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Abstract

In this paper, the efficient periodic unsteady flow analysis is developed by using a Chebyshev collocation operator
applied to the time differential term of the governing equations. The partial implicit time integration method was also
applied in the governing equation for a fluid, which means flux terms were implicitly processed for a time integration
and the time derivative terms were applied explicitly in the form of the source term by applying the Chebyshev collocation
operator. To verify this method, we applied the 1D unsteady Burgers equation and the 2D oscillating airfoil. The results
were compared with the existing unsteady flow frequency analysis technique, the Harmonic Balance Method, and the
experimental data. The Chebyshev collocation operator can manage time derivatives for periodic and non-periodic
problems, so it can be applied to non-periodic problems later.
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2. Chebyshev Pseudo—spectral Method

2.1 Chebyshev collocation operator[15]
Az digt dele] g u(t)7F [a,ble] AIZFE Sl
A Aol ¥Ho]d uw] Chebyshev polynomiale Th2-3

2ol mad % ot

= AL

w() = Zh_oanTn(t) = =g ancostin (1)
o] 7] A
an=i J=o0> u}T (t})—— J=o> u}cos]—n (2)
2, i=0,N
G = {1, otherwise (3)
i=012,.,N, n=012.. N

Chebysheve] A= vectord gl = the-3 o] ¥d

=) =
@ % Ak

To(t) Tolt) e 1
4 2 4
,nt Tit)  new |f*
a=Du==| 2 2 (4)
Y . S
Tv(to)  Ty(ty) Tn(tw)
4 2 4 uy
T gHegtel B wRS 0|9 FApEA washw
R
To(to) To(to)  Tn(to)][bo
' = Db = To(:t1)T1(:t1) TN(:tl) by 5)
To(tp)Th(tn)  Tn(tn))Lby
k] mEae] ChebyshevAlss tha 2o &
A% 5 ST
[O 1 0 3 0 GlN+1] Qo
S 0 0 4 0 8 . GZN+1[a1
b=Ga=[0 0 0 6 0 G3N+1|l (6)
0 0 0 0 0 o ayl
2 (2 i=1N+1
Gij ¢’ l_{l, otherwise D
9 A9 Gij £ (7 B4 d gelen Bl



AHEE

i WA ARAE A E

19

Aoliz otk wrek alAletaz} sk W97k [-1,1]
o ohd [able] B Gij o 7 Aape =tow U
ol Ful drh agme Agtel g glejel F4
u®e] MEe vhgt go] Atdnt

' = DGDU = Dl (8)

9 2ol A D+ Chebyshev collocation operatorZ
Yeb [N+ 1, N+ 1]9] matrix 275 Zt=

2.2 Implementation
ol ] 22 2x¢ HW“ N-S WA 2& YeTh

aQ oH

Tt oy =0 9
= 22 N-SWA A9 g2 REEToY 69 HE
247y x ek yweke] f&doR HAdw n¥Adegs
Eoke FFAE LeERdTE [0,a] Al7Rel] diE] Qo o
sboARE mEEs oAl AAksE Chebyshev
collocation operators 01%0}01 ‘/}E]r‘dl = At

ch+ ay =0 (10)
9 AeA ¢ G, HS [N+1,1]9] a7E =
matrix©]™, Chebyshev polynomialell ¢]sjA A4 =

HE(points)oll 23k gholt),

Qo Go Hy
O K I 1 H,
Q=|0Q2|, G=|G:|, H=|H; (11D
Qn Gy Hy
Fag g 71 2ol 53149 Aztew ¢t
G, Hol AR Aol olYal cosine ol <] a)A
ARQE = Aotk 7P AZE ARHE A&l e
W o 2ot
2 4 D@ +52 +—=6’ (12)
2 AT E agdoR Chebyshev operatord<

At HalAl &gl gisiA UAges st
3L Chebyshev operatorel] tjsiAs Aoz A
A=

% 4 D@ + "’G"“+"F;;“=6 (13)
WAR o AL G5 el AF5 e
sted veEbW o) é‘i‘r
G™ =G+ V(AQM) (14)
H™ = Hn 4 w(AQ™) (15
2 AellA vel wis [N+ 1,N+1]9 A71& Zhe #3%
AF5H|QF matrixolw ZH7he]l 8.4y [44]9 AVE
Zb= matrixelth, A stE {F453S 91 Ao dids)
o T3 Zo]l 18 4 gt
AAQ;+—V(AQ") +iW(AQn) = —%—aa—ﬁyn — D, @™(16)
B A e el A wens

a0

= —"—G"A ——AT

i
0 aQw)  Lsy

Ti =1+ 5xViiAT + (SyWiL‘AT
§i=-%CAr - %AT — AtD Q"

= O‘i?oﬂ /1= Chebyshev
g3 A v 7]

