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Bayesian and maximum likelihood estimation of entropy of
the inverse Weibull distribution under generalized type |
progressive hybrid censoring
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Abstract

Entropy is an important term in statistical mechanics that was originally defined in the second law of ther-
modynamics. In this paper, we consider the maximum likelihood estimation (MLE), maximum product spacings
estimation (MPSE) and Bayesian estimation of the entropy of an inverse Weibull distribution (InW) under a
generalized type I progressive hybrid censoring scheme (GePH). The MLE and MPSE of the entropy cannot be
obtained in closed form; therefore, we propose using the Newton-Raphson algorithm to solve it. Further, the
Bayesian estimators for the entropy of InW based on squared error loss function (SqL), precautionary loss func-
tion (PrL), general entropy loss function (GeL) and linex loss function (LiL) are derived. In addition, we derive
the Lindley’s approximate method (LiA) of the Bayesian estimates. Monte Carlo simulations are conducted to
compare the results among MLE, MPSE, and Bayesian estimators. A real data set based on the GePH is also
analyzed for illustrative purposes.

Keywords: generalized type | progressive hybrid censoring, inverse Weibull distribution, Lindley
approximation, maximum likelihood estimation, maximum product spacings estimation

1. Introduction

The inverse Weibull distribution (InW) can be readily applied to a wide range of situations including
applications in reliability and ecology. The cumulative distribution function (cdf) and probability
density function (pdf) of InW are given by

F(x;a,B) =exp(—-Bx™), x>0, a>0,8>0, (1.1)
and

fOsa,B) = afx @ Vexp(—x™@), x>0,a>0, >0, (1.2)

where @ and S are the scale and shape parameters, respectively. Note that when 8 = 1, the InW is
referred to as the inverse exponential. Keller e al. (1985) derived the InW by investigating failures of
mechanical components subject to degradation. Calabria and Pulcini (1990) derived the least squared
estimates (LSE) and maximum likelihood estimation (MLE) of the parameters of the InW. They also
derived the Bayesian estimator of the parameters as well as confidence intervals for tolerance limits
and reliability.
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Entropy is an important term in statistical mechanics that was originally defined in the second law
of thermodynamics. Shannon (1948) re-defined entropy in an information theorem using the concepts
of probability and statistics. The differential entropy H(f) of the random variable X is defined to be

H(f)=—f J(x)log f(x)dx,

where f(x) denote a probability density function (Cover and Thomas, 2005). Baratpour et al. (2007)
considered lower/upper bounds for entropy of upper record values. They provided the entropy of
upper record values. Kang et al. (2012) considered the estimators of entropy of a double exponential
distribution based on multiply type II censoring. Cho et al. (2014) provided the estimators of entropy
of a Rayleigh distribution based on the doubly-generalized type II hybrid censoring scheme. Cho
et al. (2015a) provided the estimators of entropy of a Weibull distribution based on a generalized
progressive hybrid censoring scheme. Lee (2017) considered the Bayesian estimators of entropy of
the InW under generalized progressive hybrid censoring scheme.

This paper compares the MLE and maximum product spacings estimation (MPSE) of entropy of
the InW under generalized type I progressive hybrid censoring scheme (GePH) in a classical method.
In addition, we derived the Bayesian estimation of entropy based on variety of loss functions (the
squared error loss function (SqL), precautionary loss function (PrL), general entropy loss function
(GeL) and linex loss function (LiL)) to compare the research of Lee (2017). We derive Bayesian
estimators using the Lindley’s approximate method (LiA) as well as compare Bayesian estimators
using the Tierney and Kadane approximation method (TiK). In Section 2, we derive the MLE, MPSE,
and Bayesian estimators of the entropy of the InW based on the GePH. In Section 3, Monte Carlo
simulations are conducted to compare the results of MLE, MPSE and Bayesian estimators, and a real
data set based on the GePH are analyzed for illustrative purposes.

2. Entropy estimation

Let X be a random variable with the cdf, F(x), and the pdf, f(x). Then, the differential entropy of the
InW is given by (Lee, 2017)

H(f) = E[-1og f(x)] = —aB[A + B+ C], 2.1)
where
_ log(ap) _ a+ 1 3 _L

and vy is the Euler-Mascheroni constant.

2.1. Maximum likelihood estimation

In this subsection, we derive the MLEs of the unknown parameters of the InW as well as obtain the
MLE of entropy. Suppose that X;, X5,..., X, denote the corresponding life-times from a probability
distribution with pdf f(x) and cdf F(x). The integer m, k € {1,2,...,n} are pre-fixed such that k < m.
The progressive censoring scheme (R, Ry, ..., R,,) are pre-fixed integers satisfying }\/*| R; + m = n.
And T € (0, ) is a pre-fixed time point. The likelihood functions of the GePH (Cho et al., 2015b)
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are then given by

k=1

Case I: Li(@,) = C1 | | FGeimn)[1 = Fim)1® Fema) 1 = F )%,
i=1

D

Case II: LZ(a'sﬁ) = C2 1_[ f(xi:m:n)[l - F(xi:m:n)]Ri[l - F(T)]RT)H P
i=1

Case III: LS(Q',ﬁ) =C3 1_[ f(xi:m:n)[l - F(xi:m:n)]Ri7
i=1

where D denote the number of observed failures up to time 7, C; = ZZ‘:,-(R/( + 1], Cy =
(T2, Sp(Re + D1, C3 = [TT7 SR + DL R, = n—k — zj‘ ' R;, and RDH =n-D-3Y2 R,
Utilizmg Equatlons (1.1) and (1. 2) the likelihood functlons of @ and S8 are given by

k—1

1) — o 1R —(a+1 B R;

Case I: Li(a,B) = C1(ap) xk(“ ) =P [1 —eB k] k | |x”(:; ) B [1 — P ] ,
i=1

—a

D .
Case II: Lo(.B) = C (aﬁ)p l_[ —(@+1) ,~pxie, [ 1— e_/;xl,:mm]R: [1 _ e—ﬁT*tr]RDu )

lmn
i=1

Case III: Ly(e, B) = C3(aB)" H DB 1 - e ]R

Xismen
i=1

Therefore, the likelihood function of the GePH based on the InW is given by

L(a,B) « (aB)’ ]_[ Xt DB [ 1 = ¢ ] " p), 2.2)

i=1

where s = k, (e, 8) = 1 and Ry = n —k — Y% R; for Case I, s = D and 5(, 8) = [1 — e T |Rbu1 for
Case II, and s = m and n(a, 8) = 1 for Case III. Hence, the log-likelihood function becomes

I(@,B) o< slog(ap) (a+1)Zlogxlmn ,BZ lmn+ZRlog1 e | + logn(@.p)l.  (2.3)

i=1

Differentiating the log-likelihood function partially with respect to @ and 8 and then equating to zero,
we have

ol(a, B) \ oo 108 Xismen€ i

s Xicmen 1 —
80,’ —a + Z B 1m n 10g Xizm:n log Xism:n — Rl 1 e ﬂxi:m:” + Ua(af,ﬂ) - Oa (24)

i=1

— +1j(@.B) = (2.5)
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where, for Case II,

) . BT ™logTe "™ | T
n.(@.B) = _RD+IW and g, pB) = RD+1W;
for Case I and Case III,

N, B) = ny(@, ) = 0.

The MLEs of a and B are the solution of Equations (2.4) and (2.5). However, solutions for «
and 8 cannot be obtained explicitly. Therefore, we propose to use the Newton-Raphson algorithm to
solve the number. Using the MLEs of « and 3, say & and j3, the MLE of the entropy function (2.1) is
obtained as

N

H=1 +(1 + é)(7+logﬁ)—log(&ﬁ).

