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A NOTE ON COMPLETE MOMENT CONVERGENCE

FOR m-PNQD RANDOM VARIABLES

Mi-Hwa Ko*

Abstract. In this paper, we established the complete moment
convergence for sequences of m-pairwise negatively quadrant de-
pendent random variables which are weakly upper bounded by a
random variable X.

1. Introduction

Let (Ω, F, P ) be a probability space and {Xn, n ≥ 1} be a sequence of
random variables. A sequence {Xn, n ≥ 1} is said to converge completely
to a constant C if

(1.1)

∞∑
n=1

P (|Xn − C| > ε) <∞ for all ε > 0.

The notion of complete convergence was introduced by Hsu and Rob-
bins(1947).

By the Borel-Cantelli lemma (1.1) implies that Xn → C almost
surely. The converse is true if {Xn, n ≥ 1} are independent. Hsu and
Robbins(1947) proved that the sequence of arithmetic means of i.i.d.
random variables converges completely to the expected value, provided
the variance is finite. The converse was proved by Erdös(1949). The re-
sult of Hsu-Robbins-Erdös has been generalized and extended in several
directions by many authors.

One of the results has been generalized and extended by Baum and
Katz (1965) as follows: If {Xn, n ≥ 1} is a sequence of i.i.d. random
variables with E|X1| < ∞, then E|X1|pr < ∞ for 1 ≤ p < 2 and r ≥ 1

Received December 25, 2019; Accepted January 31, 2020.
2010 Mathematics Subject Classification: 60F15.
Key words and phrases: Complete moment convergence, strong law of large num-

bers, m-pairwise negatively quadrant dependent random variables, weakly bounded.



134 M.H. Ko

is equivalent to

(1.2)

∞∑
n=1

nr−2P (|
n∑

i=1

(Xi − EXi)| > εn
1
p ) <∞ for all ε > 0.

Let {Xn, n ≥ 1} be a sequence of random variables and {an, n ≥ 1} and
{bn, n ≥ 1} be a sequence of positive numbers. If

∑∞
n=1 anE{b−1n |Xn| −

ε}q+ <∞ for q > 0 and all ε > 0, then the sequence {Xn, n ≥ 1} is said
to be complete moment convergent.

Chow(1988) showed the complete moment convergence for a sequence
of i.i.d. random variables by generalizing the result of Baum and Katz(1965)
as follows: If {Xn, n ≥ 1} is a sequence of i.i.d. random variables with
E|X1|pr <∞ for some 1 ≤ p < 2 and r ≥ 1, then

(1.3)

∞∑
n=1

n
r−2− 1

pE(|
n∑

n=1

(Xi − EXi)| − εn
1
p )+ <∞ for all ε > 0,

where a+ = max(a, 0).
It is well known that complete moment convergence implies com-

plete convergence. Thus, complete moment convergence is stronger than
complete convergence. For more details about complete moment conver-
gence, we refer to Guo et al.(2013), Wang and Hu(2014), Wu et al.(2014),
Shen et al.(2016) and among others.

A sequence {Xn, n ≥ 1} of random variables is said to be pairwise
negatively quadrant dependent(PNQD) if for every real numbers xi, xj
and i 6= j

P (Xi < xi, Xj < xj) ≤ P (Xi < xi)P (Xj < xj).

The concept of negative quadrant dependence was introduced by Lehman
(1966).

Wu and Rosalsky(2015) defined a more general dependence structure
which contains PNQD as a special case as follows:

Definition 1.1. Let m ≥ 1 be a fixed integer. A sequence of random
variables {Xn, n ≥ 1} is said to be m-PNQD if for all positive integers
j and k with |j − k| ≥ m, Xj and Xk are NQD.

Clearly, PNQD is the special case m = 1 of the concept of m-PNQD.
Indeed if {Xn, n ≥ 1} is m-PNQD for some m ≥ 1, then {Xn, n ≥ 1} is

m
′
-PNQD for all m

′
> m.

We provide an example of sequence of m-PNQD random variables(see
Wu and Rosalsky(2015)).
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Example 1.2. Let {Yn, n ≥ 1} be a sequence of PNQD random
variables and let m ≥ 2. For n ≥ 1, let r ≥ 1 be such that (r−1)m+1 ≤
n ≤ rm and let Xn = Yr. Then {Xn, n ≥ 1} is a sequence of m-PNQD
random varibles.

We introduce a sequence of random variables {X,Xn, n ≥ 1} satisfy-
ing the following inequalities

(1.4) c1P (|X| > t) ≤ 1

n

n∑
k=1

P (|Xk| > t) ≤ c2P (X > t),

where c1 and c2 are positive constants.