ATD. Q™ (18)

T
; (19)

(20)
21)

A= h=Rrd
operators 483l
of 9ol 7t FEE YERUH Faba dA 7)Y
I AR o] A g Als HolErh

gk WFEPe] i3k Chebyshev  collocation
operatorg® A 83}7] YA Auibg Al A3k =
H} fFASH FrREe A7tu RS dHdgow

‘/]"IT—J—E =
W3kstel 2g3hw wh

collocation
A 1 A

3. Numerical Experiment

3.1 1A H| ™A Burgers 94|

w o] we AFe] QA4 WA dud 13
Y WA burgers WA Ao #8519t
6u+ au -0 (22)
6x
o] 2o A7k 0<t< T ol 2712A0E u(x0) =
1+ a-sin(2ngt) & 7“:— Aot a= AES e
H pe FI5E guistl, B A9 Chebyshev

EoAFdA =
balance methodE A -&3&}o] A

st £ A Arfe}
/3 burgers WA olmw 39

AT FATh £ 7]

HAgd

=



20

2}

2 F7140 AAXANE HL3590
Figure 12 t=0°l4 &4 ZA34=

ekt AeA
AL BAGe A3E YEla H24 JH42 3
& BAA 4 7¥el HBM(Harmonic Balance

Method)®] Aoty 23} P H-E Fourier series&
ol-g3g Fu 7|Wolrh. %3} AWl A = Fourier
seriesE ©]83}9] differential operatorE T4 3}¢]
Aoz Aggr, Ao AH&H

HEL 0.37 0.5 F34+= 0.759 1.5, 3.0 4
433t Figure 1914 ofgddo 2 3571 73}t
3 LEZKOR HEo] FUhek 1S A&k Aol
zst APl 489 sty & 49700 501709
AR S Hg33th 2 A7-29] Chebyshev Pseudo-

spectral methodol %= FAFsHAl 487129 A17Hd 3} 501
el AxAs A&t " burgers WA
Fig. 19 Al xe} o] xFo] S7td4=
o] FEEHA Kol Fugrt F7EFE X
Z7tste]l vtebdTH B Figure 1olAef #Zo] & <
To Al x3) wEHY A At 1159 A7
9 EAEH YA T AR ug FEEA dAsE
=

Present
= = = = Harmonic Balance Method

Present
armonic Balance Method

(5] 1 i [ ¥ 5
X x

Present
= = = = Harmonic Balance Method

Present
= = = = Harmonic Balance Method

u(x,0)
Uix0)

08 1 i 05 1 5
X X

Present
= = = = Harmonic Balance Method

Present
= = = = Harmonic Balance Method

1z} 12f
g g
k4 k4
E E

e 08

03,

(] 1 i [ Y 75
X x

Fig. 1 Comparison of the results from present method and
harmonic balance method

3.2 2Xt

2

AE 2 Fete 2akd dolEe] A &3t
C A e EE AGARD Report 7028 E=
Al golE 7l A= NACAOOI2C. 2 3Fglon 2
] N-SWA S A838l7] 918l Fig. 2¢9F #Zo] C ¥

%

=

M

~

o © &

2L gg 32 i
O

i

g AXR [309 X 81]a7I= AAE FAAATH16].

0.6o]t}. 132 gE *%7] W
Zro] 9lom Wrg7to] Eq. 249F 0] 0.48° < AOA <
30° W9leA wEA HEee Ag-olth. g #lo]
T 4.8x10° o]t}

o = ag + apysin(kMyt) (24)
Aot Chebyshev Pseudo-spectral
HAEWS Q3

T\ =

BTl
method% o]-8te] tjZ} ADI A7t

Ao [17] 535 A8zl s Roe’s FDS 7]
< AREste] SRR A S olatstskgltt. Eek 33 A
o] MUSCL 7S #géto] uxdedes gyl
Aot i A Al AAdE sl A 2 WA k-
w WD+ Wi B2FS AEsln18]. sidel 48
& (points) &= F 2

7 Point Intervals

11 Point Intervals

15 Point Intervals

=== = 21 Point Intervals
Harmonic Balance Method

iy
=

.
0 5000 10000 15000

. 20000 25000 30000
Iteration Number
Fig. 3 Comparison of convergence history
Ao At AF deld @ Fu 99 AP =
=

3}

@I vuspglon A= & F7)eM9 HE



i WAA Au B 29 EY 7PHE o] &3 F71A Q) v e A 21
(points)®] & EAsHAl ko] FASE a4 oA A AT At A ow vt ew 37404 974
3= v wale] LER QT 9] H(Point)S #8393 Harmonic Balance Method
el £YPAS Fig 33 2ol e Ae = Aes Axom 9749 HA(ntervals)e A4
oA AR AE3 HE(points)o] Froll whet o Adoltt. w3k H2A 43 AELS Al@dolHel ¢
Eluiglon M Fi4 7] HBM(Harmonic 3 A3tE yebdit) Figure 42 235 ®d 3719 #