2.2. Maximum product spacings estimation

The method of MLE works well if each of the contributions to the likelihood function is bounded
above. Various authors have noted the limitations of MLE in different contexts. Its greatest limitation
is that it cannot work for a heavy tailed continuous distribution with unknown location and scale pa-
rameters. It also creates problems in mixture of continuous distributions and in such cases where MLE
method can break down. Further they reiterated the view of Huzurbazar (1948) that no stationary point
(and hence no local maximum) can provide a consistent estimator, when the concerned distribution is
a J-shape, as in the case of the Weibull and gamma distributions when the shape parameter is less than
unity.

Cheng and Amin (1983) introduced the MPSE as an alternative to MLE of parameters in order to
overcome the shortcomings and have better applicability in situations that possesses properties similar
to MLE. They proposed to replace the likelihood function by product of spacings (PSs) and claimed
that it retains most of the properties of the MLE.

For the GePH, the PS to be maximized is

s+1

S((I,ﬂ) & l_[[F(xi:m:n) - F(xi—lzm:n)] 1_[[1 - F(xi:m:n)]Rin(a,ﬁ)’ (26)
i=1

i=1

where F(xo;nn) = 0, F(Xg41:m:n) = F(T) = € for Cases I and 11, and F(xgy1:m:0) = € = 1 for Case 111
Then, taking the logarithm of S (a, 8), we get

log S (a,B) o« —Bx77,., + 2 log [e‘ﬁ"f:;fl:n - e—ﬂx,f_‘ﬁw] +log [§ - e‘ﬂxmn]
i=2

+ > Rilog|1 = %] + logln(e, B)].

1

s
i=

After differentiating the above equation with respect to parameters and then equating it to zero, we
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have
dlog S (a,p) ¥ 10 Xion Pl — X7 108 Xic e P
T ﬁxlmnlogxlmn+ﬁz fmin = i len
e imin — e i—1:m:n
BX i 108 Xmine PN B 108 Ximne B
- sm"g_ P Z et M@ =0 Q)
and

s —a —Bx® X —
010gS(cx,ﬁ) _ x—a E xi:m:ne b e xl lmne i it + xvﬁn ne P
aﬁ e i=2 e P¥mn — e PX L E—e ~BXin

+ZR — " ni@.p) = (2.8)

iim:n

The MPSEs of @ and g are the solutions of Equations (2.7) and (2.8), respectively. However,
solutions for @ and S are not available. Therefore, we propose to use the Newton-Raphson algorithm
to solve it. Using the MPSEs of @ and S, say & and f3, the MPSE of entropy function is obtained as

H= l+(l + é)(y-i—log[?)—log(&[?).

2.3. Bayesian estimation
2.3.1. Loss function

In this subsection, we derive the Bayesian estimators of the entropy of the InW with the GePH under
symmetric, as well asymmetric loss functions. A popular symmetric loss function is the SqL, the
Bayesian estimates under SqL is the posterior mean. The SqL is widely employed in the Bayesian
inference due to its computational simplicity. It is a symmetric loss function that gives equal weight
to overestimation as well as underestimation. However, this is not a practical criterion. In estimating
reliability and failure rate functions, an overestimation causes more damage than underestimation. To
resolve such a situation, asymmetrical loss functions are more appropriate.

Varian (1975) introduces the LiL in response to the criticism of the SqL. The LiL is defined as
L,(0,0) = exp[/l(@ —0)] - A0 - 0) — 1, where § denote the estimator of 6. The magnitude of A reflects
the degree of symmetry while the sign of A reflects the direction of symmetry. The Bayesian estimator
under the LiL is given by 6, =-1/1 log E[exp(—A16)], provided that E[exp(—A6)] exists.

Basu and Ebrahimi (1991) find that the LiL is unsuitable to estimate the scale parameter and
other quantities. Therefore, Basu and Ebrahimi (1991) define a modified LiL instead. Subsequently,
Calabria and Pulcini (1994) proposed a suitable alternative to the modified LiL that is the GeL. The
GeL is defined as L3(8, 6) = (§/0)' -1 log(é/ 6)—1. The magnitude of A reflects the degree of symmetry
while the sign of A reflects the direction of symmetry. The Bayesian estimator under the GeL is given
by 8z = E[6~*]~"/4, provided that E[6~"] exists. Here, f = 65 when 1 = —1.

Norstrom (1996) introduces the PrL, which is defined as L4(8, 8) = (9 — §)%/9, and claim that it is
useful to derive conservative estimators since it approaches infinity near the origin and prevents un-
derestimation. This loss function is suitable for situations where underestimation may lead to serious
consequences. The Bayesian estimator under the PrL is given by Op = \E(8?), provided that E(6?)
exists. Here, 8p = O when 1 = —2.



474 Kyeongjun Lee

2.3.2. Prior and posterior distribution

The Bayesian estimation requires the choice of appropriate priors for the unknown parameters in
addition to the experimental data. Here, it is assumed that the parameters follow the gamma(a,, b;)
and gamma(a,, b,) prior distributions with a; > 0, a, > 0, b; > 0 and b, > 0. We also assumed that
priors of @ and S are independent. So, the joint prior distribution of @ and (3 is obtained as

ﬂ(a,ﬂ) o aal—llgaz—le—bla—bzﬁ, a> 0, ﬂ > 0.

Note that, when a; = a, = by = b, = 0, the prior distribution is the non-informative prior of & and S.
Then, the joint density of the parameters and data is obtained as follows.

s
_ —a - 1Ri
L ((]!,B|X) ﬂ(a’,ﬂ) oca,s+a]—1ﬂs+a2—1 ]—[ xizfnﬂ;l)e—ﬁxi:mm—blaf—bzﬁ [1 _ e_ﬂx[:m:»x] n(a’ﬁ)’

i=1

where X = (X1, Xoumms - - - » Xs:mm)-  Lherefore, the posterior distribution of o and g, given data is
obtained as

L(a,BX) 7 (a,B)

,BIX) o6 —— .
PR T 0 X0 (@, ) dadp

Now, we can obtain the Bayesian estimator of entropy under the SqL. It is obtained as

e J T+ (1 + 1/a)(y + log B) — log(eB)] L(ev, BIX)7 (@, B) dadPB
S Ik L, pXon (@, B dadB :

2.9)

2.3.3. Lindley’s approximation

In this subsection, based on the GePH, we obtained several Bayesian estimator of entropy of the InW.
These Bayesian estimator is derived against the SqL, PrLL, GeL, and LiL. It is easily observed that
all these estimates are in the form of ratio of two integrals for which simplified closed forms are not
available. Thus we use the LiA to approximate all the Bayesian estimators. Nassar and Eissa (2004)
noted that the LiA leads to

A 1
§= 8(91,92> + 5[@!110'11 + 2u120712 + U002) + Bo(ui o1y + ur012)0m 11 + Loz (U202 + Ui 021)0 2

+0y {3M10'110'12 + up (0'110'22 + 20‘%2)}] + pi(uioi + ua0oar) + pa(uaoan + U 0 12), (2.10)

where

ap 0g (92g
:1 9’9 R P =, Pi= T, d i = .
p =logr(61,62),  p 99, " 96; and -y 06,0,

We further note that / denotes the log-likelihood and o;; denotes the (i, j)™ element of the matrix
[-8%1/ 693 80%]‘1. Now, we compute g for our estimation problem with (6;, 6,) = («,8). Observe that
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for our problem we have