If there exists a positive constant c1(c2) such that the left-hand side(right-
hand side) of (1.4) is satisfied for all k ≥ 1, n ≥ 1 and t ≥ 0, then the
sequence {Xn, n ≥ 1} is said to be weakly lower(upper) bounded by X.
Moreover, the sequence {Xn, n ≥ 1} is said to be weakly bounded by X
if it is both lower and upper bounded by X.

In this paper we establish the complete moment convergence and the
Mar cinkiewicz - Zygmund strong law of large numbers for a sequence of
m-PNQD random variables which is weakly bounded by random variable
X.

2. Some lemmas

Inspired by Lehmann(1966) we obtain the following lemma.

Lemma 2.1. Let {Xn, n ≥ 1} be a sequence of m-PNQD random
variables. Then we have the following properties.

(i) Cov(Xi, Xj) ≤ 0 for all i, j such that |i− j| ≥ m.
(ii) If {fn, n ≥ 1} are nondecreasing functions, then for all j, k such

that |j − k| ≥ m, fj(Xj) and fk(Xk) are PNQD.

Lemma 2.2 ([13]). Let {Xn, n ≥ 1} be a sequence of m-PNQD ran-
dom variables with EXn = 0 and EX2

n < ∞, n ≥ 1. Then there exists
a positive constant C depending only on m such that

(2.1) E( max
1≤j≤n

(

j∑
k=1

Xk)2) ≤ C(log 2n)2
n∑

k=1

EX2
k , n ≥ 1,

where log n = loge(max{e, n}), n ≥ 1.
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Lemma 2.3 ([6]). Let {Xn, n ≥ 1} be a sequence of random variables
which is weakly bounded by random variable X. Let r > 0 and for some
A > 0 X

′
i = XiI(|Xi| ≤ A), X

′′
i = XiI(|Xi| > A), and X

′
= XI(|X| ≤

A), X
′′

= XI(|X| > A). Then

(i) E|X|r <∞ implies (n−1)
∑n

i=1E|Xi|r ≤ CE|X|r,
(ii) n−1

∑n
i=1E|X

′
i |r ≤ C(E|X ′ |r +ArP (|X| > A)),

(iii) n−1
∑n

i=1E|X
′′
i |r ≤ CE|X

′′ |r.

Lemma 2.4 ([10]). Let {Yn, n ≥ 1} and {Zn, n ≥ 1} be sequences of
random variables. Then, for any q > 1, ε > 0 and a > 0,

E( max
1≤k≤n

|
k∑

i=1

(Yi + Zi)| − εa)+

≤ (
1

εq
+

1

q − 1
)

1

aq−1
E( max

1≤k≤n
|

k∑
i=1

Yi|q) + E( max
1≤k≤n

|
k∑

i=1

Zi|).

3. Main results

Theorem 3.1. Let {Xn, n ≥ 1} be a mean zero sequence ofm-PNQD
random variables which is weakly upper bounded by a random variable
X with EX2 <∞. If for r > 1 and 0 < p < 2 such that 1 < pr < 2

(3.1) E(|X|pr(log(1 + |X|))2) <∞,

then for every ε > 0

(3.2)

∞∑
n=1

n
r−2− 1

pE( max
1≤k≤n

|
k∑

i=1

Xi| − εn
1
p )+ <∞.

Proof. For fixed m ≥ 1, and 1 ≤ i ≤ n, let

Xni = −n
1
p I(Xi < −n

1
p ) +XiI(|Xi| ≤ n

1
p ) + n

1
p I(Xi > n

1
p ),

X
′
ni = Xi −Xni and X̃ni = Xni − EXni.

Then, we obtain

X
′
ni = n

1
p I(Xi < −n

1
p )− n

1
p I(Xi > n

1
p ) +XiI(|Xi| > n

1
p )

and

Xi = X̃ni +X
′
ni + EXni.
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Letting a = n
1
p and q = 2 in Lemma 2.4 we obtain

∞∑
n=1

n
r−2− 1

pE( max
1≤k≤n

|
k∑

i=1

Xi| − εn
1
p )+

≤ (
1

ε2
+ 1)

∞∑
n=1

∞∑
n=1

n
r−2− 2

pE( max
1≤k≤n

|
k∑

i=1

X̃ni|2)

(3.3) +

∞∑
n=1

n
r−2− 1

pE( max
1≤k≤n

|
k∑

i=1

X
′
ni|) +

∞∑
n=1

n
r−2− 1

p ( max
1≤k≤n

|
k∑

i=1

EXni|)

≤ I1 + I2 + I3.

