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A NEW GENERALIZED QUARTIC FUNCTIONAL
EQUATION AND ITS STABILITY PROBLEMS

HerJEONG KOH*

ABSTRACT. We will introduce a new type of quartic functional
equation and then investigate the stability for a quartic functional
equation in a convex modular space.

1. Introduction

The stability problem for a functional equation was first posed by
Ulam [23] in the context of the stability of group homomorphisms. In
the next year, Hyers [6] gave a partial answer to the question of Ulam.
Subsequently, Hyers’ theorem was generalized in various directions. The
first author who generalized Hyers’ theorem to the case of unbounded
control functions was Aoki [1]. Rassias [20] succeeded in extending the
result of Hyers’ by weakening the condition for the Cauchy difference.
Rassias’ paper [20] has been very influential provided in the develop-
ment of Hyers-Ulam stability or Hyers-Ulam-Rassias stability of func-
tional equations. In 1996, Isac and Rassias [7| were first to provide
applications of new fixed point theorems for the proof of the stability of
functional equations. By using fixed point methods the stability prob-
lems of several functional equations over various normed spaces have
been extensively investigated by a number of authors; see [4], [3], [17]
and [18]. In particular, Rassias [19] introduced the quartic functional
equation

(1.1) f(z+2y)+ f(z—2y) +6f(x) =4f(x+y) +4f(z —y) +24f(y) .

It is easy to see that f(z) = x*

identity
(1.2)  (z+29)* + (x —29)* + 62" = 4(x + v)* + 4(z — y)* + 249"

is a solution of (1.1) by virtue of the
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For this reason, (1.1) is called a quartic functional equation. Chung
and Sahoo [5] determined the general solution of (1.1) without assuming
any regularity conditions on the unknown function. In fact, they proved
that the function f : R — R is a solution of (1.1) if and only if f(x) =
A(z,z,z,2), where the function A : R* — R is symmetric and additive
in each variable. Lee and Chung [9] introduced a quartic functional
equation as follows:

(1.3) flaz +y) + flaz —y)

=a’f(z +y) +afz —y) +2a*(a® = 1) f(2) = 2(a® = 1) f(y),
for fixed integer a with a # 0, +1.
As we notice there are various definitions for the stability of the quar-
tic functional equations, in this paper, we will introduce a new type of
a generalized quartic functional equation as follows :

(1) flar—by) + f(br —ay) + Dla— 2+ )
= Dt 02— ) + (@~ (@) + F)

where a and b are integers with a # b and a, b # 0, +1.

DEFINITION 1.1. Let X be a linear space over a field K(R or C).
A generalized functional p : X — [0, oo] is called a modular if for any
z,ye X,
(M1) ()—Oifandonlyif:v:().
(M2) p(ax) = p(z) for all scalar o with || =1.
(M3) p(az + By) < p(x) + p(y) for all scalars a, >0 with a+ 3 =1.
If (M3) is replaced by

(M4) p(ax + By) < ap(z) + Bp(y) for all scalars a, > 0 with
a+ B =1, then the functional p is said to be a convex modular.

A modular p defines the following vector space:
X, ={r e X|p(Ar) = 0as A = 0}

and we call X, a modular space. Let p be a convex modular. The norm
on the modular space X, is defined by

|, = inf{)\ > O|p(§> < 1}.

It is called the Luxemburg norm.

A modular p is said to satisfy the As-condition if there exists k > 0
such that p(2z) < kp(z) for all x € X,. We call the constant k£ a Ao-
constant related to As-condition. Now, let {z,} be a sequence in X, .
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The sequence {z,} is p-convergent to a point x € X, if p(x, —x) = 0
as n — 0o or lim, ooz, = x. The sequence {z,} is called p-Cauchy if
for any € > 0 one has p(x, — z,,) < ¢ for sufficiently large n, m € N.
Also, X, is called p-complete if any p-Cauchy sequence is p-convergent
to a point in X,. The modular p has the Fatou property if and only
if p(z) < liminf, o p(z,) whenever the sequence {z,} is p-convergent
to . The modular theory on linear spaces and the related modular
theory on linear spaces have been established by Nakano [16]. Kim and
Shin [11] investigated the stability problems of additive and quadratic
functional equations in modular spaces.

In this paper, we will obtain a general solution of the generalized quar-
tic functional equation (1.4) and then investigate the stability problems
by using both the direct method and the fixed point method for the
given generalized quartic functional equation in the modular space.

2. A solution for a generalized quartic functional equation

In this section let X and Y be real vector spaces. We will inves-
tigate the general solution of the functional equation (1.4)concerning
n-additive symmetric mappings. The key concepts are found in [22]
and [24].