475

’r 2s \ R,xlf;n(logx,mn) e P
Iz = v :nwg(a/,ﬁ)+$ +BZ lmn(logx,m,,) +Z (1 - )3
i=1 —e imin
[ Bl {2 3Bx 0. — e B — (ﬁ lmn) } +3Bx0 — (ﬁxtmn) _ ]
6 ) o 1+ e P¥imn
los = = 1,(a.p) + + Rix;2% e P ———
aﬂ /ﬁ Z (1 _ gfﬁx;;:l;”)?,
631 > Riqu (log xi:m:n)z e_ﬁxE;”’
l e 37 . — 1 iomen nmn
21 6028,3 n(l-ﬁ(a' ﬁ) ; im:n ( 0g X; ) ; (1 _ e‘ﬁx;sl:uf
X [ -5 Hnn {2 3ﬂx1mn — 7ﬁxi_:g,:n - (ﬁx;r(:l n) } + 3ﬁx1mn - (ﬁxlmn> ] N
>l Rix 2% 108 Xjpp€ Plimn e
I = 6aaﬁ2 aﬁz(a ﬁ)"'z .y ﬁx";;n)3 [2 szmn_ze S _ﬁxzmn lm"],
and
a) — 1 ay; — 1
p1 = —by, pr= - bs.
B
Here, for Case 11,
" R:. T (logT) e #T™"
Pa(@p) = [T 2= 3T — BT — (BT Y} + 3T — (BT ) ~ 1] ! - ( _irz) ,
—e
w« L+ BT
3 _ p* —3a BT
b} - R T - 3>
nﬁ3 ((I ﬂ) D+1 e (] _ e_ﬁTfn):i
BT~ - B - - @ r (IOg T)2 AT
Mg B) = =" (2= 3T T — (BT")*} + 36T (BT ™) - 1] st S
—e
i o R: T2 log Te P
R
—e
for Case I and Case III,
3 _ .3 _ .3 _ .3 _
N3 (@, B) = 1153 (@, ) = 1p(@. ) = 1,0 (@, ) = 0
Also, we have
-1
( o o ):( —520 —511 ) ’ @.11)
021 02 — o2 g pe@p
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where
6zl(aaﬂ) Ky al 5 N BXTQ- + e—ﬁx;‘;m -1 ,
ho = 2 =73 -B Rixi_:;rlz:n (log xi:m:n) e_'Bxi:"’:” S ) + xi_:l(;:n (log xi:m:n)
o * ; (1 - e_ﬁ’x;r(z:n)
+ (. B),
Fla,f) s & X2 e P
lp=— =2 _N'Rmn 422 (@,B)
» B Z‘ 1(1 - e’ﬁ)‘f;:l:n)z s
Pl B) < e S S R
lll T 0adp Rix;zl:n log xi:m;ne_ﬁx":’”:" e 2 + x?:ﬂn log Xizmen + Uiﬁ(a,ﬂ).
oadp ; (1= ePin) ; :

Here, for Case II,

> BT+ e — 1

2 * -
a,B) = —BRy, T *(logT) e _—,
7..(a,B) BRp, | (logT) 1 —e‘ﬂT?u]z
T—Zae—ﬁT"'
2 *
a,Bf)=-R,, ————,
7]52( ﬁ) D+1 (] _ e—,BTf")Z
- —a BT~ _ 1
2 e mea —prBT " +e
ns(a,B) =Ry, T "logTe B
B D+1 (1= b ]

for Case I and Case III,

ma(a,B) = (@, B) = mop(@,B) = 0.

Now, we compute Bayesian estimate based on the LiA. First of all, we compute Bayesian estimator
of entropy under the SqL. Now, we observe that

1
gla,)=H(f)=1+ (1 + a)(y + log B) — log(ap),
1 1
up = —E(a+7+log,8), Uy = —

af’

1 1 1
Uy = a—3(a/+2y+2log,8), Upp = Uy = —

5 U =——3.
(?L’Zﬁ aﬂz

Utilizing expression in Equation (2.10), the approximate Bayesian estimator of entropy under the SqL.
is then obtained as

N N 1
Hs(f) = H(f) + 5[(“110'11 +2u120 12 + U000) + Bo(uioir + uro12)o 11 + lop3 (U0 + u1021)02

+ 121{3M10'110'12+ 73 (0'110'22 + 20’%2)}] + p1(uioi) + upoay) + pa(uopn + uioz). (2.12)
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The case of the PrL is considered next. In the case of the PrL, we observe that,

2 2
g, )= H(f), w =-=(a+y+logBH(f), uy=—H(f),
a af

2
un = =— [~H() @ +y +1ogB)’ — ala +2y + 2logH| H(.
2 2
2 = 1 = 52 |-H() (@ +7 +logB) — a| H(f), ux = o7 |-H(H™ = o] H(p).

Utilizing expression in Equation (2.10), the approximate Bayesian estimator of entropy under the PrL
is then obtained as

N N |
Hp(f) = [H(f) + 5[(“110'11 +2u12012 + U0 2) + Bo(uio + U0 12)o 11 + loz(Ua0 2 + U1021)0 20

+ 121{3M10'110'12+ uy (7110'22+ 20‘%2)}] + 1o+ up021) + pa(uro + M10'12)]%- (2.13)
The case of the GeL is considered next. In the case of the GeL, we observe that
8D = HPYY, w = Sty +logHHD ™ == LHD™,
un = [+ DH(Y @ +y +1og B’ - ata + 2y + 2log B H(H .
uiy = Uy = —ﬁ (g + DH() (@ +y +logB) —a| H(F) ™,
—5 @+ DHD " — o] HH .

U =

Utilizing expression in Equation (2.10), the approximate Bayesian estimator of entropy under the GeLL
is then obtained as

N N 1
Hg(f) = [H(f) Yt E[(ullo'll + 2u12012 + U0 2) + Loy + U0 12)o7 11 + loz (U202 + U1021)022

1
+ 121{3M10'110'12+ U (‘1'110'22+ 20'%2)}]+P1(M10'11+ ur021)+ pa(up0o+ M10'12)] (214

Finally, the case of the LiL is considered. In the case of the LiL, we observe that
g(@, ) = D,y = % (@+y+logB) ey =~ =t
0% af
Uy = —% [oz(a' +2y+2logh) —cla+y+ logﬁ)z] e~ HD),
a

c : c .
up = Uy = —— [a—cla+y+log®le ™, uy = —@+ )10
@’p a’p

Utilizing expression in Equation (2.10), the approximate Bayesian estimator of entropy under LiL is
then obtained as

N 1 o 1
Hi ()= = IOg[e H 5[(”11011 +2uU120 12+ U202) +30(U1 0711 U0 12)07 11 Hz (U202 +U10721) 022

+ 121{31410'110'12+ uy <0'110'22+ 20‘%2)}] + pi(uio1 + ua021)+ pa(uaon+ujop) | (2.15)
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Table 1: Estimates of entropy for example

N N A A Hg Hp
Case H H Hs Hr  — 75 =18 4=20 c=15 c=18 ¢=20
Casel 25202 2.5349 25431 25597 25360  2.5340  2.5326 25173 25123 2.5090
Case Il 24264 24293 24370 24523 24315 24297  2.4285 24153 24111  2.4083
Case Il 22503 22441 22565 22719 22531 22515  2.2504 22384 22348  2.2325

3. lllustrative example and simulation results
3.1. lllustrative example

We use the proposed estimators in Section 2 to analyze the real life data set. The real life data set
are from the data on failure times of aircraft windshields (Blischke and Murthy, 2000). Blischke and
Murthy (2000) examined the goodness-of-fit of the previous data to the InW graphically and found
that InW fits the data very well. The ordered data are:

0.301, 0.309, 0.557, 0.943, 1.070, 1.124, 1.248, 1.281, 1.281, 1.303, 1.432, 1.480, 1.505, 1.506, 1.568,
1.615,1.619, 1.652, 1.652, 1.757,1.795, 1.866, 1.876, 1.899, 1.911, 1.912, 1.914, 1.981, 2.010, 2.038,
2.085,2.089,2.097, 2.135,2.154,2.190, 2.194, 2.223, 2.224, 2.229, 2.300, 2.324, 2.349, 2.385, 2.481,
2.610,2.625,2.632, 2.646, 2.661, 2.688, 2.823, 2.890, 2.902, 2.934, 2.962, 2.964, 3.000, 3.103, 3.114,
3.117,3.166, 3.344, 3.376, 3.385, 3.443, 3.467, 3.478, 3.578, 3.595, 3.699, 3.779, 3.924, 4.035, 4.121,
4.167,4.240, 4.255, 4.278, 4.305, 4.376, 4.449, 4.485, 4.570, 4.602, 4.663, 4.694.

