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Simplified Limit Solutions for the Inclined Load Capacity of a 
Dynamically Installed Pile in Soft Clay

Junho Lee*· Jong-Suk Jung**·Young-Jong Sim***·Yong-Boo Park****

Abstract

Offshore renewable energy resources are attractive alternatives in addressing the nation’s clean energy policies because of 
the high demand for electricity in the coastal region. As a large portion of potential resources is in deep and farther water, 
economically competitive floating systems have been developed. Despite the advancement of floating technologies, the 
high capital cost remains a primary barrier to go ahead offshore renewable energy projects. The dynamically installed piles 
(DIPs) have been considered one of the most economical pile concepts due to their simple installation method, resulting in 
cost and time-saving. Nevertheless, applications to real fields are limited because of uncertainties and underestimated load 
capacity. Thus, this study suggests the appropriate analytical approach to estimate the inclined load capacity of the DIPs by 
using the upper bound plastic limit analysis (PLA) method. The validity of the PLA under several conditions is demonstrated 
through comparison to the finite element (FE) method. The PLA was performed to understand how flukes, soil profiles, and 
load inclinations can affect the inclined load capacity and to provide reliable evaluations of the total resistance of the DIPs. 
The studies show that PLA can be a useful framework for evaluating the inclined load capacity of the DIPs under undrained 
conditions.
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1. Introduction

Much of renewable energy facilities such as offshore wind or 
wave  are located at deep and farther water due to stronger and more 
consistent resources. As development progresses deeper 
water, the capital costs of the fixed structure increase exponen-
tially. The floating system moored anchors or piles on the sea-
bed is a cost-effective alternative. Despite the improvement of 
the floating technologies, high capital costs for securing float-
ing structures remains a primary obstacle. Thus, the floating 

system requires cost-effective anchors to make it economically 
competitive. The dynamically installed piles (DIPs) have prov-
en to be a robust alternative in the offshore fields (Medeiros, 
2002; Brandão et al., 2006). Since the DIPs are typically rock-
et-shaped with up to four flukes, they sometimes termed “tor-
pedo anchors”. They are penetrated into the seabed by free fall 
and their own weight as kinematic driving energy. The DIPs 
are typically a diameter of 0.8-1.2 m, 12-17 m long with dry 
unit weight in the range of 230-1150 kN (Brandão et al., 
2006; Randolph et al., 2011). They can have significant 
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advantages of quick, economical installation. They can be 
installed in normally consolidated clay, overconsolidated clay, 
sand, and calcareous deposits (Ehlers et al., 2004). The load-
ing directions on the moored anchors vary from vertical (ten-
sion leg platform) to horizontal (catenary), including inclined 
(taut) loading. The catenary moorings require excessive lateral 
distance in deep water, resulting in space and cost consuming 
compared to taut moorings. Hence, the taut mooring system 
becomes a more attractive alternative in deep water. Despite 
the importance of taut mooring in offshore applications, the 
estimation of the inclined load capacity of a DIP remains a sig-
nificant challenge. (O’Loughlin et al., 2004; 2009) and Rich-
ardson et al. (2009) focused on centrifuge tests to investigate 
the vertical load capacity. de Sousa et al. (2011) and Kim and 
Hossain (2016) carried out large-deformation FE (LDFE) 
analyses to estimate the inclined load capacity. They adopted 
enhanced strain theory and coupled Eulerian-Lagrangian 
approach to avoid element distortion from large deformation. 
However, these retain much of rigor of a more complex 
numerical approach and much computational efforts. Table 1 
indicates that a plastic limit approach for estimating the load 
capacity of DIPs is more efficient than FE in terms of computa-
tional efficiency.

Therefore, this study presents a simple plastic limit 
approach and estimate the effects of various factors on the 
inclined load capacity of DIPs. The formulation considers the 
inclined resistance of flukes, vertical, and moment resistance 
at the top of the embedded piles. This approach can provide 
a relatively simple and efficient analysis method accessible to 
practicing engineers compared to FE methods.