Note that {X̃ni, 1 ≤ i ≤ n, n ≥ 1} is m-PNQD by Lemma 2.1 (ii). From
(1.4) and (2.1) we have

I1 = (
1

ε2
+ 1)

∞∑
n=1

n
r−2− 2

pE( max
1≤k≤n

|
k∑

i=1

X̃ni|2)

≤ C

∞∑
n=1

n
r−2− 2

p (log n)2
n∑

i=1

(EX̃ni
2
)

≤ C

∞∑
n=1

n
r−2− 2

p (log n)2
n∑

i=1

EX2
ni

≤ C

∞∑
n=1

n
r−2− 2

p (log n)2
n∑

i=1

EX2
i I(|Xi| ≤ n

1
p )

(3.4) +C
∞∑
n=1

n
r−2− 2

p (log n)2
n∑

i=1

n
2
pP (|Xi| > n

1
p )

≤ C

∞∑
n=1

n
r−1− 2

p (log n)2EX2I(|X| ≤ n
1
p )

+C

∞∑
n=1

nr−1(log n)2P (|X| > n
1
p )

= I11 + I12.
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Since the function (log x)2 is slowly varying at x we have

I11 = C

∞∑
n=1

n
r−1− 2

p (log n)2
n∑

m=1

E(X2I(m− 1 < |X|p ≤ m))

= C
∞∑

m=1

EX2I(m− 1 < |X|p ≤ m)
∞∑

n=m

n
r−1− 2

p (log n)2

(3.5) ≤ C

∞∑
n=1

n
r− 2

p (log n)2E(X2I((n− 1) < |X|p ≤ n))

≤ CE|X|pr(log(1 + |X|))2 <∞.

I12 = C

∞∑
n=1

nr−1(log n)2P (|X| > n
1
p )

≤ C
∞∑
n=1

n
r−1− 1

p (log n)2E|X|I(|X| > n
1
p )

= C

∞∑
n=1

n
r−1− 1

p (log n)2
∞∑

m=n

E(|X|I(m < |X|p ≤ m+ 1))

(3.6) = C

∞∑
m=1

E(|X|I(m < |X|p ≤ m+ 1))

m∑
n=1

n
r−1− 1

p (log n)2

= C

∞∑
n=1

n
r− 1

p (log n)2E(|X|I(n < |X|p ≤ n+ 1))

≤ CE(|X|pr(log(1 + |X|))2) <∞.
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I2 ≤ C
∞∑
n=1

n
r−2− 1

p

n∑
i=1

E|X ′ni|

≤ C
∞∑
n=1

n
r−2− 1

p

n∑
i=1

E(|Xi|I(|Xi| > n
1
p ))

+C
∞∑
n=1

n
r−2− 1

pn
1
p

n∑
i=1

P (|Xi| > n
1
p )

(3.7) ≤ C
∞∑
n=1

n
r−1− 1

pE(|X|I(|X| > n
1
p ))

= C
∞∑
n=1

n
r−1− 1

p

∞∑
m=n

E(|X|I(m
1
p ≤ |X| ≤ (m+ 1)

1
p ))

= C
∞∑

m=1

E(|X|I(m < |X|p ≤ (m+ 1)))
m∑

n=1

n
r−1− 1

p

≤ C

∞∑
n=1

n
r− 1

pE(|X|I(n < |X|p ≤ n+ 1))

≤ CE|X|pr <∞.

I3 ≤ C
∞∑
n=1

n
r−2− 1

p

n∑
i=1

E|Xni|

≤ C

∞∑
n=1

n
r−2− 1

p

n∑
i=1

E(|Xi|I(|Xi| ≤ n
1
p )) + C

∞∑
n=1

n
r−2− 1

p

n∑
i=1

n
1
pP (|Xi| > n

1
p )

≤ C

∞∑
n=1

n
r−1− 1

pE(|X|I(|X| ≤ n
1
p )) + C

∞∑
n=1

n
r−1− 1

pE(|X|I(|X| > n
1
p ))

≤ I31 + I32.
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I31 = C
∞∑
n=1

n
r−1− 1

pE(|X|I(|X| ≤ n
1
p ))

= C

∞∑
n=1

n
r−1− 1

p

n∑
m=1

E|X|I((m− 1)
1
p ≤ |X| ≤ m

1
p )

= C
∞∑

m=1

E(|X|I((m− 1)
1
p ≤ |X| ≤ m

1
p ))

m∑
n=1

n
r−1− 1

p

(3.8) ≤ C

∞∑
n=1

n
r− 1

pE(|X|I((m− 1) ≤ |X|p ≤ m))

≤ CE(|X|pr).