We now consider the case where the data set are progressively censored (PrC) with the following
schemes: m = 77 and R7; = 10, Ry = --- = Ry = 0. In this data set, we take Case I: k = 60 and
T =3.00, Case II: k = 60 and T = 3.50 and Case III: k = 60 and 7 = 4.50. The Bayesian estimators
based on the non-informative prior are obtained. Furthermore, Bayesian estimates based on the GeL.
with ¢ = 1.5, 1.8 and 2.0 are obtained along with the Bayesian estimates based on the LiL. with ¢ =
1.5, 1.8 and 2.0. Table 1 presents the estimates of the entropy under the GePH.

In Table 1, we have tabulated entropy of the respective MLE and MPSE in the second and third
column of the table. In the other columns, the Bayesian estimates of entropy are tabulated. We
observed that Bayesian estimates of entropy using LiA obtained under LiLL are marginally smaller
than the corresponding MLE of entropy while opposite is true for the Bayesian estimate of entropy
using LiA obtained under the SqL, PrL. and GeL.

3.2. Simulation results

We use Monte Carlo simulations to compare different methods since the performance of the different
methods cannot be compared theoretically. We consider different n, m, k, and 7. We have used three
different PrC, namely; Scheme (Sch.) I (R, = n—m and R; = 0 for i # m), Sch. Il (R, =n—-m
and R; = 0 for i # m/2) and Sch. IIl (R = R, = (m—m)/2 and R; = 0 for i # 1, m). Without
loss of generality, we take @ = 8 = 2 in each case. We replicate the process 1,000 times for each
case. The associated MLE and MPSE of entropy are computed using a Newton-Raphson method.
In Bayesian estimation, hyperparameters take values of a; = a» = b; = b, = 0.0001. Bayesian
estimates of entropy are derived with respect to four different loss functions - SqL, PLF, GeL, and
LiL. The LiA and TiK (Lee, 2017) have then been used to derive approximate expressions for these
estimates. Under GeL associated estimators are obtained for g = 1.5, 1.8, and 2.0. Also, under LiL
associated estimates are obtained for ¢ = 1.5, 1.8 and 2.0. Finally, different schemes have been taken
into consideration to compute root mean squared error (RMSE) and bias values of all estimates. These
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values are also tabulated in Table 2. We present the following discussions based on the RMSEs and
biases.

In Table 2, RMSE and bias values of all estimates of entropy are presented for various choices
of n, m and PrC. We have tabulated entropy of the respective MLE and MPSE in the fifth and sixth
column of the table. In the other columns, the Bayesian estimates of entropy using LiA and TiK are
tabulated. All columns uniformly contain four values. The first value corresponds to the RMSE of
entropy using the LiA and the second value represents the corresponding bias. The third and fourth
values, respectively, correspond to the RMSE and bias of entropy using TiK.

The RMSE and bias decrease as sample size n increases. For fixed sample size n, the RMSE and
bias decrease generally as the number of PrC samples R; decreases. For Fixed sample n and PrC data
size m, the RMSE and bias decrease generally as the time T increases. For fixed time 7, sample
and PrC data size, the RMSE and bias decrease generally as the number of guarantee sample size k
increases. It is also observed that the MLE for schemes I and II behave quite similarly in terms of
RMSE and bias. The MLE for scheme III has smaller RMSE and bias than the corresponding MLE
for the two other schemes. We also observed that Bayesian estimators are superior to the respective
MLE and MPSE in terms of RMSE values. In addition, we observed that Bayesian estimators using
LiA are superior to respective Bayesian estimators using TiK (Lee, 2017) in terms of RMSE values.
In particular, respective Bayesian estimators of entropy under LiL are better than the corresponding
MLE and MPSE. For Bayesian estimating the entropy under LiL, the choice ¢ = 1.5 seems reasonable
for LiA.

4. Conclusions

In this paper, we consider the Bayesian estimators, MLE and MPSE of the entropy of the InW based
on the GePH. The MLE of entropy is superior to respective MPSE in terms of the RMSE and bias.
We further consider the Bayesian estimation of the entropy based on several priors - SqL, PrL, GeL,
and LiL. It is observed that Bayesian estimators cannot be derived in closed form, and we use the LiA
for the Bayesian estimators. The Bayesian estimators of entropy are superior to the respective MPSE
and MLE in terms of MSEs. The Bayesian estimators of entropy using LiA are superior to respective
Bayesian estimators of entropy using TiK in terms of MSEs. The choice of LiL is a reasonable choice
for the Bayesian estimation of entropy. For Bayesian estimating the entropy under LiL, the choice
¢ = 1.5 is a reasonable. We focused on the entropy estimate of the InW based on the GePH; however,
the estimation of the entropy from other distributions based on the GePH is also of potential interest
in future research.
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Table 2: The relative RMSEs and biases of entropy estimators with MLE, MPSE and Bayesian estimator
T=20

Hg Hp,

g=15 ¢g=18 ¢=20 c=15 ¢=18 ¢=20
03963 04267 04166 04319 04202 04210 0.4216 0.3890  0.3881  0.3883
(-0.0683) (0.0173) (0.0083) (0.0759) (-0.0813) (=0.0947) (=0.1033) (-0.0960) (-0.1153) (-0.1274)
04273 04275 04244 04221 0.4219 04241 04219 04205
(0.0186) (0.0206) (0.0043) (0.0040) (0.0029) (0.0450) (0.0414) (0.0390)

0.4028  0.4413  0.4290 04476 04272 04273  0.4276 0.3935  0.3918  0.3917
(-0.0616) (0.0259) (0.0163) (0.0874) (—0.0775) (=0.0915) (=0.1005) (—0.0944) (-0.1146) (-0.1272)
0.4421 04427 04382 04357 04354 0.4390 04363  0.4346
(0.0268) (0.0287) (0.0115) (0.0111) (0.0099)  (0.0537) (0.0498) (0.0472)

0.3899 04232 04137 04314 04125 04128 0.4130 0.3817  0.3802  0.3801
(=0.0596) (0.0235) (0.0152) (0.0835) (-0.0732) (-0.0865) (=0.0951) (-0.0899) (-0.1092) (-0.1213)
0.4258 04262 04220 04216 04214 0.4234 04210 0.4195
(0.0253) (0.0270) (0.0110) (0.0093) (0.0082) (0.0511) (0.0475) (0.0451)

n mkSch. H H Hg Hp

1T

18 03895 04138 04061 04199 04127 04139 04148 03836 03833  0.3840
[ (F00715) (0.0142) (0.0041) (0.0714) (~0.0848) (=0.0980) (=0.1066) (~0.0988) (~0.1178) (~0.1298)
04142 04142 04122 04099 04097 04114 04095  0.4083

(0.0136) (0.0155) (=0.0005) (—0.0008) (=0.0019)  (0.0402) (0.0367) (0.0344)

03880 04162 04065 04223 04113 04124 04132 03821 03818 03825

g 11 (“00677) (00157) (0.0078) (0.0782) (~0.0843) (~0.0980) (~0.1068) (-0.0997) (<0.1194) (=0.1317)
04156 04156 04133 04109 04107 04133 04112  0.4099

(0.0168) (0.0185) (0.0020) (0.0016) (0.0005) (0.0441) (0.0404) (0.0379)

03823 04102 04017 04178 04042 04049 04056 03758 03751 03754

[ (F0:0629) (0.0182) (0.0104) (0.0784) (=0.0769) (~0.0901) (0.0986) (~0.0927) (<0.1117) (~0.1237)
04109 04110 04081 04079 04077 04091 04070  0.4057

20 (0.0196) (0.0213) (0.0057) (0.0040) (0.0029) (0.0457) (0.0422) (0.0399)
04347 04532 04445 04497 04681 04701 04719 04295 04316 04338