THEOREM 2.1. A mapping f : X — Y is a solution of the functional
equation (1.4) if and only if f is of the form f(z) = A*(x) for allz € X ,
where A*(z) is the diagonal of a 4-additive symmetric mapping Ay :
Xty

Proof. Suppose f satisfies the functional equation (1.4). On letting
x =y = 0 in the equation(1.4),
(2a* — 2a2b% 4 2b* — 2)£(0) = 0.
Hence f(0) = 0. On putting y = 0 in the equation (1.4), we have
(2.1) flaz) + f(bx) = a' f(z) + b' f ()

for all x € X . Also, on letting z = 0 in the equation (1.4) and then
replacing y by —zx, we get

f(bx) + f(az) + %b(a — b2 f(—x) — %b(a +0)*f(z) — (a®> = b*)?f(—z) =0
for all z € X . By using the equation (2.1), we have

(4 + 5" — 5a*b— @V — ab?)(f(~a) ~ [(x)) = 0.
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That is, f(z) = f(—=z), for all z € X . By Theorems 3.5 and 3.6 in [24],
f is a generalized polynomial function of degree at most 4, that is, f is
of the form

(2.2) f(z) = Al(x) + A%(x) + A%(2) + A'(2) + A%(2)

for all » € X , where A%(z) = A” is an arbitrary element of Y and A%(x)
is the diagonal of an j-additive symmetric mapping A4; : X* — Y for
i =1,2,3,4. By f(0) =0 and f(—x) = f(x) for all z € X, we get
A%x) = A" =0 and A'(z) = A3(x) = 0. Hence we have

f(z) = A¥z) + A%(2)
for all z € X . The equation (2.1) and A" (rz) = r"A"(x) for all x € X
and all r € Q imply that
a* (Al (z) + A (2)) +b'(A*(2) + A%(2)) = (0" +b") A (2) + (a® +b%) A% (2)

for all z € X . Hence we may conclude that A%(z) = 0. Thus f(z) =
A*(x) for all x € X , as desired.

Conversely, assume that f(z) = A*(z) for all x € X, where A*(x)
is the diagonal of a 4-additive symmetric mapping A4 : X* — Y . Note
that

At(qx + ry)

= ¢' Al (x) + 44°r AP (2, y) + 64712 AP (2, y) + 4qr° AV (2, y) + 1AM (y)
ANz, y) = A cayy), LAY (2,y) = A (z, cy)

where 1 < s,t < 3 and ¢ € Q. Thus we may conclude that f satisfies

the equation (1.4). O

Now, we call the mapping f a generalized quartic mapping if f satisfies
the equation (1.4).

3. The Direct Method Approach

Throughout this section let V' be a linear space and X, a p-complete
convex modular space unless otherwise stated. Now, we will state some
basic properties as a remark to be used in this section.

REMARK 3.1. 1. p(ax) < ap(z) foral 0 < a < 1.
2. p(3oioy ajwy) < 370 ajp(x;) forallay >0, where 307 a; < 1.
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LEMMA 3.2. Let X be a linear space over a field K (R or C) . Suppose
X satisfies the Ag-condition with As-constant k. Then for each a € K
with |a| > 1 there exists a constant k, such that p(ax) < kqp(x) for all
reX.

Proof. Since |a| > 1, then there exists a positive integer n such that
2"l < Ja| < 2". Hence we have

a al..,
plaz) = p( k) = pllale) = p(ipiz"0)
a n a n
< 1 p@ra) < Wnp(@) = kupla)
where k, = @gn. 0

DEFINITION 3.3. Let @ > 2 be an integer. A modular p is said to
satisfy the A,-condition if there exists k, > 0 such that p(ax) < kyp(z)
for all z € X,. We call the constant k, a A,-constant related to the
A,-condition and a.

LEMMA 3.4. Let a > 2 be a fixed integer. Let X be a linear space
over a field K(R or C). Suppose X satisfies the /\,-condition with /\,-
constant k, . Then the /\,-constant k, is greater than equal to a .

Proof. If kg < a, then p(z) < Lp(az) < ko p(z) < p(x), forallz € X .

— a
It is a contradiction. ]

For a given function f : V — X, and a fixed integer a > 2 let

Daf(a,y) = flaz = y) + fla — ay) + 5 (a = 1*f (@ + )

a

5@+ D?f(z —y) = (® = 1)*[f(z) + f(y)]

THEOREM 3.5. Let a > 2 be an integer. Suppose X, satisfies the /-
condition with A4-constant k, . If there exists a function ¢ : V' — [0, 00)
for which a mapping f : V — X, satisfies

(3.1) p(Daf(z,y)) < ¢(x, y)

62 o ) <o 3 (5)o(5. 8) <
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for all x, y € V, then there exists a unique generalized quartic mapping
Q :V — X, defined by Q(z) = p — limy, a4"f(a%> and

69 oli-aw) < L3 (5200

forallx € V.

