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DYNAMICAL PROPERTIES ON ITERATED FUNCTION
SYSTEMS
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ABSTRACT. Let X be a compact space and A a finite index set.
We deal with dynamical properties of iterated function systems on
X. For an iterated function system F on X, we prove that F is
c-expansive if and only if F* is also c-expansive for each k € N.
Furthermore we prove that the c-expansiveness of F is equivalent
to the original expansiveness of the shift map of it.

1. Introduction

Let (X,d) be a compact metric space and A a nonempty finite set.
We first consider an Iterated Function System(shortly, IFS) on X under
A. For every A € A, let f\ be a continuous surjection from X to itself.
The IFS F is defined by

Fi=(X,{fri: X = X | A€A))

which is a family of continuous surjective maps {f) : X — X | A € A}
under the composition. Especially, when one studies the field of fractal
geometry and fractal dynamical systems, a lot of theories about IFS
are much valuable. From Hutchinson [6] introduced the current form of
IFSs, many scholars studied this concept related to the dynamic notions
of attractors and shadowing properties [2, 7, 8].

For the study of expansiveness of an invertible iterated function sys-
tem(shortly, ITFS), Chu et al. investigated the dynamics of the systems
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on compact spaces. They found the equivalences for the notions of ex-
pansiveness on the invertible iterated function systems. (see [4, 5]).

In this paper, we introduce the notion of c-expansiveness of an IFS
and investigate the properties of the notion. We show that an IFS F
is c-expansive if and only if each iteration of F is also c-expansive. We
also show that the c-expansiveness of F is equivalent to the original
expansiveness of the shift map of it.

From now on, let (X, d) be a compact metric space and A a nonempty
finite set.

2. c-expansiveness on IFS

In this section, we first present an expansive homeomorphism on the
compact space. A homeomorphism f : X — X is expansive if there
exists a positive constant e such that z # y(z,y € X) implies

d(f"(x), f"(y)) > e
for some integer n. We call the constant e the ezpansive constant for f.
For a compact space X, we canonically consider the product topological
space
X7 i={(x;) | m € X, i € Z}.
So X% is a compact space. For (z;), (y;) € X%, we define a compatible
metric d for the space X% given by

e, ()= 3 At

i=—00
For the details of the definitions, see [1, 3.

Let F be an IFS on X which consists of the family of continuous
surjections on X under the composition, i.e.,

F = (X,{fn: X — X | fx: continuous surjection for each A € A}).
Put
X7 = {(z;) € XZ | for every i € Z, fy,(x;) = xi11 for some \; € A}.

Define a shift map o on Xr to itself such that for (z;) € Xr and
J€Z, (0(x)); = xj41. For (x;) € Xr, we also take a sequence (fy,)
of mappings satisfying the property that fy,(x;) = z;4+1. We consider a
restricted metric d on Xz given by d((z;), (y:)) == S50 d(z,y:) /2"
for (x;), (yi) € Xr.
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The IFS F is c-expansive if there exists a positive constant e such
that (x;), (y;) € XF with d(x;,y;) < e for all i € Z implies (z;) = (v;),
that is, (z;) # (v;) implies d(z;,y;) > e for some i € Z. Here, e is called
an expansive constant for F. We called the IFS F a c-expansive IFS
with an expansive constant e.

For k > 1, put

Fr= (X {fa o ofy : X =X | M, A\ € A}).
So we similarly have X+ obtained by
{(z;) € X2 | Vi € Z, I, 000 fa, (ki) = p(ig1) for some Ai; € A}

Now we mention briefly ITFSs and notions of expansiveness on the
systems. Let F© := (X,{fy: X = X | A € AT}) be an IFS. Assume
that every continuous mapping fy in F* is a homeomorphism from X to
itself. We denote an index A~! satisfying the property that fy o fy-1 =
fr-1 0 fr =idx. Additionally we assume that

Fr=X,{fA: X=>X]| €A™}
be an IF'S consists of homeomorphisms from X to itself such that fy, o
frn # idx forall A\ and Ay € AT. We define an invertible IFS (in
short, ITFS) F from the IFS F* given by F := (X, {f\, fr-1 | A€ AT}).
We denote A~ := {A\7!|A € AT} and A := At UA~. Then we get that
F=(X,{fr| A€ A}).

An IIFS F is expansive if there exists a positive constant e such
that for each x,y € X with x # y, there exist a positive integer n and
(A1, -+, Ap) € A" satistying

d(fAn O"'Ofkl(x)uf)\n O"'Of)\l(y)) > €.

Here, e is called an expansive constant for F.
An ITFS F is rigidly expansive provided that if there exists a sequence
o= {\}22, € AN such that for every n € N,

d(fa, 0o fa (@), fa, 00 fa(y) <e

then x = y. Here, e is called a rigidly expansive constant for F.

