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STABILITY OF A QUADRATIC-CUBIC-QUARTIC
FUNCTIONAL EQUATION

YANG-HI LEE

ABSTRACT. In this paper, we investigate the stability of a quadratic-
cubic-quartic functional equation

fl@+ky)+ flx—ky) — kK flz+y) — K fz —y)

20— #)(w) ~ D (r(2y) 4 2 (-9) — 67(w) = 0

by applying the direct method in the sense of Gavruta.

1. Introduction

In this paper, let V and W be real vector spaces, Y be a real Banach
space and k € R\{0,£1}. For a given mapping f : V — W with
f(0) =0, we use the following abbreviations
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6
" nr) — n+1
Jnf(l’) ::fo(:n I’) + 16fe(2 132 : 4%(2 x)
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12 - 16" ’
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forall z,y € V and alln € NU{0}. Gordji et al. [3] proved the stability of
the quadratic-cubic-quartic functional equation D f(x,y) = 0 for a fixed
k € Z\{0,£1}. For the terminology “quadratic-cubic-quartic functional
equation”, refer to the papers [2, 3]. This author [5] proved the stability
of the functional equation D f(x,y) = 0 for the case k = 2 by using the
fixed point theory, and also showed the Hyers-Ulam-Rassias stability of
the quadratic-cubic-quartic functional equation

fla+ky) + flz —ky) — K2 f(x +y) — K f(z —y)
+2(K* = 1) f(2) + (B + £°) f(y) + (K = k) f(—y) — 2f (ky) = 0
[6]. In this paper, we will prove the stability of the functional equation
Df(x,y) = 0in the sense of Gavruta [1] (See also [4, 7] ). In other words,
from the given mapping f that approximately satisfies the functional
equation Df(z,y) = 0, we will show that the mapping F', which is the

solution of the functional equation Df(z,y) = 0, can be constructed
using the formula

F(z) = lim J,f(z)

n—oo

or

F(z) = lim J,f(x),

n—o0

and we will prove that the mapping F' is the unique solution of functional
equation D f(x,y) = 0 near the mapping f.

2. Main theorems

The following lemma is needed to show the uniqueness of the solution
mapping of the functional equation D f(z,y) = 0 satisfying a certain
condition within the main theorem about the stability of the functional
equation Df(x,y) = 0.

LEMMA 2.1. If a mapping f : V — W satisfies D f(x,y) = 0 for all
x,y € V, then the equalities

(2.1) f(@) =Jnf(2),
(2.2) f(a) =J,.f(x)
hold for all x € V' and all n € NU {0}.
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Proof. Notice that if a mapping f : V' — W satisfies Df(x,y) = 0 for
all x,y € V, then the equalities

fe(4x) — 20fc(2x) + 64 f.(x) =0,
fo(22) = 8fo(z) =0

can be obtained from the equalities

2D (0,0
1O =agta =
(2'3) fe(4x) - 20fe(2$) 64fe(x) 36fe(
_ 12k*Dfe(z, ) — 12(k* — 1)D fe(0, z)
B k2(k2 —1)
6D fe(0,2x) — 12D fo(kz, x)
; k2(k2 —1) ’
R fol2) — 86ule) =)

for all z € V. Therefore, the equality (2.1) can be derived from the
equality

fo(an) _ 16.}06(2711") + fe(2n+1x) + 4fe(2nx) — fe(2n+1x)

_n—l 2f0(2ix) — fo(Qin) n—1 64fe(2i96) _ 20fe(2”1x) + fe(2i+2$>
et Z 8i+1 ‘I’ Z 12 : 4i+1
=0 i=0
le 64fe(2'x) — 20£e(2"7) + fo(27%2)
12 16:+1
=0
for all z € V and n € NU{0}. The equality (2.2) can be easily obtained
in a similar way. 0

In the following theorem, we can prove the generalized Hyers-Ulam
stability of the functional equation Df(x,y) = 0 by using the direct
method in the sense of Gavruta.

THEOREM 2.2. Let f : V — Y be a mapping for which there exists a
function ¢ : V2 — [0, 00) such that the inequality

(2.5) I1Df (@, y)ll < o(z,y)
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holds for all x,y € V and let f(0) = 0. If ¢ has the property

L (20, 2
(2.6) 27“0( Z; Y -
n=0

for all x,y € V, then there exists a unique solution mapping F': V —Y
of the functional equation D f(x,y) = 0 satisfying the inequality

6¢0c(0,2"x) 2k p(2"x, 2"x)
1) = F@)l < gz 1\Z< 0270 e,

L 2R = e (02" )*—weﬁh2”+lx)+—Zp42”kx72"w)>

(2.7) 9 . gn+1

for allz € V, where @, is the function defined by p.(x,y) := M.