[ (-0.1240) (-0.0113) (~0.0304) (0.0465) (~0.1416) (~0.1583) (~0.1683) (~0.1496) (~0.1717) (~0.1855)
04554 04550 04553 04536 04518 04474 04453  0.4439

(-0.0133) (=0.0100) (-0.0312) (=0.0321) (=0.0322)  (0.0188) (0.0144) (0.0116)

04280 04809 04526 04676 04752 04765 04504 04342 04345 04219

¢ 1 (-00848) (0.0124) (<0.0006) (0.0767) (<0.1177) (=0.1344) (=0.1307) (0.1321) (<0.1560) (~0.1565)
04815 04818 04787 04748 04747 04752 04721  0.4702

(0.0131)  (0.0157) (=0.0069) (—0.0065) (=0.0080)  (0.0460) (0.0409) (0.0376)

04087 04454 04334 04510 04353 04360 04365 04003 03993  0.3997

[ (C0:0732) (0.0162) (0:0083) (0.0822) (=0.0908) (<0.1054) (=0.1148) (~0.1069) (~0.1279) (~0.1410)
04471 04476 04434 04411 04408 04429 04402  0.4384

" (0.0194) (0.0215) (0.0032) (0.0027) (0.0014) (0.0477) (0.0435) (0.0408)

04255 04401 04312 04373 04584 04618 04641 04221 04250 04276
(-0.1215) (=0.0182) (~0.0306) (0.0437) (~0.1430) (—0.1583) (~0.1681) (~0.1486) (~0.1704) (~0.1841)
04407 04400 04418 04401 04384 04326 04309  0.4299
(~0.0209) (~0.0178) (~0.0384) (~0.0392) (~0.0393)  (0.0114) (0.0072) (0.0045)
04099 04281 04206 04300 04505 04541 04414 04165 04202 04106
(=0.0960) (-0.0224) (=0.0177) (0.0582) (=0.1410) (=0.1564) (~0.1423) (=0.1512) (=0.1729) (-0.1648)
04298 04288 04316 04277 04279 04217 04202  0.4193
(—0.0248) (=0.0229) (=0.0427) (=0.0422) (=0.0436)  (0.0083) (0.0040) (0.0013)
03890 04102 04023 04152 04142 04162 04176 03848 03860 0.3875
(-0.0830)  (0.0027) (=0.0058) (0.0669) (=0.1017) (=0.1159) (=0.1250) (=0.1156) (=0.1357) (=0.1483)
04105 04102 04092 04080 04069 04097 04089  0.4037
(0.0031)  (0.0048) (=0.0124) (-0.0128) (=0.0141)  (0.0317) (0.0279) (0.0254)

Continued
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Continued
T=20

A o A A Hg Hp,
nom k Sch. H H Hs Hr = =75 =18 ¢=20 ¢=15 ¢=18 c=20
03084 03192 03159 03229 03212 03224 03232 03063 03065 0.3070
| (-0.0561) (~0.0054) (~0.0061) (0.0395) (~0.0648) (~0.0738) (~0.0796) (~0.0741) (~0.0871) (~0.0954)
03202 03202 03197 0319 0319 03202 03195 03191
(~0.0034) (~0.0026) (~0.0093) (~0.0100) (~0.0105) (0.0190) (0.0175) (0.0165)
03084 03201 03180 03260 03214 03165 03175 03060 03060 03065
1 g (F0.0503) (-0.0009) (~0.0006) (0.0480) (~0.0620) (~0.0758) (~0.0817) (~0.0727) (~0.0863) (~0.0951)
03217 03217 03200 03200 03208 03223 03215 03211
(0.0009) (0.0015) (~0.0054) (—0.0061) (~0.0066) (0.0243) (0.0227) (0.0216)
03044 03176 03146 03234 03164 03171 03177 03018 03014 03016
[ (-0.0468) (0.0032) (0.0008) (0.0469) (~0.0563) (~0.0651) (~0.0709) (~0.0671) (~0.0800) (0.0883)
03184 03184 03175 03174 03174 03192 03186 03181
26 (0.0026) (0.0033) (~0.0032) (~0.0039) (~0.0044) (0.0246) (0.0231) (0.0221)
03047 03127 03102 03163 03172 03185 03195 03029 03035 03042
| (-0.0576) (~0.0093) (~0.0086) ~(0.0368) (~0.0667) (~0.0755) (~0.0813) (~0.0757) (~0.0885) (~0.0967)
03134 03133 03131 03131 03130 03128 03123 03120
(~0.0073) (~0.0065) (~0.0131) (~0.0138) (~0.0142) (0.0150) (0.0135) (0.0125)
03022 03083 03073 03140 03150 03693 03706 03008 03016 03026
1 g (F0.0547) (-0.0096) (-0.0075) (0.0403) (~0.0667) (~0.0876) (~0.0946) (~0.0768) (~0.0899) (~0.0984)
03103 03101 03100 03100 03100 0309 03091  0.3088
(~0.0066) (~0.0060) (~0.0127) (~0.0134) (—0.0139) (0.0163) (0.0148) (0.0138)
02996 03073 03068 03143 03114 03124 03132 02977 02979 02984
[ (~0.0498) (<0.0062) (~0.0035) (0.0422) (~0.0595) (~0.0681) (~0.0738) (~0.0699) (~0.0825) (~0.0906)
03099 03098 03093 03093 03093 03100 03095 03091
2 (0.0022) (~0.0012) (~0.0079) (~0.0086) (—0.0090) (0.0196) (0.0182) (0.0172)
03500 03617 03579 03652 03684 03700 03712 03469 03474 03483
| (-0.0606) (0.0023) (0.0029) (0.0547) (~0.0741) (~0.0849) (~0.0919) (~0.0805) (~0.0963) (0.1063)
03625 03623 03594 03594 03594 03611 03604 03599
(0.0033) (0.0046) (~0.0027) (~0.0036) (~0.0041) (0.0308) (0.0289) (0.0276)
03493 03560 03544 03623 03673 03693 03706 03467 03430 03492
1y g (F0.0556) (-0.0067) (-0.0028) (0.0543) (~0.0767) (~0.0876) (~0.0946) (~0.0871) (~0.1027) (0.1126)
03583 03579 03557 03557 03558 03561 03555 03551
(~0.0047) (~0.0042) (~0.0109) (~0.0118) (~0.0125) (0.0232) (0.0213) (0.0200)
03280 03419 03398 03505 03419 03425 03420 03241 03234 03235
[ (F0.0366) (0.0142) (0.0144) (0.0645) (~0.0492) (~0.0588) (~0.0651) (~0.0607) (~0.0748) (~0.0838)
03435 03434 03397 03396 03396 03444 03437 03431
2% 0.0150) (0.0157) (0.0099) (0.0092) (0.0086) (0.0391) (0.0374) (0.0363)
03391 03416 03392 03423 03560 03594 03611 03373 03393 03400
| (-0.0723) (-0.0157) (-0.0145) ~(0.0356) (~0.0867) (~0.0970) (~0.1036) (~0.0920) (~0.1068) (~0.1162)
03429 03424 03405 03406 03406 03392 03388  0.3385
(0.0150) (~0.0138) (~0.0205) (~0.0213) (~0.0219) (0.0115) (0.0097) (0.0086)
03394 03418 03383 03416 03571 0359 03613 03385 03408 03425
1 q (F0.0644) (-0.0232) (-0.0205) (0.0338) (-0.0862) (~0.0960) (~0.1024) (~0.0960) (~0.1101) (~0.1190)

0.3424 03418 03405 0.3406 03407 0.3379 03376  0.3374
(—0.0226) (—0.0223) (-0.0280) (—0.0289) (-0.0294) (0.0033) (0.0017) (0.0006)

