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Abstract 
In the vibration target localization algorithms based on time difference of arrival (TDOA), Fang algorithm is 
often used in practice because of its simple calculation. However, when the delay estimation error is large, the 
localization equation of Fang algorithm has no solution. In order to solve this problem, one dimensional search 
location algorithm based on TDOA is proposed in this paper. The concept of search is introduced in the 
algorithm. The distance d1 between any single sensor and the vibration target is considered as a search variable. 
The vibration target location is searched by changing the value of d1 in the two-dimensional plane. The 
experiment results show that the proposed algorithm is superior to traditional methods in localization accuracy. 
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1. Introduction 

Multi-node cooperative vibration source localization has been extensively used not only in important 

target monitoring and intrusion control, but also in military surveillance and battlefield reconnaissance 

[1,2]. The localization algorithms of vibration source mainly include localization based on time difference 

of arrival (TDOA) and vibration intensity [3]. The localization algorithm based on signal intensity is not 

complicated and has good real-time, but it has low localization accuracy [4], So the localization algorithm 

based on delay difference has attracted more and more attention. 

There are many studies on localization algorithms based on TDOA. It is mainly divided into two 

categories: one is the localization algorithm of the target search function. The method requires a traversal 

search of the localization space, and the amount of operation is large. The maximum likelihood estimation 

method and spherical interpolation method are commonly used. The second is that the nonlinear equation 

is directly solved to obtain the required coordinates, according to the deployment of the sensor. The 

unconstrained one-dimensional extremum methods for solving nonlinear equations mainly include: 

golden section method, advance-retreat method, Newton method, etc. Unconstrained multidimensional 

extremum methods mainly include: pattern search method, fastest descent method, quasi-Newton 

method, and so on. 
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The prior information about TDOA measurement error is needed to provide for Chan algorithm [5]. 

The performance of the algorithm is significantly decreased, when TDOA noise is non-Gauss random 

variable, or the mean value is not zero in the actual channel environment [6]. Taylor series expansion 

algorithm [7] can achieve better performance in the most environments, but the algorithm is a recursive 

algorithm and it is not possible to provide the explicit expression. In addition, an initial estimated position 

is close to the target is needed to improve the convergence probability of Taylor algorithm. It is 

impossible to judge in advance, if there is no convergence, and the calculation amount of Taylor series 

expansion is relatively large [8]. The calculation process of Fang algorithm [9] is simple and clear. In 

practical application, the ambiguity in the estimated location value can be removed by the relevant 

information. The optimal solution based on TDOA data can be gotten by Fang algorithm. However, the 

algorithm has a large amount of computation and poor real-time performance of localization, when the 

time delay estimation error is large, the equation of localization will appear a fuzzy solution, or even no 

solution [10]. 

In order to solve these problems and improve real-time performance and accuracy of target system, the 

localization algorithm based on one dimensional search variable is proposed in this paper. The concept 

of search algorithm is introduced in this algorithm. The distance ݀1 between the single sensor and the 

vibration target is as a search variable, and ݀1 is set to increase from zero by the certain step length. The 

corresponding source coordinate (ݔ,ෝ  ො) is concluded. The corresponding distance difference is found byݕ

the estimated source coordinates, when the difference value between the estimated distance difference 

and the actual distance difference is less than the given precision. The search will be terminated, then the 

estimated coordinates (ݔ,ෝ  .ො) is the location of the targetݕ

 

 

2. Localization Algorithm based on TDOA 

TDOA is essentially the distance difference between target and two sensors. The distance difference 

between any point on the hyperbolic line and two focal points is the constant by the definition of 

hyperbolic line. Therefore, the time difference of collected signals from two sensors is known. The 

hyperbolic line of two sensors as the focus point can be determined by the time difference, and the target 

is on the hyperbolic line. In a two-dimensional plane, two time-differences can be obtained by three 

sensors, then two pairs of hyperbolic line can be determined. The target is on one of two pairs of 

hyperbolic intersection point. The target location is determined by combining the direction information 

[11]. Therefore, the localization based on TDOA is also called the hyperbolic localization. The 

localization model diagram as shown in Fig. 1. ଵܵ,	ܵଶ and ܵଷ are three vibration sensors. As mentioned above, a hyperbolic line is determined by ଵܵ 

and ܵଶ, and another hyperbolic line is determined by ܵଶ and ܵଷ. One of the intersection points is the target 

location. ݀1,	݀2 and ݀3 are the distances between the target and the three sensors respectively in Fig. 1. 