In particular, F' is represented by the equality F(x) = lim, oo Jp f (z)
forallz € V.

Proof. From the equalities (2.3), (2.4) and (2.5), we have

[Jnf(2) = Jngr f (@)
o(2"x)  f,(2"T i) 1 1
(5 )

SAnt+l 12167+
< (B41,(2") — 201,27 ) + (20|
6D f,(0,2") N 2k2Df.(2"x, 2 )
k2 (k2 — 1)8n+1 k2(k2 —1)2 - 4nt1
N —2(k* = 1)Df.(0,2"x) — Df.(0,2" '2) + 2D f.(2"kz, 2"x)
E2(k2 —1)2 - 4nt1
1 6pc(0,2"7)  2k%p.(2"x,2"x) + 2|k% — 1] (0, 2"x)
< +
_k‘2|/€2 _ 1| 8n+1 9. 4n+l

©e(0,2"12) + 20, (2"kx, 2"x)
9. 4+l

8n 8n+1

(2.8) +
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for all x € V. It follows from (2.8) that
[ f (@)= Tntm f ()]

n+m—1

< Z | Ji f(x) — Jix1f ()|

1 "*il (6%(0, 2iz)  2h%p. (2w, 2ix)

<—F - -
— ]{;Z‘kQ _ 1| — gi+1 2. 4i+1
(2.9) N 2|k% — 1)e (0, 282) + e (0, 2871 2) + 20, (20K, 2ix)
' 2 - 4it1

for all x € V. In view of (2.6) and (2.9), the sequence {J,f(z)} is
a Cauchy sequence for all z € V. Since Y is complete, the sequence
{Jnf(x)} converges for all x € V. Hence, we can define a mapping
F:V =Y by

F(z) = lim J,f(z)

n—o0

for all x € V. Moreover, letting n = 0 and passing the limit m — oo in
(2.9) we get the inequality (2.7). With the definition of F', we easily get
the equality DF(z,y) = 0 from the relations

[DF(z,y)|
:HDfO(2"x,2”y) | 16Dfe(2",2"y) — fe(2n g, 2ty
8n 12 .47
4Dfe(2nx7 2ny) — f6(2n+1x7 2n+1y)
a 12- 16" H
<H Df,(2"x, 2™y) H N H 16D f.(2"x, 2™y) ‘ H Df.(2nF1g, 2ntly) H
< o

12 - 4n 12 - 47
cPe(2M2,2"y) | 160.(2"%,2"y) | pe(2" e, 27 y)
- 8n 12 . 4n 12 - 47
— 0 as n — oo.

To prove the uniqueness of F, let F’ : V — Y be another mapping
satisfying the equality DF'(z,y) = 0 and the inequality (2.7). Instead
of the condition (2.7), it is sufficient to show that there is a unique
mapping F' satisfying the simpler condition

= B(2x)

1f(z) = F2)] <

)
e
=
_I_
AR

=0
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for all x € V', where

_ 2K (2, 27w) + 2(k% + 4)pe (0, 2) + e (0,2 ) + 2 (2'k, 2'2)
k2|k? — 1] '

By (2.1), the equality F'(z) = J,F’'(x) holds for all n € N. Therefore,

we have

[ Jnf(x) = F'(2)]]
=[Jnf(x) = JnF' ()]

|| fo(2"x) N 16fc(2"x) — fo(2"a)  4fe(2"x) — fo(2 )
IR 12 - 4n 12-16™
_ Fy(2"x)  16F,(2"x) — FL(2"" ) N 4F!(2nx) — Fl(2" 1)
8" 1240 12- 16"
fo(2"x)  Fl(2"x) 16 ,
S‘ s e | T e IR - R

1
+<12'4n_ 12 - 167

> er(2n+lw) o Fé(2n+1x)H
21+n 4 — @(2i+nx) 4 e @(2i+n+1x)
—Z il 8n §22.4i+1.4n +§Z 2. 4itl . 4n
=0 i=0
o (2'x) 2 B(2'x)
—Z s £y T D g

i=n i=n-+1

for all x € V' and all n € N. Taking the limit in the above inequality as
n — oo, we conclude that F'(z) = lim, oo Jyf(z) for all z € V. This
means that the equality F(z) = F’(x) holds for all x € V. O

COROLLARY 2.3. Let p € (0,2) and X be a real normed space. If
f: X — Y is a mapping such that

(2.10) 1D f (2, )|l < ([l ]l” + [lylI*)

for all x,y € X, then there exists a unique solution mapping F': X — Y
of the functional equation D f(x,y) = 0 satisfying the inequality