2. Modifications of PLA for DIPs

2.1 PLA for conventional piles
The plastic limit analysis (PLA) methods provide an eval-

uation of a collapse load for the piles or anchors. A plastic 
limit approach to the horizontal load capacity of piles was first 
proposed by Murff and Hamilton (1993). They derive dissi-
pation functions and lateral bearing capacity factor Nps based 
on von Mises and Tresca yield criteria and an associated flow 
rule. Aubeny et al. (2001; 2003) proposed a simplified upper 

bound model. They also derive energy dissipation functions, 
relationships for lateral-axial bearing capacity factor Nps-Nas 
on the side of the pile, and interaction among ultimate resis-
tance to vertical, horizontal and moment loading at the bot-
tom of the pile. All of the studies above are limited to consider 
a simple cylinder shape. In contrast, a DIP has flukes resulting 
in different failure mechanisms compared to conventional 
piles or caissons. In order to evaluate the load capacity of the 
DIP using the PLA method, there is a need to consider specific 
conditions of DIPs such as flukes and deep embedment depth.

2.2 Key issues for modifications
Due to different geometry of the DIPs compared to the 

conventional pile, the analysis of the DIPs needs some modi-
fications from the conventional pile analyses. Firstly, since the 
DIP installed in deep depth, there is resistance at the top of the 
anchor. This leads to apply the formulation for lateral-mo-

Table 1. �The computational efficiency of FE and PLA for a typical 
pile in soft clay

Scenarios FE
(using ABAQUS)

PLA 
(using 

MATLAB)
Comments

Estimating 
Fh, Fv, 

Ftotal at Liopt 

T
CM: 0.3 hrs/wrk
MM: 6 hrs/wrk
FM: 12 hrs/wrk

1 sec for 
100 wrks

-

MEM
CM: 0.4 GB/wrk
MM: 4 GB/wrk
FM: 9 GB/wrk

1.4 GB

Estimating 
Liopt under 
Fv

T
(for 10 wrks)
SIM: 6 hrs 

SEQ: 60 hrs

1.5 sec for 
120 wrks MM was 

used for FE 

analyses
MEM

40 GB for 10 
wrks, regardless of 

SIM and SEQ
1.4 GB

Estimating 
Liopt under 
combined 

loading

T
(for 10 wrks)
SIM: 6 hrs 

SEQ: 60 hrs

190 sec for 
120 wrks

Refer to Fig. 4 
(10 FE values 

=10 wrks)

MEM
40 GB for 10 wrks, 
regardless of SIM 

and SEQ
1.4 GB

Abbreviations: T, calculation time; MEM, required memory; CM, coarse 
mesh; MM, medium mesh; FM, fine mesh; hrs, hours; wrk, iteration work; 

SIM, simultaneous work; SEQ, sequential work.
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ment resistance at the bottom of piles described by Aubeny 
(2017) into the top of the DIP. Secondly, the bearing resis-
tance from the flukes requires to be considered to the overall 
lateral capacity. Lee and Aubeny (2019) quantified this mech-
anism of resistance and suggested the lateral bearing factors 
considering various conditions. Thus, FE calculated bearing 
factors are adopted in the current study. The selected bearing 
factor Nps for the fluke-cylinder zone is about 11.42, which is 
slightly conservative. Preliminary findings show the value of 
Nps can vary depending on the width of flukes, the total num-
ber of flukes, and load angles. Nps, which considers the effect 
of the flukes on a DIP, was applied to the following equations.

For side axial-lateral interaction,

N I R f Nps f s as� � � �3 0, �� � (1)

N I R f N I R R N I I Rps f s ps f f as f� � � � � �3 3

2 2

1 2

2 0, ( ) ( ) / � (2)

where fs is the side resistance, Nas is the axial side resistance 
factor, Nps is the lateral side resistance factor, I1, I2, I3, and Rf 
are curve fitting coefficient for Nas-Nps interaction relation, 
and α is the adhesion factor.

For end axial-moment interaction,
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where Mt is the mobilized moment resistance at the top of 
the pile, Mb is the mobilized moment resistance at the bottom 
of the pile, R is the pile radius, R1 is the distance from the 
center of rotation to pile tip (=L-L0), R3 is the distance from 
the center of rotation to pile top (=L-R1), R2 and R4 are the 
radii of spherical surface at the top and tip respectively (Fig. 1), 

I4=1.118, the coefficient of curve fitting, sut and sub are respec-
tively the undrained shear strengths at the top and tip, and M 
is the total moment resistance at top and base of the pile.