The positions of sensors are	(ݔ௜, ݅ ,(௜ݕ = 1,2,3. The target position is (ݔ,  The first sensor is set as a .(ݕ

reference point, then the hyperbolic equation is: 

 ඥ(ݔ௜ − ଶ(ݔ + ௜ݕ) − ଵݔ)ଶ - ඥ(ݕ − ଶ(ݔ + ଵݕ) −  τ௜ଵ = ݀௜ଵ                              (1)ݒ = ଶ(ݕ
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Fig. 1. The hyperbolic line positioning. 

 

In Eq. (1), v is the spread speed of seismic signal; τ௜ଵ	is the received signal time difference between 

sensor ௜ܵ and ଵܵ; ݀௜ଵ is the distance difference between the target and sensors ௜ܵ and ଵܵ. The two given 

equations are solved, and the target location (ݔ,  .can be estimated	(ݕ

The time difference is obtained by time delay estimation. How to calculate the target location quickly 

and effectively is the key to implementation of a localization system. Eq. (2) is obtained by	݀௜ଵ = ݀௜ − ݀ଵ: 

 ݀௜ଶ = (݀௜ଵ + ݀ଵ)ଶ                                                   (2) 
 

According to Eqs. (1) and (2), Eq. (3) is obtained: 

 ݀௜ଵଶ + 2݀௜ଵ݀ଵ = ௜ଶݔ + ௜ଶݕ − ݔ௜ଵݔ2 − ݕ௜ଵݕ2 − ଵଶݔ −  ଵଶ                          (3)ݕ
 
In Eq. (3), ݔ௜ଵ = ௜ݔ − ,ଵݔ ௜ଵݕ = ௜ݕ − ଵݕ . From this, the two linear equations about ݔ , ݕ	  and 	݀ଵare 

obtained, and	݀ଵis unknown. 

By the above analysis, the equations are ascertained from Eq. (3), and (ݔ,  is solved to make sure (ݕ

target location. 

 

 

3. One-Dimensional Search Location Algorithm 

3.1 Fang Algorithm 

Fang algorithm [12] is the analytical expression of localization algorithm based TDOA. The method 

of solving hyperbolic localization model is as follows: 

First, a sensor coordinate system is determined. There are three sensors in the hyperbolic location 

estimation by using Fang algorithm, they are respectively: the first sensor (0,0), the second sensor (ݔଶ, 0), the third sensor (ݔଷ,  :ଷ). It is known by the sensor coordinatesݕ

 

    ݀ଵ = ඥ(ݔଵ − ଶ(ݔ + ଵݕ) − ଶ(ݕ = ඥݔଶ +  ଶ                                   (4)ݕ

3S
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ቄݔ௜ଵ = ௜ݔ − ଵݔ = ௜ଵݕ௜ݔ = ௜ݕ − ଵݕ =  ௜                                                               (5)ݕ

 

According to the sensor coordinate, Eq. (4) is substituted into Eq. (3). It is described as follows: 

 ൜ −2݀ଶଵ݀ଵ = ݀ଶଵଶ − ଶଶݔ + 2݀ଷଵ݀ଵ−ݔଶݔ2 = ݀ଷଵଶ − ଷଶݔ) + (ଷଶݕ + ݔଷݔ2 +  (6)                                         ݕଷݕ2

 

The two equations are done division, then can be eliminated. Eq. (7) is obtained after reducing: 

ݕ  = ݃ × ݔ + ℎ                                                                   (7) 
 

In Eq. (7), ݃ = ቂௗయభ௫మௗమభ − ଷቃݔ ଷ, and ℎݕ/ = ൤ݔଷଶ + ଷଶݕ − ݀ଷଵଶ + ݀ଷଵ × ൬1 − ቀ ௫మௗమభቁଶ൰൨  ଷ. Eqs. (7) andݕ2/

(4) are substituted into Eq. (6), then Eq. (8) is obtained: 
ଶݔܽ  + ݔܾ + ܿ = 0                                                   (8) 
 

In Eq. (8): 

 ܽ = −((1 − ቀ ௫మௗమభቁଶ) + ݃ଶ), ܾ = ଶݔ × ൬1 − ቀ௫మ௥మభቁଶ൰ − 2݃ × ℎ,	ܿ = ቀௗమభమସ ቁ × ቆ൬1 − ቀ ௫మௗమభቁଶ൰ቇଶ − ℎଶ. 
 

Eq. (8) is solved, then  ݔ = ି௕±ඥ௕మିସ௔௖ଶ௔  can be obtained. According to simulation experiments of some 

literatures [10-12], the identified target location ݔ = ି௕ାඥ௕మିସ௔௖ଶ௔  is usually beyond the detection range of 

sensors, so it is given up. Therefore, the horizontal axis can be determined for the target and ݔ =ି௕ିඥ௕మିସ௔௖ଶ௔ , and the target location can be calculated when the horizontal axis is substituted into the Eq. 

