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ABSTRACT. Minkowski’s inequality is one of the most famous inequalities in mathematics,
and has many applications. In this paper, we give Minkowski’s inequality for generalized
variational integrals that are based on a supermultiplicative function. Our results include
previous results about fractional integral inequalities of Minkowski’s type.

1. Introduction

Minkowski’s inequality is unequivocally one of the most famous inequalities in
mathematics. The well-known Minkowski integral inequality is given as follows:

Theorem 1.1.([1]) Let s > 1 and fab 5 (x)dx and fab g% (z) dz be finite. Then

(/ab (f° (@) +gs<ac>>das>i < (/abfs (2) dm) " (/abg%m)dx)i.

The following reverse Minkowski integral inequality was obtained by Bougoffa
[3] in 2006.

1
s

Theorem 1.2.([3]) Let f and g be positive functions satisfying
f(x)

O<m<—=< M,
g(x)

(/f <x>da:)i " (/;g%c)dx)i <e (/ (f* (@) +gs<x>>dx>i,
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M(m+1)+(M+1)

where ¢ = S eTESY

Variational integrals, which generalize fractional integrals, play an important
role in all fields of mathematics [2, 5]. They are versatile, and have wide application
in applied mathematics.

In 2010, Agrawal [2] introduced a generalized variational integral which gener-
alizes the Riemann-Liouville fractional integral.

Definition 1.3.([2]) A generalized variational integral of order « of a real function
f is defined as

t b
© o f(0) =D / ot 8)/(5)ds + g / (s, 1) f(5)ds = S3£(1),

where t € (a,b), p,q € R, P = (a,t,b,p,q) and k,(t, s) is a kernel which is nonneg-
ative and depends upon a parameter a > 0.

Remark 1.4. Let k. (¢, s) := ﬁ(t —s)*tand P = (a,t,b,p,q).

(i) If P = P, = {(a,t,b,1,0), then the left Riemann-Liouville fractional integral
yields i.e,

t

« 1 o— (03

500 = [ gt =97 (6)ds = T2 1),

(ii) If P = P, = (a,t,b,0,1), then the right Riemann-Liouville fractional integral
is concluded as

b
o F(t) = / ﬁ«s — e f(s)ds = Tg (1),

(iii) If P = P3 = (a,t,b, %, %), then we have the Riesz fractional integral as follows

3,7() = 555, F(1) + 3SBI(0) = JT%T(0) + ST 1 (D).

In 2010, Dahmani [4] proved the following inequalities related to Minkowski’s
inequality for Riemann-Liouville fractional integrals; these generalize the results in

[3].
Theorem 1.5.([4]) Let « > 0,s > 1 and f, g be positive on [0,00) such that t >

0, J§, f°(t) < oo and J§, g°(t) < oo. If0 <m < gE:g <M, 7 €[0,t], then

w =

o sl 1+ M(m+2)
+[J0+g (t)} Sm

|~

[35,7°)] 36, +9)°(0)]
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Theorem 1.6.([4]) Suppose that « > 0,8 > 1 and f,g are two positive functions
on (0,00) such that t > 0,J*f*(t) < co and J*¢*(t) < 0. If 0 < m < gE:g <M,
T € [0,¢], then

o
w =

1
s

[

P (MADm+

@] 1) 2 (= =) )] 1)

In this article, we are going to extend these theorems for the generalized varia-
tional integral.

2. Main Results

In this section, we give a generalized Minkowski type inequality for the general-
ized variational integral. Before we begin our results we need the following definition
and lemma.

Definition 2.1.([6, 7, 8]) A function ¢ : (0,00) — (0, 00) is called C-submultiplicative
with C > 0 if

(2.1) o(zy) < Co(z)e(y),

for all z,y € (0,00). If inequality (2.1) is reversed, then ¢ will be called C-
supermultiplicative.

In the following theorem, we give a more general version of Theorem 1.5 based
on a supermultiplicative function.

Theorem 2.2. Let f and g be positive functions. Let two functions ¢; : (0,00) —
(0,00),i = 1,2 be increasing such that @1 is M;-supermultiplicative and po is Ma-
submultiplicative and S%p;(f)(t) and SEp;i(g)(t) are finite. If there exist Cq,Cy €
(0,00) such that

(f +9) (t) = max{C1 f(t), Cag(t)},
then

02 [SEe1(£)(t)] + @2 [Spe1(g)(t)]

< M, (902(]\41;(01)) + 902(]\41(2(02))) 2 [Spe(f + 9)(t)]

Proof. Since (f + g) (t) > max{C f(¢),C2g(t)} and ; is increasing, then

(2.2) e1(Cif () <er(f+9) (1),
2.3 01(Cag (t)) < o1(f +9g) (1),
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If ¢ is Mj-supermultiplicative, then by Definition 2.1, (2.2) and (2.3), we obtain

(2.4) Mip1(Cr)er(f(1) < ei(f +9)(1),
(2.5) Mip1(C2)p1(g(t)) < e1(f +9)(t).