By the similar method as in (3.7) we have

I32 = C
∞∑
n=1

n
r−1− 1

pE(|X|I(|X| > n
1
p ))

(3.9) ≤ CE(|X|pr) <∞.

Hence by combining (3.3)-(3.9), the proof is completed.

Corollary 3.2. Let 1 < r < 2 and 0 < p < 2 such that 1 < pr < 2.
Let {Xn, n ≥ 1} be a mean zero sequence of m-PNQD random variables
which is weakly bounded by a random variable X such that EX2 <∞.
If (3.1) holds, then, for every ε > 0,

∞∑
n=1

nr−2E(sup
k≥n
|Xk

k
1
p

| − ε)+ <∞.
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Proof. Using the similar method in the proof of Theorem 3.1 we ob-
tain that

∞∑
n=1

nr−2E(sup
k≥n
|
∑k

i=1Xi

k
1
p

| − ε)+

=

∞∑
n=1

nr−2
∫ ∞
0

P (sup
k≥n
|
∑k

i=1Xi

k
1
p

| − ε > t)dt

=
∞∑

m=1

2m−1∑
n=2m−1

nr−2
∫ ∞
0

P (sup
k≥n
|
∑k

i=1Xi

k
1
p

| > ε+ t)dt

=

∞∑
m=1

∫ ∞
0

P ( sup
k≥2m−1

|
∑k

i=1Xi

k
1
p

| > ε+ t)dt

2m−1∑
n=2m−1

2m(r−2)

≤ C
∞∑

m=1

2m(r−1)
∫ ∞
0

P ( sup
k≥2m−1

|
∑k

i=1Xi

k
1
p

| > ε+ t)dt

= C

∞∑
m=1

2m(r−1)
∫ ∞
0

P (sup
l≥m

max
2l−1≤k≤2l

|
∑k

i=1Xi

k
1
p

| > ε+ t)dt

≤ C

∞∑
m=1

2m(r−1)
∞∑

l=m

∫ ∞
0

P ( max
1≤k≤2l

|
k∑

i=1

Xi| > (ε+ t)2(l−1)/p)dt

≤ C22−r
∞∑
l=1

∫ ∞
0

P ( max
1≤k≤2l

|
k∑

i=1

Xi| > (ε+ t)2(l−1)/p)dt

l∑
m=1

2m(r−1)

≤ C22−r
∞∑
l=1

2l(r−1)
∫ ∞
0

P ( max
1≤k≤2l

|
k∑

i=1

Xi| > (ε+ t)2(l−1)/p)dt

(let t1 = 2(l−1)/pt)

= C2
2−r+ 1

p

∞∑
l=1

2
l(r−1− 1

p
)
∫ ∞
0

P ( max
1≤k≤2l

|
k∑

i=1

Xi| > ε2
l−1
p + t1)dt1

let ε = ε12
2
p

≤ C
∞∑
l=1

2(l+1)−1∑
n=2l

2
(l+1)(r−2− 1

p
)
∫ ∞
0

P ( max
1≤k≤n

|
k∑

i=1

Xi| > ε12
l+1
p + t1)dt1

≤ C
∞∑
l=1

2(l+1)−1∑
n=2l

n
r−2− 1

p

∫ ∞
0

P ( max
1≤k≤n

|
k∑

i=1

Xi| > ε1n
1
p + t1)dt1

(3.10) = C

∞∑
n=1

n
r−2− 1

pE( max
1≤k≤n

|
k∑

i=1

Xi| − ε1n
1
p )+ <∞ by (3.2).



142 M.H. Ko

Hence, the proof is complete.

We consider case pr = 1 and 0 < p < 1.

Theorem 3.3. Let {Xn, n ≥ 1} be a mean zero sequence ofm-PNQD
random variables which is weakly bounded by a random variable X. If

(3.11) E(|X|(log(1 + |X|))2) <∞,

then for all ε > 0,

(3.12)

∞∑
n=1

n−2E( max
1≤k≤n

|
k∑

i=1

Xi| − εn
1
p )+ <∞

holds.