03151  0.3227 03206 0.3280 0.3286  0.3300  0.3309  0.3129 03135  0.3143
(—0.0469) (0.0012) (0.0007) (0.0497) (=0.0601) (-0.0693) (—0.0754) (-0.0705) (—0.0840) (-0.0926)
0.3233  0.3230 03200 03200 0.3200 0.3226  0.3220  0.3217

(0.0006) (0.0011) (—0.0042) (-0.0049) (-0.0054) (0.0241) (0.0226) (0.0215)

III

Continued
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Continued
T=20

A i A A HEg Hp,
nom k Sch. H H Hs Hp = =75 =18 ¢=20 ¢=15 c=18 ¢=20
02546 02560 02567 02606 02617 02627 02633 02532 02537 02542
| (~0.0359) (<0.0041) (-0.0020) (0.0313) (~0.0424) (~0.0487) (~0.0528) (~0.0498) (~0.0590) (~0.0650)
02573 02572 02573 02573 02573 02572 02570  0.2568
(~0.0030) (~0.0026) (~0.0060) (—0.0064) (~0.0066) (0.0143) (0.0136) (0.0131)
02564 02568 02572 02605 02638 02649 02657 02554 02562 02569
by (~0.0394) (<0.0092) (-0.0076) (0.0268) (~0.0477) (~0.0541) (=0.0582) (~0.0556) (~0.0649) (~0.0709)
02579 02578 02580 02524 02525 02572 02570  0.2569
(~0.0088) (~0.0085) (~0.0118) (—0.0182) (~0.0184) (0.0087) (0.0079) (0.0074)
02510 02520 02536 02580 02578 02586 02593 02496 02500  0.2505
[ (-0.0322) (-0.0014) (0.0001) (0.0336) (~0.0392) (~0.0455) (~0.0496) (~0.0473) (~0.0564) (~0.0623)
02541 02540 02540 02540 02540 02542 02540  0.2539
56 (~0.0009) (~0.0006) (~0.0038) (~0.0042) (~0.0044) (0.0162) (0.0155) (0.0150)
: 02501 02497 02496 02519 02570 02583 02591 02492 02501  0.2509
| (~0.0411) (-0.0112) (-0.0099) (0.0226) (~0.0480) (~0.0540) (~0.0580) (0.0552) (~0.0639) (~0.0696)
02503 02502 02505 02505 02505 02491 02490  0.2489
(~0.0109) (~0.0107) (~0.0138) (~0.0141) (~0.0144) (0.0057) (0.0050) (0.0045)
02525 02511 02514 02533 02597 02610 02620 02519 02530 02539
by (“0.0425) (<0.0151) (<0.0138) (0.0195) (~0.0511) (~0.0571) (~0.0611) (~0.0590) (~0.0677) (~0.0733)
02522 02520 02524 02712 02712 02506 02505  0.2504
(0.0150) (~0.0148) (~0.0179) (~0.0253) (~0.0256) (0.0016) (0.0009) (0.0005)
02470 02472 02469 02496 02536 02548 02556 02461 02460 02477
[ (~0.0383) (<0.0099) (-0.0086) (0.0241) (~0.0456) (~0.0516) (~0.0555) (~0.0534) (~0.0621) (~0.0677)
02475 02473 02476 02476 02476 02465 02464  0.2463
0 (~0.0096) (~0.0094) (~0.0125) (~0.0128) (~0.0130) (0.0068) (0.0061) (0.0056)
02694 02688 02677 02680 02784 02801 02812 02686 02700 02711
| (-0.0525) (-0.0185) (-0.0169) (0.0177) (~0.0610) (~0.0677) (~0.0721) (~0.0669) (~0.0766) (~0.0828)
02696 02695 02699 02700 02700 02674 02673  0.2672
(~0.0184) (~0.0180) (~0.0216) (~0.0220) (~0.0220) (0.0001) (~0.0007) (~0.0012)
02704 02701 02685 02697 02797 02814 02825 02703 02718 02729
by (“0.0480) (-0.0219) (-0.0201) (0.0168) (~0.0608) (~0.0673) (~0.0716) (~0.0692) (~0.0786) (~0.0847)
02708 02706 02711 02615 02616 02682 02681  0.2680
(=0.0217) (~0.0217) (~0.0249) (~0.0238) (~0.0240) (~0.0036) (~0.0043) (~0.0048)
02562 02561 02565 02594 02680 02653 02662 0255 02565 02573
[ (FO.0411) (<0.0114) (<0.0097)  (0.0250) (~0.0499) (~0.0562) (~0.0604) (0.0578) (~0.0671) (~0.0731)
02579 02577 02580 02580 02580 02567 02566  0.2565
% (<0.0111) (~0.0109) (~0.0142) (—0.0145) (~0.0148) (0.0065) (0.0057) (0.0052)
02632 02620 02607 02613 02715 02731 02742 02625 02639 02649
| (-0.0502) (-0.0203) (-0.0190) (0.0142) (~0.0593) (~0.0655) (~0.0696) (0.0656) (~0.0746) (~0.0805)
02627 02625 02631 02631 02631 02603 02602  0.2602
(0.0200) (~0.0197) (~0.0230) (~0.0233) (~0.0236) (~0.0027) (~0.0034) (~0.0039)
02608 02602 02591 02602 02694 02709 02719 02600 02623 02634
by (0.0433) (-0.0209) (-0.0194) (0.0162) (~0.0562) (~0.0623) (~0.0663) (0.0653) (~0.0740) (~0.0797)

0.2611 0.2609  0.2615 0.2615 0.2615  0.2587  0.2586  0.2586

(—0.0205) (—0.0205) (-0.0235) (-0.0236) (-0.0238) (—0.0035) (-0.0042) (-0.0047)

0.2524  0.2521  0.2511  0.2528  0.2599  0.2613  0.2622  0.2519  0.2531 0.2540
(—0.0423) (-0.0157) (=0.0143) (0.0194) (-0.0513) (-0.0573) (—0.0612) (-0.0594) (-0.0680) (—0.0737)
02526  0.2524  0.2528  0.2529  0.2529  0.2508  0.2507  0.2507

(-0.0155) (-0.0154) (-0.0184) (-0.0187) (-0.0190) (0.0011) (0.0004) (0.0000)

Continued
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Continued
T=25
A i A A HEg Hp

nomkSch. H H Hs Hr =75 =18 4¢=20 ¢=15 c=18 ¢=20
0.3588  0.3745 0.3691 0.3791 0.3792  0.3807  0.3817 0.3563 0.3568 0.3577

I (—0.0644) (-0.0018) (—0.0080) (0.0541) (=0.0790) (-=0.0903) (—0.0975) (=0.0944) (—0.1104) (-0.1206)
0.3752 03748  0.3744  0.3744  0.3743 0.3723 0.3711 0.3703

(—0.0009) (0.0000) (-0.0124) (-0.0137) (-0.0147) (0.0224) (0.0196) (0.0178)

0.3665 0.3879 0.3811 0.3939 03876  0.3885 0.3892  0.3626  0.3624  0.3629

6 1 (-0.0572) (0.0046) (—0.0018) (0.0628) (-0.0740) (—0.0854) (-0.0929) (-0.0914) (-0.1078) (—0.1182)
0.3890  0.3888  0.3874  0.3872 03872  0.3860  0.3845 0.3835

(0.0053) (0.0059) (—0.0067) (-0.0081) (—0.0091) (0.0287) (0.0258) (0.0239)

0.3517  0.3688 0.3636 03752 0.3708  0.3719  0.3727 0.3489  0.3490  0.3496

p (F0.0551)  (0.0038) (<0.0023)  (0.0597) (~0.0699) (=0.0808) (~0.0879) (~0.0870) (~0.1026) (~0.1125)
0.3695 0.3692  0.3683 03682  0.3682  0.3673 0.3661 0.3653

18 (0.0043)  (0.0048) (~0.0069) (—0.0082) (=0.0091) (0.0268) (0.0241) (0.0224)
0.3586  0.3741 0.3688 0.3788  0.3790  0.3805 0.3815 0.3562  0.3567 0.3576