V V V N R s N R sb t ab ub c ut0 0 0

2 2� � � �� � � (7)

where V0 is total uplift capacity under pure vertical loading, 
Vb0 is uplift capacity under vertical loading at the bottom of 
the pile, Vt0 is uplift capacity under vertical loading at the top 
of the pile, Nc is the end beating foactor at the top (assumed 
Nc=9 for an annular tip, and Nc=7.5 for flukes), and Nab is the 
reverse end bearing factor, typically varying 9 to 12 (Aubeny 
2017).

The internal energy dissipation from the soil resistance in unit 
length on the side (Fas=NassuD, Fls=NpssuD) and from the base 
and top (V, M) can be equated to the external work as follows:
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where H and V are respectively horizontal and vertical load 
capacity of the pile, z is the depth below mudline, ξ is the opti-
mization parameter controlling the vertical velocity of the pile, 

Fig. 1. The schematic diagram for moment resistances
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Li is the load attachment depth, and L0 is the center of rotation.

The procedure of a typical upper bound PLA solution is as 
follows: through a postulated kinematically admissible col-
lapse mechanism, the external virtual work and the virtual rate 
of internal energy dissipation are calculated. Then, equating 
both of it to obtain the collapse load (Aubeny, 2017). If the 
externally applied force is inclined at load angle θ, the axial and 
lateral components are related by tanθ=V/H. Thus, V can be 
calculated by the simple expression after computing H. 

2.3 Validations
The modified PLA model is validated through comparison  

to FE analysis and field data indicated in Table 2 and Figs. 2-4. 
Medeiros (2002) conducted several load tests in normally con-
solidated clay (su=5+2z) in the Campos basin area. Two tor-
pedo anchors without flukes are used to evaluate the pull-out 
capacity. Numerical investigations were carried out by de Sou-
sa et al. (2011) to estimate the ultimate inclined load capacity 

Fig. 2. �Comparison between PLA and FE: the effect of soil profile 
on total load capacity (de Sousa et al. (2011))

Fig. 3. �Comparison between PLA and FE: the effects of the width 
of flukes and load attachment depth on horizontal load 
capacity

Fig. 4. �Comparison between PLA and FE: the trend of the normalized 
curve, Li/L-Fh/Fhmax

Table 2. �Validation of a modified PLA through comparison to 
field data and FE results

Descriptions Reference 
data (RD)

PLA RD-PLA
PLA

Ref. 
Fig.Considerations Variables

Different soil 
profiles

su=1.5z 5.2-6.6 
MN

5.2-7.3 
MN

0.7-8.6%

Fig.2su=3z 7.7-12.3 
MN

7.7-12.5 
MN

0.4-7.0%

su=6z 11.5-21.6 
MN

11.6-21.3 
MN

1.3-8.4%

3-D FE computed values (de Sousa et al, 2011)
D: 1.1 m, L: 17.2 m, 4 flukes (Wf:0.9 m)

Effects of  
Wf and Liopt

Wf=0.1 m
1.7-4.6 

MN
1.6-4.4 

MN
3.7-10.4%

Fig.3Wf=0.38 m
2.4-6.7 

MN
2.3-6.6 

MN
0.1-5.6%

Wf=0.84 m
3.4-10.0 

MN
3.5-10.0 

MN
0.1-2.9%

3-D FE computed values (this study)
D: 0.76 m, L: 12 m, 4 flukes, su=5+2z

Instant  
pull-out 
capacity

D=0.76 m
0.9-1.1 

MN
around 

1.1 MN
0-0.5%

Fig.4
D=1.07 m

1.9-2.1 
MN

1.9-2.2 
MN

0-2.5%

Field data (Medeiros, 2002) 
L: 12 m, no flukes, su=5+2z



http://lhi.lh.or.kr

Simplified Limit Solutions for the Inclined Load Capacity of a Dynamically Installed Pile in Soft Clay

91

under different undrained shear strength. In this study, three 
dimensional FE analyses were also performed using Abaqus/

Standard to understand the effect of various parameters on 
total load capacity. The soil model considered as linearly 
elastic-perfectly behavior beneath a Tresca yield criterion and 
associated flow. To simulate the undrained loading condition, 
a Poisson’s ratio assumed μ=0.49. Young’s modulus was also 
assumed as a ratio E/su=500, which does not affect the ulti-
mate load capacity (Aubeny, 2017). 