Proof. On taking x = y = 0 in the inequality (3.1), we have p(2a?(1—
a?)f(0)) < ¢(0, 0). The equation (3.2) implies that f(0) = 0. Now,
replacing x and y by T and 0 respectively, we have

4.(7 x
. - 2)) < o=
(3.4) p(f(f) a f(a)) < ¢>(a,0)
for all z € V. For any positive integer n, the /A,-condition and the

Remark 3.1 imply that

n

(1= () = oS (Gm) -i(5))

j=1
) N
< — —“) (—., 0)
- K Z ( a ¢ al
j=1
for all x € V. For all positive integers n and m with n > m, we get

ot () = Gw)) = el (G5) =1 ()

< S (2)'o(m0
]:
< =) ()50
j=m+1

for all z € V. The last part of the above inequalities tends to zero as
m — oo. Hence the sequence {a*" f(a%)} is a p-Cauchy sequence in
the p-complete convex modular space. This means that the sequence
{a*" f(%)} is p-convergent in X,. Hence we may define a mapping
Q:V — X, by
x
e

Q(z) = lim a™f(

for all x € V. In fact, this means that

o3 (o1 (2) - ) <o
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for all x € V. By using the A,-condition with /\,-constant k., we have
p(F(@) = Q@) = p(f(@) —a*f () +a" () — Q@)
oS (ortor - () + Lo () - )
b 51— s (2)) S (ot () - 000)

a

IN

e S () o(20) + (s (2) - o)

for all x € V. As n — oo, the last part of the above inequalities implies

that
1 = kNG [
“2)6(=,0)
ak3 Z ( a ) qb(aﬂ
7=1
for all € V, that is, the inequality (3.3). Next, we will show the
mapping @ is a generalized quartic mapping, that is, it satisfies the
equality (1.4) when b = 1. We note that
o(a"0uf (o)) < oG ) =0
an

an’ am a7

p(f(z) = Q(z)) <

forall xz, y € V, as n — 0.
By an integer number a > 2 and the Remark 3.1, we have

p(DaQ(, y))

= (et =G ) o0t (- )

< B lp(Qar ) - a1 (P0)) 4 p(Q - ay) - ot (E))
Pl o -ay (222))
_WP(Q@—y)—a‘l" (29))

(k2 = 1% (Q(x) —a™f ()
(oDt (% 2))]

for all z, y € V. The note and the equation (3.5) imply that p(D,Q(z, y)) =
0 for all z, y € V. Hence the mapping @ is a generalized quartic map-
ping, as desired. Finally, we have to show that the mapping @ is unique.
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To show the uniqueness, we may assume that there is another a gener-
alized quartic mapping @ : V' — X, satisfies the inequality (3.3). Then
we have Q(z) = a*"Q(%) and Q(z) = a*"Q(%) for all z € V. Hence
we get

X

pQE) = Q@) = p(a"Q) —a" Q)

(@) () - () +1(G0)]
a\" — Zj x

() S (Eye(z

for all z € V. On taking the limit as n — oo, the uniqueness is proved.
O

IN

COROLLARY 3.6. Let a > 2 be an integer number and 6 and p >

log,, % be real numbers. Suppose V' is a normed space with norm || - ||
and X, satisfies the A4-condition with A,-constant kq. If f:V — X,
satisfies

(3.6) p(Daf(x, y)) < O([=[[” + [[yl")

for all z, y € V, then there exists a unique quartic mapping @ : V — X,
such that

2
(37) (1) - Q@) < s s el

for all x € V.

Proof. On taking ¢(z, y) = 6(||z||P + ||y||P) in the Theorem 3.5, we
know that the inequality (3.6) holds. Also, the inequalities (3.2) are
satisfied. According to Theorem 3.5, the inequality (3.7) holds. O

4. The Fixed Point Method Approach

In this section we use some ideas from [10] and [25] and we shall
study the Hyers-Ulam stability for the generalized quartic functional
equation (1.4) in a modular space by using the fixed point method. We
first assume that p is a convex modular on X, with the Fatou property
satisfying the A,-condition with A,-constant 0 < k, < a, where a > 2
is an integer.
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THEOREM 4.1. Let ¢ : V2 — [0,00) be a function such that there
exists an 0 < L < 1 with

(4.1) $(az,ay) < a'L ¢(z, y)
forall z, y € V. If f : V — X, is a mapping satisfying f(0) = 0 and
(4.2) p(Daf(z,y)) < ¢(x,y)

for all x, y € V, then there exists a unique generalized quartic mapping
Q:V — X, defined by Q(x) = limy, o0 a%nf(a"x) and

(43) (1) = Q@) € =900
for all x € V.