(7). 

 

3.2 One-Dimensional Search Location Algorithm 

It can be known from the previous analysis that the quadratic equation which the target is built based 

on the hyperbolic positioning model by the algebraic operation in Fang algorithm. Then the target 

coordinate is determined by solving the equation. Its calculation process is simple and clear, and it is not 

need priori information about the target. The performance is stable, when the precision of time delay 

estimation is higher. However, there is a large amount of computation in Fang algorithm, and the real- 

time performance of Fang algorithm is bad, in addition its time delay estimation error is large. The 

localization equation will appear the fuzzy solution, and there may even be no solution. For example, 

there is no solution to Eq. (8) when ܾଶ − 4ܽܿ < 0. Therefore, Fang algorithm has great limitations in 

practice. 

In order to improve the system target localization accuracy and real-time performance, a localization 

algorithm based on one dimensional search variables is proposed in this paper. 

1d
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Eq. (3) can be simplified as follows: 
 ൜ ݔ௜ଵݔ + ݕ௜ଵݕ + ݀௜ଵ݀ଵ = ܾ௜ଵܾ௜ଵ = ௜ଶݔ)0.5 + ௜ଶݕ − ଵଶݔ − ଵଶݕ − ݀௜ଵଶ )    

                                              

(9) 

 

Suppose there are four sensors to detect the vibration signals. According to layout law of the squares 

array, the coordinates of the sensor ଵܵ, ܵଶ, ܵଷ and ܵସ, respectively are set (0,0), (ܮ, 0), (0, ,ܮ)	and ,(ܮ  ,(ܮ
then the coordinates is substituted into the Eq. (9), Eq. (10) is obtained: 

 

ቐ ݔܮ + ݀ଶଵ݀ଵ = ଶܮ)0.5 − ݀ଶଵଶ ݕܮ( + ݀ଷଵ݀ଵ = ଶܮ)0.5 − ݀ଷଵଶ ݔ)ܮ( + (ݕ + ݀ସଵ݀ଵ = ଶܮ2)0.5 − ݀ସଵଶ )                                               (10) 

 

Eq. (10) can be simplified as follows: 
 ቐݔ = ௅మିௗమభమ ିଶௗమభௗభଶ௅ݕ = ௅మିௗయభమ ିଶௗయభௗభଶ௅                                                                 (11) 

 

If ݀1 is regarded as a new variable, Eq. (11) can be regarded as the linear equations about the three 

variables ݔ and ݀1 ݕ , . The concept of search algorithm is introduced.  ݀1  is as search variable. The 

vibration target location is searched by changing the value of ݀1 in two-dimensional plane. 

Due to 	݀௜ଵ = ௜ଵ߬∆ݒ , the time difference ∆߬௜ଵ  can be determined through time delay estimation. 

Therefore, ݔ and ݕ may be defined as the function of ݀1which can be seen from Eq. (11). If ݀1is as search 

variable, it is increased from zero to መ݀ଵ	by the certain step length. መ݀ଵ is substituted into Eq. (11), and the 

corresponding source coordinates  can be obtained. Then the corresponding distance difference 	 መ݀ଶଵand	 መ݀ଷଵcan be solved from the source coordinate. The search process will be terminated if ߝ =ห መ݀ଶଵ − ݀ଶଵห + ห መ݀ଷଵ − ݀ଷଵห	 is less than the given precision ଴ߝ	 . The coordinates (ݔො, (ොݕ  is the estimate 

coordinates of the target at the moment. 

In practice the performance of algorithm is great influenced by the step length of search variable. If the 

search step length is defined larger, the algorithm converges fast, but the localization accuracy will 

decline. If the search step length is defined smaller, the localization accuracy be improved, but the 

convergence speed of algorithm will be slow. In this paper in order to reduce influence of the search step 

length to performance of algorithm, first the rough position of the target is estimated by larger search step 

length. And then smaller step length is used to do more accurate search for the target location eventually. 

 

 

4. Performance Analysis 

4.1 Localization Accuracy Comparison 

To test and compare localization performance of the algorithm, we have taken the walk vibration 

signals for example, the improved Fang algorithm, the improved Taylor algorithm [12] and the improved 

Newton algorithm [13] have been carried on the contrast experiment. 