Proof. First, as in the proof of Theorem 3.1 we define Xni, X
′
ni and

X̃ni, respectively. By letting a = n
1
p and q = 2 in Lemma 2.4 we obtain

that

∞∑
n=1

n−2E( max
1≤k≤n

|
k∑

i=1

Xi| − εn
1
p )+

≤ (
1

ε2
+ 1)

∞∑
n=1

n
−2− 1

pE( max
1≤k≤n

|
k∑

i=1

X̃ni|2)

+

∞∑
n=1

n−2E( max
1≤k≤n

|
k∑

i=1

X
′
ni|) +

∞∑
n=1

n−2( max
1≤k≤n

|
k∑

i=1

EXni|)

(3.13) = : J1 + J2 + J3.
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For J1, we have

J1 ≤ C(
1

ε2
+ 1)

∞∑
n=1

n
−2− 1

p (log n)2
n∑

i=1

E|X̃ni|2

≤ C
∞∑
n=1

n
−2− 1

p (log n)2
n∑

i=1

E|Xni|2

≤ C
∞∑
n=1

n
−2− 1

p (log n)2
n∑

i=1

{E|Xi|2I(|Xi| ≤ n
1
p ) + n

2
pEI(|X| > n

1
p )}

≤ C
∞∑
n=1

n
−1− 1

p (log n)2
n∑

i=1

E(|X|2I(|Xi| ≤ n
1
p ))

+C

∞∑
n=1

n
−1+ 1

p (log n)2P (|X| > n
1
p )

(3.14) = : J11 + J12.

For J11, by E|X|(log(1 + |X|))2 <∞ we have

J11 = C

∞∑
n=1

n
−1− 1

p (log n)2
n∑

m=1

E(|X|2I((m− 1)
1
p < |X| ≤ m

1
p ))

= C
∞∑

m=1

E(|X|2I((m− 1)
1
p < |X| ≤ m

1
p ))

∞∑
n=m

n
−1− 1

p (log n)2

≤ C

∞∑
m=1

m
− 1

p (log(1 +m))2E(|X|2I((m− 1)
1
p < |X| ≤ m

1
p ))

(3.15) ≤ CE(|X|(log((1 + |X|)))2) <∞.



144 M.H. Ko

For J12 we have

J12 ≤ C

∞∑
n=1

n−1(log n)2E(|X|I(|X| > n
1
p ))

= C
∞∑
n=1

n−1(log n)2
∞∑

m=n

E(|X|I(m
1
p < |X| < (m+ 1)

1
p ))

= C

∞∑
m=1

E(|X|I(m
1
p < |X| < (m+ 1)

1
p ))

m∑
n=1

n−1(log n)2

≤ C
∞∑

m=1

(log(1 +m))2E(|X|I(m < |X|p < (m+ 1)))

(3.16) ≤ CE(|X|(log(1 + |X|))2) <∞.
For J2 we obtain that

J2 ≤ C
∞∑
n=1

n−1E(|X|I(|X| > n
1
p ))

= C

∞∑
n=1

n−1
∞∑

m=n

E(|X|I(m < |X|p ≤ m+ 1))

= C
∞∑

m=1

E(|X|I(m < |X|p ≤ m+ 1))
m∑

n=1

n−1

≤ C

∞∑
m=1

log(1 +m)E(|X|I(m < |X|p ≤ m+ 1))

≤ CE(|X| log(1 + |X|))
(3.17) < ∞.
For J3, it is easy to see that

J3 ≤ C

∞∑
n=1

n−2
n∑

i=1

E(|Xi|I(|Xi| > n
1
p ))

≤ C

∞∑
n=1

n−1E(|X|I(|X| > n
1
p ))

(3.18) ≤ CE(|X| log(1 + |X|)) <∞ by (3.17).

Hence the proof is complete.

Next, we consider the Marcinkiewicz-Zygmund-type strong law of
large numbers for m-PNQD sequence satisfying (1.4).
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Corollary 3.4. Let r > 1 and 1 < p < 2. Let {Xn, n ≥ 1} be
a sequence of zero mean m-PNQD random variables which is weakly
bounded by a random variable X withE|X|p <∞. Under the conditions

of Theorem 3.1 n
− 1

p
∑n

i=1Xi → 0 a.s. holds.

Proof. Under conditions of Theorem 3.1 it is true that for every ε > 0

∞∑
n=1

n
r−2− 1

pE( max
1≤k≤n

|
k∑

i=1

Xi| − εn
1
p )+

≥ ε

∞∑
n=1

nr−2P ( max
1≤k≤n

|
k∑

i=1

Xi| > 2εn
1
p ).

Hence, (3.2) implies

(3.19)
∞∑
n=1

nr−2P ( max
1≤k≤n

|
k∑

i=1

Xi| > εn
1
p ) <∞

for every ε > 0.
Since r > 1 it can be seen by (3.19) that

∞∑
n=1

n−1P ( max
1≤k≤n

|
k∑

i=1

Xi| > εn
1
p ) ≤

∞∑
n=1

nr−2P ( max
1≤k≤n

|
k∑

i=1

Xi| > εn
1
p ).

It is easy to obtain n
− 1

p
∑n

i=1Xi → 0 a.s., n→∞.
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