Table 2 indicates that the computed PLA results fit within 
the range of in-situ measured data. The previous FE study, 
which estimated ultimate load capacity under various soils 
profiles and load inclinations, matches well with PLA results 
(Fig. 2, de Sousa et al. (2011)). The characterization of the 
optimum depth of load attachment using PLA is consistent 
with the results of FE analyses as shown in Fig. 3. Even though 
displacement-based FE analyses tend to overestimate collapse 
load by about 10 percent, the trends of FE calculated values 
such as normalized curve Li/L-Fh/Fhmax matches well with the 
trend of PLA values (Fig. 4). These reasonable consistencies 
confirm the capability of a modified PLA model in assessing 
the ultimate load capacity of DIPs under various conditions.

3. Parametric Study

In order to understand the effect of flukes, soil profiles, load 
attachment depth, and load inclination on the DIP in soft clay, 
the current study evaluated the following parameters.

• Width of the flukes, Wf

• Undrained shear strength of the soil, su

• Load attachment depth from the top of the pile, Li

• Load inclination of mooring line at the top, θ
The DIP dimensions were from field data (Medeiros, 

2002) to evaluate the DIP performance in soft clay. The DIP 
equipped with four flukes has used a diameter of 0.76 m, a 
length of 12 m, and a tip embedment depth of 20 m (Fig. 5). 
The width of the flukes varies from 0 m (no fluke) to 0.9m. 
In all analyses, seven load inclination θ with respect to the 
horizontal direction were considered: 0° (lateral load), 15°, 
30°, 45°, 60°, 75°, and 90° (axial load). Additionally, all range 
of load attachment depth Li will also be considered to inves-

tigate the effect of load attachment depth. The soil profile has 
a typical soft clay that has an undrained shear strength at the 
seabed su0=5 kPa and linear strength gradient su1=2 kPa/m, as 
the same values from Medeiros (2002). The submerged self-
weight of soil is assumed as 6 kN/m3.

In the current study, three different undrained shear 
strengths were assumed, su=1.5z, su=3z, and su=6z, to under-
stand the effect of undrained shear strength on the DIPs. Soil-
Pile adhesion factors were calculated by the well-established 
formulas proposed by API (2005) as follows: 

� � �( ) . , ( ) . ( ) .z z z� � �1 0 0 5 0 5 � (10)

� � �( ) . , ( ) . ( ) .z z z� � �1 0 0 5 0 25 � (11)

where ψ(z)=su(z)/P0(z), and P0 is the effective overburden 
pressure.

4. Analyses and Results

4.1 The optimum load attachment depth
The trends between load capacity and the effect of load 

attachment depth are illustrated in Fig. 6. For lower incli-
nations (between 0° and 15°), the maximum load capacity 
perfectly positioned at the optimal load attachment depth. 
Fig. 7 also shows that the normalized load capacity F/Fmax for 

Fig. 5. The schematic diagram of DIP
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lower inclinations is highly sensitive to load attachment depth. 
However, for higher inclination (over 45°), the maxim load 
capacity can be calculated over a relatively wide range of load 
attachment depths as shown in Figs. 6-7. It is worth mention-
ing that a DIP had the maximum resistance when the lower 
inclined load applied at the optimal attachment depth.

4.2 Effect of the width of the flukes
Fig. 8 presents that inclined load capacities are affected by 

the width of the flukes. While reduction from Wf =0.9 m to 
0 m (no fluke), the reductions of total lateral contact area are 
35% (from 0.9 to 0.45 m), 58% (from 0.9 to 0.15 m), finally 
69% (from 0.9 to no fluke). These reductions of lateral contact 

areas may affect load capacity, resulting in the reductions of 
horizontal load capacity are 48%, 62%, and 71%, respectively. 
From these results, the total contact area of the pile seems to 
be an important parameter to evaluate the load capacity. Fig. 9 
illustrates the effect of the width of flukes on the inclined load 
capacity interaction diagram. The horizontal components of 
load capacity for load inclination below 30° are close to hori-
zontal load capacity. On the contrary, the vertical components 
for higher load inclination are almost the same as vertical load.