ˆ ˆ( , )x y
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The four sensors, ܵ଴ ଵܵ, ܵଶ, and ܵଷ, in node localization system are set, and the coordinates of the 

sensors is (0, 0), (100, 100), (100, 0), and (0, 100), respectively. The initial position (x, y) of the vibration 

source target is (100, 30). The first sensor coordinate is origin position. The error standard deviation is 

set from 0 to 100 ms. There are 25 different ߪ௡, and each with an interval of 4 m. For each ߪ௡, one 

hundred simulation experiments of localization had been performed, and the mean value of the running 

results is calculated. The larger search length is 10 cm, and the initial value of search variables is obtained. 

The small search length is 1 cm, and the target location estimation results are shown in Fig. 2. 

Fig. 2(a) is the different location estimates on the horizontal axis to the improved Taylor, the improved 

Fang and the improved Newton. Fig. 2(b) is the different location estimates on the vertical axis to three 

algorithms. The horizontal axis is the standard deviation of time delay error, and its unit is millisecond. 

The vertical axis is average results, and its unit is second. 

It can be seen from the simulation results: the improved Fang algorithm has more accurate location 

than others. When the error deviation is increased, the measurement error of three algorithms increases. 

But the improved Fang algorithm is less affected than others, so it is more stable. 

 

      

(a)  (b) 

Fig. 2. Robustness of three kinds of algorithm: location estimates on the horizontal axis (a) and location 
estimates on the vertical axis (b). 

 

4.2 Field Comparison Experiment 

To verify validity of the location algorithm based on one dimensional search variables, the method has 

been proofed in the field experiments. The experiment has been carried out by using the single node 

sensor array for target location, the distribution of the sensors is as shown in Fig. 3. The hollow circles 

represent the location of the sensor array in Fig. 3. The solid circle represents the location of the object. 

The straight line represents the motion trajectory of the target. 

The target has been done the line motion along. One dimensional search localization algorithm based 

on TDOA in this paper is used to locate target. The rough position of target is searched firstly by 10 cm 

search step length. The initial value of search variables is obtained according to Eq. (4), then the precise 

location of target is determined by 1 cm search length. The target location estimation results are shown 

in Fig. 4. 
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Fig. 3. Sensor array layout. 

 

 
Fig. 4. The target location estimation results. 

 

It can be seen from Fig. 4 that the distance between goal and the sensor array center is closer, and the 

localization accuracy is higher than other algorithms. The error of target position estimation is basically 

in the range of 0.5 m. The experimental results show that the localization accuracy of the proposed 

algorithm is higher, and the localization accuracy has reached requirement of the system. 

 

4.3 Estimation Error Comparison 

The localization accuracies of the three algorithms are evaluated by the location of mean square error 

(MSE). Usually the indexes of measuring localization accuracy include MSE, root mean square error 

(RMSE), and geometric accuracy attenuation factor (GDOP), etc. RMSE is the evaluation index of this 

algorithm. In two-dimensional localization algorithm, MSE and RMSE with the formation type: 
ܧܵܯ  = ݔ)]ܧ − ො)ଶݔ + ݕ) − ܧܵܯܴ ,[ො)ଶݕ = ඥݔ)]ܧ − ො)ଶݔ + ݕ) −  ,[ො)ଶݕ
,ݔ)  ,ොݔ) ;is actual target coordinates location of vibration source (ݕ  ො) is estimated coordinates location ofݕ

the vibration source. The estimation error of the three algorithms is compared. The simulation result is 

shown in Fig. 5. 

As can be seen from Fig. 5, when several algorithms have the same error, RMSE of the improved Fang 

is significantly lower than others. In other word, the accuracy degree of localization is significantly higher 
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Fig. 5. Positioning mean square error of three localization algorithms. 

 

than the others. when these algorithms are both affected by the error standard deviation, the improved 

Taylor is inferior to the improved Fang. when error standard deviation σ increases, the localization 

performance of the three algorithms are all down. The algorithms may even be without solution. But it 

can be seen from the simulation result that the improved Fang algorithm still keep high localization 

accuracy, in the case of large measurement errors compared with other algorithms. 
 

 

5. Conclusions 

The localization equation of Fang algorithm often cannot accurately locate target in practical 

application. In order to solve the problem, one dimensional search localization algorithm based on TDOA 

is put forward in this paper. The concept of search is introduced in the algorithm, and the distance between 

the target source and any single sensor is used as the search variables. The search of target location is 

implemented by changing value of the variable search in the two-dimensional plane. Experiment results 

show that the search step length all has great influence on performance of the algorithm. The larger search 

step length estimates rough location of the target. The smaller step length is used to do precise search for 

the target location eventually. The amount of calculation is reduced by using this method, at the same 

time speed and accuracy are all improved. 
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