Multiplying both sides of (2.4) and (2.5) by pkq(t,7) and integrating respect to 7
on [a,t], we have

26)  pMig(Ch) / halt, T)or(f) (7) dr < p / kot 7)1 (f + 9)(r)dr,
@1 MG [ Kaltr)er) () dr <p [ Ealtr)en s+ 9)(r)ar
Similarly,

b b
(28)  qMigi(Ch) / a(r, )01 (£)dr < q / Fa(r,)pr(f + 9)(r)dr.
b b
(29)  aMigi(Cy) / ka(r, O (9)dr < g / Fa(r, )1 ( + ) (r)dr.
Now by adding (2.6) and (2.8), we have
t b
pM1<P1(C1)/ ko(t, T)e1(f) (T)d7+qM1<P1(Cl)/t ko (T, t)p1(f)dr

t b
<p [ Kaltr)or (7 + 9D+ q [ Kalrer(f + 9) ()i
a t
which is equivalent to

Mip1(C)[Spe1(f) ()] < Sper(f +9) ()

Sper (1) < [SPer(f +9)(B)]

1
M1s01(C1)

Since @9 is Ms-submultiplicative, then

(2.10) @2 [SEe1(f)(t)] < Mz@z(m)@z [She1(f +9) ()]
Now by adding (2.7) and (2.9), we have
t b
PMi1(Co) [ Kalt.D)a(9) (P dr +adier(C) [ halr ) (g)ir

t b
<p / kot 7)1 (f + 9) (7)dr + q / Fa(r )1 (f + g)(r)dr,
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which is equivalent to

My1(C2)[Spe1(g) (1)) < Sper(f +9) (1) -

Then
Spp1(g)(t) < m[s%sol(f +9)(t)]
Hence,
(2.11) 02 [SBe(g)(t)] < M2<P2(m)¢2 [SEer(f+9)@)].

By adding (2.10) and (2.11),
02 [SBe1(f)(t)] + 02 [SPe1(g)(t)]
1 1 .
< M, (w(Mum(Cﬁ)) + @2(M)) 2 [SPe1(f +9)(t)]

we obtain the desired result. a
If p1(x) = 2P, po(x) :x%,p >1,My=My=1,C = % and Co =m+1in
Theorem 2.2, then the following corollary is achieved.
Corollary 2.3. Let a > 0,p > 1 and f, g be two positive functions on [0,00) such
that SE fP(t) and SEgP(t) are finite. If 0 < m < % < M, €10,t], then
1

[s2r70)]" + [sper(n]” < EAm D

= m SE(f +9)P(t) "

If P= P, = {(a,tb,1,0) in Corollary 2.3, then the following result holds.

Corollary 2.4.([4]) Let o > 0,5 > 1 and f,g be positive on [0,00) such that
t>0, J§, f5(t) < oo and J§, g°(t) < oo. If0 <m < gg:g < M, T €[0,t], then

+ ] < G s 9 0)]

=

@

[35,7°0)]

Theorem 2.5. Let a > 0, f and g be two nonnegative functions on [0,00). Let
two functions @; : (0,00) — (0,00),i = 1,2 be increasing such that v1 is M-
supermultiplicative and ¢ is Ma-submultiplicative and S%p;(f)(t) and S%e;i(g)(t)
are finite. If there exist Cy,Cy € (0,00) such that

(f +9) (t) = max{C1 f(t), C29(t)},
then

02 [SPe1(f) ()] 02 [SBe1(9)(t)]

1
< Moo

1 2
Myp1(Ch) Jerl Myp1(C)

) (2 [SPei(f +9)(1)])
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Proof. Multiplying (2.10) and (2.11), we have

02 [SEe1(£)(t)] 2 [SPe1(9) ()]
< Moo e )enl g (@alSEea(f +0)(0))'.

Then

©2 [SBe1(f)(1)] 2 [SPe1(9)(#)]
MQ('OQ( Mlﬂpi(cl) )@2( 1”1991(02) )

< (elpe o). O

If P=P ={a,tb1,0),p1(z) = 2P, p2(z) = x7, p>1,M =M, =1,C; =
% and Cs =m+1 in Theorem 2.5, then following result holds by using Minkowski
inequality.

Corollary 2.6.([4]) Suppose that o > 0,8 > 1 and f,g are two positive functions
on (0,00) such that t > 0,J%f°(t) < oo and J*¢*(t) < co. If0 < m < % <M,
T €[0,t], then

[N
=

H (M+1)(m+1)_2 s

@] +10 0] 2 (= =) 1) 1% )]

3. Conclusions

In this paper, we have proven a Minkowski type inequality for the generalized
variational integral. We have also observed that the results obtained in this paper
are generalizations of some earlier results. An interesting problem would be to
study the methods in this paper to establish the Hermite-Hadamard inequalities for
convex functions via the generalized variational integral.
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