I (—0.0645) (-0.0018) (—0.0081) (0.0540) (—0.0791) (=0.0903) (-0.0976) (—0.0944) (—0.1104) (-0.1206)
0.3748 0.3744  0.3740 03740 0.3739  0.3718 0.3707 0.3699

(=0.0010) (=0.0001) (=0.0125) (-0.0139) (-0.0148) (0.0222) (0.0195) (0.0177)

0.3626  0.3817 0.3758 03879 03834 03846 0.3854 0.3597 03598 0.3604

8 T (—0.0582) (0.0032) (—0.0031) (0.0614) (-0.0751) (—0.0866) (—0.0940) (—0.0923) (—0.1087) (—0.1190)
0.3826  0.3823  0.3814  0.3813 0.3812  0.3800  0.3786  0.3778

(0.0037) (0.0043) (—0.0082) (-0.0096) (—0.0106) (0.0273) (0.0244) (0.0225)

0.3516  0.3685 0.3635 0.3751 0.3701 0.3712 03726  0.3481 0.3482  0.3494

I (=0.0551) (0.0039) (—0.0023) (0.0598) (—0.0698) (—0.0807) (—0.0878) (—0.0869) (—0.1025) (-0.1125)
0.3696 03692  0.3682  0.3681 0.3682  0.3672  0.3661 0.3654

20 (0.0043) (0.0048) (—0.0069) (—0.0082) (—0.0091) (0.0268) (0.0241) (0.0224)
0.4040  0.4178 0.4115 04176  0.4343  0.4371 0.4390  0.4023 0.4046  0.4067

[ (0.1038) (=0.0191) (=0.0290) (0.0412) (~0.1254) (~0.1391) (~0.1478) (~0.1346) (~0.1540) (~0.1663)
0.4191 0.4184 04174 04176  0.4177 04119 04104  0.4095

(—0.0197) (-0.0176) (—0.0334) (-0.0352) (-0.0364) (0.0093) (0.0057) (0.0033)

0.4166  0.4463 0.4354  0.4493  0.4471 0.4485 0.4494 04124 04129 0.4140

6 I (=0.0777) (-=0.0024) (-0.0093) (0.0682) (—0.1055) (-=0.1196) (-0.1286) (—0.1222) (-0.1424) (-0.1550)
0.4468 04466 04432 04431 04430 04407 04386  0.4372

(=0.0013) (-0.0002) (—0.0160) (=0.0179) (-0.0192) (0.0277) (0.0238) (0.0212)

0.3784  0.3968 0.3901 0.4006  0.4023  0.4038 0.4049 03757 0.3764 03774

I (-0.0710) (—-0.0054) (—0.0123) (0.0552) (—0.0900) (—0.1021) (-0.1098) (—0.1062) (—0.1234) (—0.1342)
0.3978 0.3973 03973  0.3951 0.3950  0.3935 0.3920  0.3911

14 (—0.0052) (—0.0045) (-0.0181) (-0.0183) (-0.0193) (0.0199) (0.0168) (0.0148)
0.3999 04124  0.4057 04110  0.4298 04329 04349 03990 04016  0.4039

I (=0.1053) (-0.0217) (-0.0309) (0.0393) (-0.1271) (—0.1407) (-0.1494) (-0.1359) (-0.1553) (-0.1675)
04134 04127 04121 0.4123 04124  0.4064  0.4051 0.4042

(-0.0215) (~0.0194) (—0.0351) (-0.0369) (-0.0381) (0.0075) (0.0040) (0.0016)
0.4013 04194 04120 04222 04308 0.4331 0.4347 0.4004  0.4024  0.4043

g i (T0:0855) (<0.0144) (~0.0199) (0.0568) (~0.1142) (=0.1281) (~0.1369) (~0.1293) (~0.1489) (~0.1612)
0.4202  0.4195 0.4182  0.4183 0.4183 04142 04127 0.4117

(—0.0132) (-0.0122) (-0.0274) (-0.0292) (-0.0305) (0.0162) (0.0125) (0.0100)
0.3769  0.3941 0.3877 0.3978  0.4005 0.4022  0.4033 0.3745 0.3754  0.3765

1 (=0.0715) (-0.0062) (—0.0130) (0.0545) (=0.0905) (-=0.1026) (=0.1103) (=0.1066) (—0.1237) (-0.1346)
0.3948 0.3943  0.3945  0.3923 0.3923 0.3906  0.3893 0.3884

(—0.0060) (—0.0053) (—0.0189) (-0.0191) (-0.0201) (0.0191) (0.0161) (0.0141)
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Continued
T=25

A o A A HEg Hp,
nom k Sch. H H Hs Hr = =75 =18 q¢=20 ¢=15 c=18 ¢=20
02868 02938 02915 02967 02980 02992 03000 02860 02866 0.2872
| (~0.0479) (~0.0079) (~0.0095) ~(0.0325) (~0.0574) (~0.0651) (~0.0701) (~0.0678) (~0.0789) (~0.0860)
02943 02942 02942 02942 02941 02936 02932  0.2930
(~0.0078) (~0.0074) (~0.0128) (—0.0134) (~0.0138) (0.0115) (0.0103) (0.0096)
02923 03014 02990 03058 03038 03047 03053 02911 02913 02918
1 g (F0.0429) (-0.0055) (0.0063) (0.0380) (~0.0547) (~0.0626) (~0.0677) (~0.0667) (~0.0781) (~0.0855)
03021 03019 03017 03017 03016 03018 03013  0.3010
(~0.0049) (~0.0047) (~0.0101) (~0.0107) (~0.0111) (0.0149) (0.0137) (0.0128)
02807 02886 02871 02938 02909 02917 02923 02794 02795 0.2798
g (~0.0372) (~0.0013) (~0.0024)  (0.0396) (~0.0470) (~0.0544) (~0.0592) (~0.0590) (0.0697) (~0.0766)
02898 02896 02894 02893 02893 02898 02894  0.2891
26 (~0.0009) (~0.0007) (~0.0057) (~0.0063) (~0.0066) (0.0177) (0.0165) (0.0158)
02867 02931 02912 02965 02979 02990 02999 02859 02865 02871
| (~0.0478) (~0.0090) (~0.0095) (0.0326) (~0.0574) (~0.0650) (~0.0700) (~0.0677) (~0.0788) (~0.0859)
02939 02937 02937 02937 02937 02931 02928  0.2925
(~0.0079) (~0.0075) (~0.0129) (~0.0135) (~0.0138) (0.0115) (0.0103) (0.0095)
02912 02994 02974 03038 03026 03036 03043 02902 02905  0.2910
14 g (C0.0433) (-0.0062) (0.0069) (0.0374) (~0.0552) (~0.0630) (~0.0681) (~0.0671) (~0.0784) (~0.0858)
03002 03000 02999 02998 0.2998 02998  0.2994  0.2991
(~0.0056) (~0.0054) (~0.0107) (~0.0113) (~0.0118) (0.0142) (0.0130) (0.0122)
02807 02882 02868 02936 02909 02916 02922 02794 02795 02799
[ (~0.0372) (<0.0012) (~0.0024)  (0.0396) (~0.0470) (~0.0543) (~0.0591) (0.0589) (~0.0696) (~0.0765)
02895 02894 02891 02891 02891 02895 02891  0.2888
2 (=0.0009) (~0.0007) (~0.0057) (~0.0063) (~0.0066) (0.0177) (0.0165) (0.0157)
03351 03446 03414 03472 03517 03553 03543 03332 03338 03346
| (-0.0561) (~0.0033) (~0.0040) (0.0445) (~0.0702) (~0.0799) (~0.0861) (~0.0780) (0.0920) (~0.1009)
03453 03450 03422 03422 03422 03436 03430  0.3426
(~0.0029) (~0.0019) (~0.0079) (~0.0087) (~0.0092) (0.0217) (0.0200) (0.0190)
03384 03506 03475 03560 03544 03555 03362 03357 03358 03363
1 g (C0.0394) (0.0035) (0.0046) (0.0588) (~0.0594) (~0.0692) (~0.0756) (~0.0723) (~0.0865) (~0.0956)
03515 03512 03485 03484 03484 03508 03501  0.3497
(0.0042) (0.0045) (~0.0012) (~0.0020) (~0.0026) (0.0293) (0.0276) (0.0264)
03136 03232 03200 03284 03261 03269 03274 03109 03107 03110
g (F0.0357) (0.0021) (0.0026) (0.0487) (~0.0486) (~0.0568) (~0.0622) (~0.0608) (~0.0728) (~0.0804)
03241 03238 03207 03206 03206 03236 03231  0.3227
2% (0.0031) (0.0033) (~0.0009) (~0.0016) (—0.0020) (0.0239) (0.0225) (0.0217)
03306 03374 03348 03396 03470 03488 03500 03292 03303 03313
| (-0.0587) (~0.0072) (~0.0076) ~(0.0406) (~0.0731) (~0.0826) (~0.0888) (~0.0805) (~0.0943) (0.1032)
03383 03379 03354 03354 03354 03361 03356  0.3353
(=0.0067) (~0.0058) (~0.0116) (~0.0124) (~0.0129) (0.0178) (0.0162) (0.0151)
03263 03316 03294 03352 03422 03440 03452 03254 03268  0.3280
14 g (F0.0504) (-0.0118) (-0.0099) (0.0431) (-0.0712) (~0.0806) (~0.0867) (~0.0830) (~0.0965) (~0.1052)