Proof. We define the set S to be
S:={g:V — X,, g(0) =0}
and define a mapping p on S by

plg) :=inf{c > 0]p(g(z)) < cé(x,0)}
for all z € V. By Lemma 3.3 of [25], we have the set S is a linear space,
p is a convex modular on S and hence the corresponding modular space
S5 is the whole space S and is p-complete. Moreover, p satisfies the
Ag-condition with 0 < k, < a.
Now, we consider a function 1" : S; — S5 defined by

(14) Ty(r) = —g(ar)

forallg € S;andz € V. Let g, h € S5 be given mappings and ¢ € [0, oo]
be an arbitrary constant such that p(g — h) < ¢. The definition of p
implies that

plg(x) — h(z)) < co(z, 0)
for all x € V. Hence we get

1 1
_ — — _ = <
p(T9(@) ~ Th(z)) = p(=5g(az) = —h(az)) < Leg(z, 0)
for all x € V. Hence we have
ﬁ(Tg — Th) < Lﬁ(g — h)
for all g, h € S5 such that p(g —h) < c. Hence T is a p-stric contraction

with a constant L such that 0 < L < 1. On letting y = 0 in (4.2), we
have

(45) p(flaz) — a'f(x)) < 6(x. 0)
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for all x € V. On replacing x by ax in (4.5), we have

p(f(a*x) — a'f(ax)) < ¢(az, 0)
for all z € V. Then
o((o5) 7ta) ~ 1)) < —o( 7 (ae) — a ()
< (o) [p(st@0) - at(a)) + p(a' (02) — (@7 (@))]
< (3) [otax.0) + Kot 0)]
11\2
= <a4

—) :La4¢(x,0) + a*¢(z, 0)]

= (L4 1)9(a,0)
for all x € V. By the mathematical induction, we have
o((5)" Flame) — 7))
< 2o((2)" sara) - ()" s+ ()" s -
v = flaz) + flaz) — a'f(x))

< %(1+L+---+L"‘2+L”‘1 +---)o(x,0)
- % @0
for all n € N and x € V. Also, we have
() ) = () ")
< () 1 1) (o (2)" %0 - 1)
<o((5)" s a) — 1)) + o ()" Fa™) — 1)
2 1
S A1 L¢(337 0)
for all n,m € N and « € V. This implies that

p(I"f =T f)§¥1_

h
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for all n, m € N. Hence we may define

05(f) == sup{p(T"(f) = T™(f)) |n, m € N}.
By definition of d5(f), we may conclude that é5(f) < oo. By Lemma
3.3 of [10], the sequence {T"f} is p-convergent to @ € S5. Since p has
the Fatou property, then p(T'f — f) < oco. On letting x = a"x in (4.5),
we have
p(fla™) = a* fla"2)) < o(a"=, 0)
for all z € V. Hence

1 n+1 1 n 1 n
p(mf(a T) — Wf(a x)) < W(ﬁ(a z,0)

Ln
for all x € V. Therefore p(TQ — Q) < oo. Hence the limit of {T™f},
Q € S5, is a fixed point of the map T'; see [10, Theorem 3.4]. Thus we
have p(f — Q) < m , that is, we have

(@) =~ Q@) € (.0

forallz € V. O

COROLLARY 4.2. Let a > 2 be an integer number and € ,60 and p < 4
be real numbers. Suppose V' is a normed space with norm || - || and
X, satisfies the /\,-condition with A,-constant k, . Let L be a constant
with 0 < L <1.If f:V — X, satisfies

(4.6) p(Daf(z, y)) <e+0(|x][" + ly[[")

for all x, y € V, then there exists a unique quartic mapping @ : V. — X,
such that

€ 0

@ (@) -QW) < sy e g

for all x € V.

Proof. On taking ¢(x, y) = € + 0(||z||” + ||y||P) in the Theorem 4.1,
we know that the inequality (4.6) holds. Since L is a constant with
0< L <1andp<4, we have

dlaz, ay) = o (5 + 02l + Iy
< a*L{e+ 0l +yI"))
= a4Lq§(x, y)
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for all z, y € V. Hence the inequalities (4.1) are satisfied. According to

(4.3) of Theorem 4.1, the inequality (4.7) holds. O
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