4.3 Effect of Undrained Shear Strength
The increase in the undrained shear strength affects an 

increase in the load capacity of the pile (Fig. 10). The increase 

Fig. 6. �Effect of load attachment depth and load angle on total 
load capacity

Fig. 7. The trend of the normalized curve Li/L-F/Fmax

Fig. 8. �Effects of the width of the flukes and load angle on total 
load capacity

Fig. 9. �Effects of the width of the flukes and load angle on horizontal 
and vertical load capacity
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for lower load inclinations, between 0° and 30°, is higher than 
that for higher load inclinations, between 60° and 90°. Under 
higher inclination, the adhesion factor α affects to reduce the 
shear stress between pile and soil. The load capacity under 
higher load inclination is highly affected by the adhesion char-
acteristics between pile and soil. 

When su equals to 1.5z, the maximum value occurs about 
θ=45°. The load capacity increase with the load inclination 
until the maximum load capacity and decrease after 45°. This 
trend is similarly shown in other soil conditions. However, 
the angles at which the maximum value occurs are different 
depending on soil profiles such as su=3z and su=6z, respectively. 
As an example of this, the maximum load under su=6z capac-
ities occur when the load inclinations are close to 30°. Fig. 11 

illustrates the effect of the undrained shear strength on the 
inclined load capacity interaction diagram. The results of this 
analysis are having similar trends mentioned above. Horizontal 
components of load capacity for load inclination below 30° are 
close to horizontal load capacity, while the vertical components 
for higher load inclination are almost the same as vertical load.

5. Concluding Remarks

This study presents a computational-effective plastic limit 
approach for DIPs considering the effects of the flukes and 
deep embedment depth. For these reasons, the PLA can be an 
attractive design tool for practicing engineers. A parametric 
study represents the effect of load attachment depth Li, angle of 
load inclination θ, the width of the flukes Wf, and undrained 

shear strength of soil su on the load capacity of the DIPs. The 
basic findings are as follows:

• �For the lower angle of load inclination (less than 30°), 
The load capacity is very sensitive to load attachment 
depth. On the contrary, load capacity becomes less sen-
sitive to load attachment depth at larger load inclination 
(more than 45°).

• �The total contact area of piles and the soil profile seem 
to be important parameters to estimate the ultimate 
load capacity. Consequently, the increase of the width 
of the flukes and undrained shear strength significantly 
increase the load capacity of the DIP.

• �Quantifying the lateral-moment interaction at the top 
and bottom of the pile is required to better understand 
the DIP performance in soft clay better. This has been 
identified as a future research need.

Nomenclature

D	 Diameter of the shaft of DIP
F	 total load capacity
Fmax	 maximum total load capacity
Fh, Fv	 horizontal and vertical load capacity
L	 length of the pile
Li	 load attachment depth from the top of the pile
Liopt	 optimum load attachment depth

Fig. 10. Effect of soil profile and load angle on total load capacity

Fig. 11. �Effect of soil profile and load angle on horizontal and vertical 
load capacity
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L0	 center of rotation of pile
Lf	 length of fluke
n	 number of flukes
Nas Nps	 axial & lateral resistance factor on the side of a pile 
Naf Npf	� axial & lateral resistance factor on the side of the 

fluke
St	 soil sensitivity
su	 undrained shear strength of the soil
su0	 undrained shear strength at mudline
su1	 rate of strength increase per unit length
sub	 undrained shear strength at the base 
sut 	 undrained shear strength at the top
t		 thickness of the pile
tf	 thickness of fluke
u	� displacement of the pile at the load attachment 

depth
Wf	 width of fluke
z	 depth below mudline
ztip	 pile tip embedment depth 
ztop	 pile top embedment depth
 

Greek Letters
α	 adhesion factor
θ	 angle of load inclination from horizontal
ψ	 dilation angle of the soil
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