Balance Method)& #-&3to] A& Hlauste] e}
Y 2ith. HBM(Harmonic Balance Method)ol| A %83
z3sk =5 9= XA 19 H4(ntervals)o]
2.3}t}. HBM(Harmonic Balance Method) 2} - 15-9]

FEAS gk olf+= F V1ol fFARSHAl A wiEA
2o dHgs Frtsto] HAY F s AL FEAd
a4 st7] wolth. Figure 3914 F 71" frAkeHAl
FHste 4%E UeidlE s ¢ 7tk 2 AT
o] 71 HA(nterval®] o F#stA kA<
THEHAS HoFeE AS AT+ rh
Chebyshev polynomial?] S A}&3te] Z47be] HE
(points)ell tiafiA &, g 2 BuE Ago] sl
Al approximationg 3} T}

Q0 = I_o anTu(t) = ENoancosZn  (25)

2

_Zen 1oy 2w Lo oo
an =+ 1=0ch1Tn(t])_Ncn ]=onQ;COSNn(26)

2, i=0,N
= {1, otherwise @7
j=012,.. , M n=0,12,.. ,N (28)
¢ 2ol A M& approximations $3F HE(points)?]

5 9us N2 A4k® H4(ntervale] & e}
Wit} 53 Chebyshev coefficient?! Eq. 269] a, A
Q;(© = mapping 7t HLH AlFFlA ] gho|H
Eq. 259Q;()> MF7 approximation® gtelth. =
approximationd}t Eq. 25, Eq. 262 Eq. 1, Eq. 29} &
dgk 2ol xRk M} No] th2 B = o]o frojsfof g},

1

--------- 3 Point Intervals
----- § Point Intervals
- — - — -~ T PointIntervals
ok —— 9 Point Intervals
: Harmonic Balance Method
B [+ Experimental
Y 06
] L
(=]
o L
£ L
- 04}
02

5] ™
(2]

0 i 2 3
A.O.A
Fig. 4 Comparison of lift coefficient
Figure 4, 5, 62 W43 freol dd A5, &7
F 9 RUEASF szHEAlx 348 HoFEt

(Point)wro 2 w1 5ol dig Fee] 3] 2H A
28 A AL 7 A4S HolEth F Yol
ARE F M FED $AY0 FAFAFAL B
1% 4 Ak Figure 59l4= 770 H(Point) o<
A8 o wAd B §xe s FHo] 49
= As & T Advk FE A Sy gy A4
g ol AL AFFIF AAF RG] o]
F7hE ol WASE oo gl g o
A% 4 gk
0.04
e LRt 3 Point Intervals
I ====- § Point Intervals
. ==~ 7Pointintervals
003F — " — 9 Point Intervals
. L Harmonic Balance Method
. L < Experimental
= L
§ r
> 0.02 ?
o L
(=] L
g L
2 0011
a L
] L
o
ok
. L. A BRI 1 i BT ‘
0'010 1 2 3 4 5 6
A.OA
Fig. 5 Comparison of pressure drag coefficient
0.06
N — — — 3Pointintervals
e 5 Point Interval
eo5pF 7 Pointintervals
I -o--- O Point Intervals
I ~—-a——- 11 Point Intervals
004 Time Domain{720 step per cycle)
= u O Experiment
= N
[+ -
o 0‘03:
-t -
3 0ozf
E
o B
= 001 -
o
£ r
s °F
o r
001
-002
YN T AR L1 L
0‘030 1 2 4 5

3
A.O0.A
Fig. 6 Comparison of pitching moment coefficient

Figure 6<& 3%
IMS HolFEm
oA FHEI Q)
go] Aitet fAFsHI

AE Aol wAdd sl=H A~
Hat fALsHA 770 H(Point) ©] %
HolEh o] o
el ant firs

=
o

=

DIO ool l-‘lj



S B0 9P FQ7] MRl welx,
= 2 v e was AFse ¢ 2ol
483 4% BF1E ) Homw ¥ Y, =
MES 5T 5 9= FHol gor ot AuAR
Yoz ANT A9 wE FF/E 180719 el B
ag A Mag W Z&H dAo e 1l
#uh
4.4 E

B o] o] = Chebyshev collocation operator & &
AZE v ds Agste v s sAEE 7Y

S MEETE AP ES A 5SS Ao
gl o AlzF mE3-S Chebyshev collocation
operator& #-&3te] A3 FElE JAH R A