REMARK 2.1. Let F be an IIFS. Then we have that F is rigidly
expansive if and only if F is c-expansive.

Using the above remark and Corollay 2.4 in [4], we can restate for
the equivalences on the IIFS.
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PROPOSITION 2.2. Let (X,d) be a compact metric space. Let F =
(X, {fn : X — X | X € A}) be an IIFS such that for every A\ € A,
fr: X = X is a homeomorphism. Then the following statements are
equivalent.

(1) F is c-expansive.

(2) F is rigidly expansive.

(3) F has a rigid generator.

(4) F has a weak rigid generator.

By Corollay 2.6 in [4], we know that the existence of the rigid genera-
tors of the ITF'S is equivalent to that of the rigid generators of iterations
of the IIFS. Combining Proposition 2.2 and the above statement, we
direclty the following remark.

REMARK 2.3. Let F = (X, {fn: X - X | A € A}) be an IIFS on a
compact metric space X. For k > 2, F is c-expansive if and only if so is
FF.

Now we deal with an IF'S F which consists of the family of continuous
surjections on the compact space X with respect to the composition.

THEOREM 2.4. Let F = (X, {fn: X = X | A€ A}) be an IFS on a
compact metric space X and k € N. Then F is c-expansive if and only
if F* is also c-expansive.

Proof. We first deal with the “only if ” condition. Assume that F is
c-expansive with an expansive constant e. Note that for every A € A,
a function fy is uniformly continuous. From the uniform continuity,
each finite composition of the functions of the form f) is also uniformly
continuous. So there exists a positive constant e’ such that d(z,y) < €’
implies for every 1 <n <k,

d(f)\n Of)\nfl O--- Of)\l(x), f)\n S f)\n71 O--- Of)q(y)) < €,

for every fy, € F,i € {1,2,---,n}. Thus the constant ¢’ is an expansive
constant for F*. Indeed, we let (zx;), (yri) € Xzr with d(zri, yri) < e.
Then for every i € Z, there exist \;; € A (j =1,---, k) such that

fip 0o fiy(wr) = TE(i+1)-
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For i € Z, we denote ;i := fi; 0o fi(xg;) for all j € {1,--- k}.
From the uniform continuities in the family, we get that

d(xn,yn) < e

for all n € Z. By the assumption, we have (z;) = (y;). It follows that
(Tni) = (yns) for all i € Z.
Conversely, the “ if 7 condition of this proof is clear.

THEOREM 2.5. Let F = (X, {fy : X = X | A € A}) be an IFS
on the compact metric space X. Then F is c-expansive if and only if
o : Xr — Xr is expansive.

Proof. Assume that an IFS F is c-expansive with an expansive con-
stant e. Let (z;) and (y;) are elements of Xr with (x;) # (y;). By the
c-expansivity of F there exists an integer ng such that

d(xnoyyno) >e

and hence d(o™((x;)),0™ ((4:))) > d(@ny, Yn,) > €. Therefore o is ex-
pansive with the expansive constant e.

Conversely, let o be an expansive shift map with an expansive con-
stant e. Let (z;) and (y;) be elements of Xr such that d(x;,y;) < e/4

for every ¢ € Z. Then ¢ is an expansive constant for F. Indeed, we get

4
that

Ao (@), o)) = ) Mremdien)

1=—00
—1 [ee)
d(Zi ;s Yivn) d(Zitn, Yitn)
= E olil + d(ZL‘n, yn) + Z olil

1=—00 =1

o0 oo
d(Z—itn; Y=itn) d(Zitn, Yitn)
= §: l;z‘ = +d(mmyn)+§: zgizn
i=1 i=1

< e

for every n € Z. By the expansiveness of the shift map, we obtain
(z;) = (y;). Hence F is c-expansive with the expansive constant e/4
which completes this proof.

O
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Using the proofs of the above theorems, we directly obtain the fol-
lowing statements related to the expansive properties of IFSs.

REMARK 2.6. 1. Let F = (X, {fn : X = X | A € A}) be a ¢

[
2]

(4]

(5]

(6]

(8]

expansive IFS on the compact metric space X and Y a closed
subset of X such that fy(Y) =Y for all A € A. Then we have
Fly =Y {faly : Y =Y | A € A}) is also c-expansive.

. Let (X,dx) and (Y, dy) be compact metric spaces. Assume that

F=X A X=X eAD)andG= (Y, {g,: Y =Y |y€eT})
are c-expansive. Then the product IFS Fx G = (X x Y, {f\ x g, :
XXY — XxY | A€ A, v eT})is also c-expansive. Furthermore,
every finite product of c-expansive IFSs is also c-expansive.
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