0.3328  0.3323 03302 03303 0.3303 0.3303 0.3298  0.3296
(-0.0108) (-0.0107) (-0.0160) (-0.0167) (-0.0173) (0.0136) (0.0120) (0.0110)

03110 03192 03174 03245 0.3234 03243 03249 03086  0.3087  0.3090
(=0.0370) (0.0019) (0.0010) (0.0470) (—0.0500) (—0.0581) (=0.0635) (-0.0620) (—0.0739) (-0.0815)
0.3203  0.3200 0.3170  0.3169  0.3169 03197 03192 03189

(0.0015) (0.0017) (-0.0025) (—0.0032) (-0.0036) (0.0222) (0.0209) (0.0200)

III
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Continued
T=25

N ~ R . Hg Hp
mom k Sch. o H H Hs Hr  — =75 =18 ¢=20 c=15 <¢=18 c=20
02420 02462 02464 02508 02492 02497 023502 02418 02418 02421
| (00255 (0.0021) (0.0017) (0.0329) (~0.0322) (~0.0378) (~0.0414) (~0.0407) (~0.0489) (~0.0542)
02470 02469 02468 02468 02468 02473 02472 02470
(0.0015) (0.0017) (~0.0011) (~0.0015) (~0.0017) (0.0167) (0.0161) (0.0157)
02448 02483 02486 02534 02512 02517 02521 02437 02437 02439
by (00243) (00021) (0.0016) (0.0341) (-0.0325) (~0.0381) (~0.0419) (~0.0418) (~0.0501) (-0.0555)
02492 02491 02490 02490 02490 02496 02494  0.2493
(0.0013) (0.0014) (~0.0014) (~0.0018) (~0.0020) (0.0168) (0.0162) (0.0157)
02392 02427 02432 02483 02451 02455 02458 02579 02378 023719
[ (-0.0209) (0.0035) (0.0043) (0.0355) (~0.0280) (~0.0334) (~0.0370) (~0.0372) (~0.0452) (~0.0504)
02439 02438 02437 02436 02436 02445 02443 02442
56 (0.0040) (0.0042) (0.0015) (0.0012) (0.0010) (0.0189) (0.0182) (0.0178)
02407 02431 0243F 02475 02460 02475 02430 02397 02400 02403
| (-0.0270) (~0.0024) (~0.0001) (0.0310) (~0.0338) (~0.0393) (~0.0430) (~0.0422) (~0.0503) (~0.0556)
02439 02438 02438 02438 02438 02441 02439  0.2438
(~0.0004) (~0.0002) (~0.0030) (~0.0033) (~0.0035) (0.0148) (0.0142) (0.0138)
02411 02436 02436 02476 02474 02696 02705 02403 02406  0.2410
by (-0.0272) (<0.0017) (-0.0019) (0.0303) (~0.0355) (~0.0578) (~0.0620) (~0.0447) (~0.0529) (~0.0582)
02441 02440 02440 02440 02440 02440 02439  0.2438
(~0.0023) (~0.0022) (~0.0050) (~0.0053) (~0.0055) (0.0131) (0.0124) (0.0120)
02365 02394 02398 02444 02424 02429 02433 02355 02355 02358
g (-00226) (0.0026) (0.0023) (0.0334) (~0.0297) (~0.0351) (~0.0387) (~0.0389) (~0.0468) (~0.0519)
02403 02403 02402 02402 02402 02408 02406  0.2405
0 (0.0020) (0.0021) (~0.0005) (~0.0008) (~0.0010) (0.0168) (0.0162) (0.0158)
02598 02617 02611 02641 02680 02691 02699 02591 02598 02605
| (~0.0398) (~0.0084) (~0.0072) (0.0264) (~0.0483) (~0.0547) (~0.0588) (~0.0553) (~0.0646) (~0.0706)
02626 02625 02627 02627 02627 02618 02616 02615
(~0.0079) (~0.0076) (~0.0109) (~0.0113) (~0.0115) (0.0096) (0.0088) (0.0084)
02599 02604 02603 02630 02683 02696 02705 023598 02608 02617
by (~0.0391) (-0.0142) (-0.0126) ~(0.0238) (~0.0515) (~0.0578) (~0.0620) (~0.0607) (~0.0699) (~0.0759)
02619 02618 02621 02621 02621 02605 02604  0.2603
(~0.0137) (~0.0137) (~0.0168) (~0.0172) (~0.0174) (0.0039) (0.0031) (0.0026)
02467 02507 02501 02546 02536 02542 02547 02458 02460 02463
g (~0.0267) (<0.0018) (~0.0004) (0.0327) (~0.0352) (~0.0410) (~0.0448) (~0.0445) (~0.0530) (~0.0585)
02513 02512 02512 02512 02512 02515 02513 02511
0 (~0.0009) (~0.0008) (~0.0037) (~0.0040) (~0.0042) (0.0149) (0.0143) (0.0138)
02558 02555 02550 02567 02636 02650 02660 02552 02563 02572
| (-0.0432) (-0.0145) (~0.0129)  (0.0201) (~0.0522) (~0.0583) (~0.0623) (~0.0590) (~0.0679) (~0.0737)
02565 02564 02567 02568 02568 02549 02548  0.2547
(~0.0135) (=0.0132) (~0.0164) (~0.0167) (~0.0170) (0.0035) (0.0028) (0.0023)
02550 02550 02549 02566 02641 02655 02664 02560 02573 02583
b4 (~0.0400) (~0.0190) (~0.0163) (0.0191) (~0.0527) (~0.0588) (~0.0627) (~0.0621) (~0.0708) (~0.0764)

02567  0.2565  0.2569 02570  0.2570  0.2547  0.2546  0.2545
(-0.0173) (-0.0173) (-0.0202) (-0.0206) (-0.0208) (-0.0005) (-0.0011) (-0.0016)

0.2421  0.2434  0.2437 02472 0.2489  0.2498  0.2504  0.2417  0.2423  0.2428
(-0.0309) (—0.0082) (-0.0055) (0.0272) (=0.0396) (—0.0453) (—0.0490) (-0.0487) (-0.0570) (-0.0624)
0.2449  0.2448  0.2449  0.2449  0.2449  0.2444  0.2442  0.2441

(=0.0061) (=0.0061) (-0.0089) (-0.0092) (-0.0094) (0.0095) (0.0088) (0.0084)
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