ﬁ

AT 12k alM ez Mg burgers WAAS A
gatglom Fakg 71t nlaste] HFEkqiTh oy

N Zo) wrep Faparol] whet RIstAlA 7k vlastgl e
At BAEH 9 WEe] Ut A O‘X]Q%
HoAFdnk 239 vAZA 5o 45 23 N-S
2g AEste] sshe 22kl EAE OHQO}JD}.
A (Interval) < 217H7J}X] ZNAZY AL 3
stlom HA(ntervaDe] o Fa@stAl H FAHA

Uetddh @A AaE AlE Ad B Fas 7
Hel Ayl Hlusigs W fAES dERY =
%t Chebyshev polynomial?& %83}
(Interval)®] 34 ZAZ}E approximations}$]
AbstAl vrEbE S Zlekd T

g% B ol5te] Chebyshev collocation operators
o] gste] HF7]A Q1 HIAAL Al il A8 o

Ao},

=)

%

F_E ol

mlo

% 217
lom

o

o] wEe 20208hdme] HFohskaL Abgler T
A7k AL SEATEN (EEATRA o8]
THAE

References

[1] Jameson, A., “Time dependent calculations using multigrid

with applications to unsteady flows past airfoils and wings,”

AIAA Paper 91-1596, 1991.
[2] Jameson, A., and Schmidt, W., “Solution of the Euler

equations for two dimensional transonic flow by a

multigrid method " and

Computations, Vol.13, pp. 327-356, 1983.

Hall, K.C., Thomas, J.P.. and Clark, W.S., "Computation of
unsteady nonlinear flows in cascades using a harmonic
balance technique," AI4A Journal, Vol. 40, No. 5, pp. 879-
886, 2002.

Thomas, J.P., Custer, C.H., Dowell, E.H. and Hall, K.C.,
"Compact implementation strategy for a harmonic balance

AIAA Journal, Vol.

Applied  Mathematics

(4]

method within implicit flow solvers,”

51, No. 6, June 2013.

Thomas, J.P., Custer, C.H., Dowell, E.H. and Hall, K.C.,
"Unsteady flow computation using a harmonic balance
approach implemented about the OVERFLOW 2 flow
solver," 19th AIAA Computational Fluid Dynamics
Conference, 2009.

Ekici, K., Hall, K.C. and Dowell, E.H., "Computationally
fast harmonic balance methods for unsteady aerodynamic
predictions of helicopter rotors," Journal of Computational
Physics, Vol.227, pp. 6206-6225, 2008.

McMullen, M., A., I,
"Demonstration of nonlinear frequnecy domain methods,"
AIAA Journal Vol.44, No.7, pp. 1428-1435, 2006.
McMullen, M., Jameson, A., and Alonso, J., "Application
of a non-linear frequency domain solver to the Euler and
Navier-Stokes equations," 40th AIAA Aerospace Sciences
Meeting & Exhibit, 2002.

Gopinath, A. K. and Jameson, A., "Time spectral method

(3]

Jameson, and Alonso,

for periodic unsteady computations over two- and three-
dimensional bodies," 43rd AIAA Aerospace Sciences

Meeting and Exhibit, 2005.

[10]Khater, A. H., Temsah, R. S., Hassan, M. M., “A
Chebyshev spectral collocation method for solving

Burgers -type equations,” Journal of Computational and
Applied Mathematics, Vol. 222, Issue 2, 2008.

[11] Dinu, A. D., Botez, R.,M., and Cotoi, L., “Chebyshev

polynomials for unsteady aerodynamic calculations in

aeroservoelasticity,” Journal of Aircraft, Vol. 43, No. 1,
2006.

[12] Niu, J., Zheng, L., Yang, Y., and Shu, C., “Chebyshev
spectral method for unsteady axisymmetric mixed

convection heat transfer of power law fluid over a cylinder
with variable transport properties,” International Journal
of Numerical Analysis and Modeling, Vol. 11, No. 3, 2014.
[13]Im, D. K., Kwon, J. H., and Park, S. H., “Periodic unsteady
flow analysis using a diagonally implicit harmonic balance

method,” 4144 Journal, Vol. 50, No. 3, 2012.

[14] Im, D. K., Cho, S., McClure, J.E., and Skiles, F., “Mapped
Chebyshev pseudospectral method for unsteady flow



BERE QIAA Au B AHEY 7)

)

23

analysis,” AIAA Journal, Vol. 53, No.12, 2015.
[15]Moin, P., “Fundamentals of engineering numerical

analysis,” Cambridge University Press, 2001.

[16]"Compendium of unsteady aerodynamic measurements,"
AGARD Rept.702, 1982.

[17]Sung, C.H., Park, S.H., and Kwon, J.H., “Multigrid

diagonalized ADI method for compressible Flows,” 4144
Paper 2001-2556, June, 2001.
[18]Park, S.H. and Kwon, J.H., “Implementation of k —w

turbulence models in an implicit multigrid method,” 4744
Journal, Vol.42,No.7,pp. 1348-1357,2004.



