Eth “Average measures”“ dESAlFe] FHE0l tisiA o
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Figure 4.3. RMSE for forecasting by 8 competing models.
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Figure 4.4. MASE for forecasting by 8 competing models.

Tables 4.1~4.35 F3|A & uf, VDLT 232 oJSAIH0] 1Y wje} o SAIH F3bo] 1-3Y wfE A<
stals BT ASAIE B FeA 7P $& dEEse 7Rt E=3 Foedlol w2 87k B4
53 5 VDLT B3] 7P 58 o&545S Bl 91, Fojo] ULL¥} VLL E3co= F2
1585 BT vk AHRP S AYstae 24 RYSL SHER STl 253 BF
Holth oEA5S VDLT, 2452123 2714, (WE) ARIMA 23 271%], UDLT, ZAZAR
3 279 A7 F2 AoR YERTH
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Table 4.1. MAPE for some selected forecast horizons

Forecast horizon Selected forecast horizons Rank

1 24 1~3 1~12 1~24 13~24 19~24 1~24

VDLT 0.2155 1.0287 0.3365 0.5737 0.7344 0.8950 0.9556 1.58
ULL 0.2307 1.0567 0.3400 0.5791 0.7428 0.9066 0.9761 2.21
VLL 0.2124 1.0657 0.3349 0.5790 0.7466 0.9142 0.9817 2.79
ARIMA 0.2123 1.0621 0.3372 0.5918 0.7716 0.9515 1.0131 4.04
VAR 0.2169 1.2043 0.3354 0.5954 0.8259 1.0563 1.1454 5.33
VLT 0.2168 1.2116 0.3424 0.6124 0.8305 1.0487 1.1421 6.04
UDLT 0.2331 1.1462 0.3621 0.6247 0.8110 0.9973 1.0618 6.25
ULT 0.2332 1.3011 0.3514 0.6338 0.8754 1.1169 1.2232 7.75

Table 4.2. RMSE for some selected forecast horizons

Forecast horizon Selected forecast horizons Rank

1 24 1~3 1~12 1~24 13~24 19~24 1~24

VDLT 0.0211 0.0932 0.0326 0.0559 0.0717 0.0874 0.0906 1.42
ULL 0.0221 0.0965 0.0326 0.0565 0.0730 0.0895 0.0934 2.08
VLL 0.0209 0.0974 0.0325 0.0566 0.0735 0.0903 0.0941 2.92
ARIMA 0.0210 0.0986 0.0325 0.0570 0.0740 0.0911 0.0951 3.71
VAR 0.0214 0.1046 0.0329 0.0582 0.0775 0.0968 0.1017 5.46
UDLT 0.0223 0.1026 0.0339 0.0594 0.0778 0.0961 0.0998 6.13
VLT 0.0212 0.1139 0.0330 0.0593 0.0804 0.1014 0.1078 6.63
ULT 0.0224 0.1212 0.0333 0.0608 0.0838 0.1068 0.1146 7.67

Table 4.83. MASE for some selected forecast horizons

Forecast horizon Selected forecast horizons Rank

1 24 1~3 1~12 1~24 13~24 19~24 1~24

VDLT 1.0558 5.1169 1.6966 2.8791 3.6651 4.4510 4.7663 1.67
ULL 1.1494 5.2040 1.7235 2.9081 3.7009 4.4937 4.8457 2.42
VLL 1.0376 5.2409 1.6869 2.9016 3.7137 4.5257 4.8702 2.75
ARIMA 1.0362 5.1896 1.7004 2.9790 3.8631 4.7472 5.0504 4.13
VAR 1.0542 5.7226 1.6794 2.9646 4.0167 5.0688 5.4790 4.54
UDLT 1.1564 5.6892 1.8531 3.1330 4.0445 4.9560 5.3053 6.25
VLT 1.0614 5.7816 1.7297 3.0686 4.1017 5.1347 5.5626 6.46
ULT 1.1590 6.2568 1.7812 3.1898 4.3541 5.5185 6.0088 7.79

Figure 45 2R 749 B24912 ols17) niLsl] $1s) 1oz R8% Aol o2 B o
3} 22 37 AES FRlze Aveln, ot £% Fr WAW AE} Bew ¥ A
ok () S A5 BRRY Fel A VLT 289 4ol £4 e 4, (i) 99F 4532299
ULL B9£ VDLTS A48 o5 452 Rolt 4, (iii) VARE this B9 Qle)E 278k 4ol
b A WL 4.

jEoaw
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Figure 4.5. Average rank scores across all forecast horizons for 8 competing models.
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