6
—F(z)|| <
1f(z) — F(z)| STl = 1)(8 — 2)
4k2 + 2|k — 1| + 2 + 2|k|P + 2P
2k2|k2 — 1|(4 — 27)

(2.11)

for all x € X.
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Proof. If we put ¢ = 0(||z||” + ||y||?) in Theorem 2.2, the inequality
(2.11) is easily obtained from the inequality (2.7). O

THEOREM 2.4. Let f : V — Y be a mapping for which there exists
a function ¢ : V2 — [0,00) such that the inequality (2.5) holds for all
x,y € V and let f(0) =0. If ¢ has the property

(2.12) 216” ( ) < 00

for all x,y € V, then there exists a unique solution mapping F': V — Y
of the functional equation D f(x,y) = 0 satisfying the inequality

(2.13) 1f () = F(2)]| < Z‘I’

for all x € V', where

6-8" 0.~ 8- 16" o2 x T
k2|k2—1]%< ’2"+1>+k2|k2—1] S"e<2n+2’2n+2)

9 x x kx =
+ 2012 — 1. (0, 2n+2)—|—<pe (o, 2n+1)+2% (2”+22n+2>>

In particular, F' is represented by F(x) = lim, o J,, f(x) for allz € V.

U, (x) =

Proof. From the equalities (2.3), (2.4) and (2.5), we have

|5 f () — J’+1f(95)”

o (5 (G2) 35 () )

+ (4-16"3—4”)<f€ (3) — 201 (o) + 041 (o) ) H

6-8"
< -
< 17| PP (0 7o) ”
4-16" kx =
+3k2|k52— —6Dfe <0’ 2n+1> +12Dfe (2n+2’2n+2)

9 T
+12k°D fe <2n+2’ 2n+2) -1 Dfe( 2n+2)

(2.14) <V, (x)
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for all x € V. It follows from (2.14) that

n+m—1

(2.15) 12f (@) = Tpmf @) < Y Wilz)

i=n

for all z € V. In view of (2.12) and (2.15), the sequence {J] f(x)} is
a Cauchy sequence for all z € V. Since Y is complete, the sequence
{J}, f(x)} converges for all z € V. Hence, we can define a mapping
F:V =Y by F(z) :=lim,—c J}, f(z) for all z € V. Moreover, letting

n = 0 and passing the limit m — oo in (2.15) we get the inequality
(2.13). From the definition of F', we easily get

Y 4-16™ — 4" T Yy

IDFG )l =[8"Dss (50 i) + =—5—— D1 (55 2)
6n+1 _ 4n+2 T
- Dfe (g o) |
3 on+1’ 9n+1
<0 o (5 50) | + |2t (57 57) |

16n+1 T
+Z5=0s (g o) |

+1 x +, x Y
<16" Pe (2n 2n> +16" (2n+1 ) 2n+1>
— 0 as n — oo,

which means that DF(x,y) =0 for all z,y € V.

To prove the uniqueness of F, let F/ : V — Y be another mapping
satisfying DF'(z,y) = 0 and (2.13). Instead of the condition (2.13), it is
sufficient to show that there is a unique mapping satisfying the simpler
condition

1 () |\<216% ()

for all x € V, where

x 16 x x
@(f.) = 2k? (7 ,—— )
2 kZ‘k.Q _ 1| ( k ¥ 21+2 2z+2

) x T kx «x
+ 2|k —1\%( 21+2)+ Pe (0 2z+1)+ Pe (2i+2’2i+2>>'
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By (2.2), the equality F'(xz) = J), F'(x) holds for all z € V and all n € N.
Therefore, we have

177 f (x) = F' ()]

=[5 f(2) — JF'(2)]
o (52) + G () g ()

- () - R () e ()|
o (5) =7 () |+ 10 () - 72 () |
() -7 (5|

< 2 1610 (25) + 'il 1610 (g) + 2 16119 (25)

=n

S ‘

<"

for all x € V and all n € N. Taking the limit in the above inequality
as n — oo, we can conclude that F'(x) = lim,, o0 J), f(2) for all z € V.
This means that F(z) = F'(z) for all z € V. O

COROLLARY 2.5. Let p > 4 be a real number and X be a real normed
space. If f : X — Y is a mapping satisfying the inequality (2.10) for all
x,y € X, then there exists a unique solution mapping F': X — Y of the
functional equation D f(x,y) = 0 satisfying the inequality

6 8(4k2 + 2|k? — 1] + 2|k[P 4 2 + 27)
_F <
Hf(x) (m)H —kZ‘k2_1|(2p_8) + ]g2’k2_1‘2p(2p—16)

for all x € X.
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