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PROPERTIES OF OPERATOR MATRICES
IL Ju AN, EunciL Ko, aND J1 EUN LEE

ABSTRACT. Let S be the collection of the operator matrices (é g) where
the range of C' is closed. In this paper, we study the properties of op-
erator matrices in the class S. We first explore various local spectral
relations, that is, the property (8), decomposable, and the property (C)
between the operator matrices in the class S and their component op-
erators. Moreover, we investigate Weyl and Browder type spectra of
operator matrices in the class S, and as some applications, we provide
the conditions for such operator matrices to satisfy a-Weyl’s theorem and
a-Browder’s theorem, respectively.

1. Introduction

Let H be an infinite dimensional separable Hilbert space and let £(H) denote
the algebra of bounded linear operators on H. If T € L(H), we shall write
N(T) and R(T) for the null space and the range of T, respectively. Also, let
a(T) :=dimN(T), B(T) := dimN (T*), o(T'), 0p(T), 0a(T), and o4(T) denote
the spectrum, the point spectrum, the approximate point spectrum, and the
surjective spectrum of T, respectively. For T € L£(H), the smallest nonnegative
integer p such that N(T?) = N(TP*!) is called the ascent of T and denoted
by p(T'). If no such integer exists, we set p(T") = co. The smallest nonnegative
integer ¢ such that R(T9) = R(T9"1) is called the descent of T' and denoted by
q(T). If no such integer exists, we set ¢(T") = oo.

Many authors have studied invertibility, perturbations of spectra, etc. for
upper triangular operator matrices. In particular, C. Benhida, E. H. Zerouali,
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and H. Zguitti ([3], (2005)) studied spectra of upper triangular operator matri-
ces. In 2013, the authors ([17]) studied the local spectral properties of complex
symmetric (upper triangular) operator matrices. The Weyl’s theorem for up-
per triangular operator matrices has been studied by many authors (see [2],
[9], [10], [14], [21], [20]).

The study of operator matrices has been developed from the following fact;
if ‘H is a complex Hilbert space and we decompose H as a direct sum of two
subspaces H1 and Hs, each bounded linear operator T' can be expressed as the

operator matrix form
A C
N

with respect to the space of decomposition, where A, B,C,Z are operators
from H; into H; for 7,5 = 1,2. Recently, D. S. Cvetkvic-Ilic has studied the
existence of some component Z of the operator matrix 7" and the problem of
completion of T' ([8]). Our goal is to find various connections between T' and
its components. As some applications of these results, we next consider the
structure of 7. First of all, we begin with the following notation.

Notation 1.1. Throughout this paper, we denote the collection S as follows:

(1) S:{(‘g g):ﬂ@/c%%@/cm(c) isclosed}.

For example, if C' is a semi-Fredholm operator or semi-regular, i.e., N(C) C
NnenC™(H) and R(C) is closed, then the operator matrices (4 ) are in the
class §. For another example, if for given = € H there exist ¢ > 0 and a
y € H such that (i) Cz = Cy and (ii) ||y|| < ¢||Cz||, then R(C) is closed from

[12, Corollary 2]. Hence the operator matrices (4 §) are in the class S.

Lemma 1.2 ([2]). If M = (4 %) € S, then M has the following matriz
representation;

A1 0 0
(2) M == A2 0 Cl
7 B, B

which maps from HON (C)EN(C)" to R(C)L@R(C)®K where Cy = Clycy*
Ay = Preyr Alw, A2 = Prc)Alu, Bi denotes a mapping B from N(C) into
K, Bs denotes a mapping B from N(C)J‘ into K, Pr(cy+ denotes the projection
of H onto R(C)*, and Pr(cy denotes the projection of H onto R(C).

In this paper, we study the class S the collection of the operator matrices
(4%) where R(C) is closed. In Section 3, we explore several local spectral
relations, i.e., the property (8), decomposable, and the property (C') between
the 2 x 2, not necessarily upper triangular, operator matrices in the class S
and their component operators. In particular, in Section 4, we study the Weyl
spectrum and the Browder essential approximate point spectrum for operator
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matrices M € S. In Section 5, we give the conditions for such operator matrices
to satisfy a-Weyl’s theorem and a-Browder’s theorem, respectively.

2. Preliminaries

An operator T' € L(H) is said to have the single-valued extension property
(or SVEP) if for every open subset G of C and any H-valued analytic function
f on G such that (T'— A)f(A) = 0 on G, we have f(A\) = 0 on G. For an
operator T' € L(H) and for a vector x € H, the local resolvent set pr(z) of
T at x is defined as the union of every open subset G of C on which there is
an analytic function f : G — H such that (T'— X)f(X) = z on G. The local
spectrum of T at z is given by or(z) = C\ pr(x). We define the local spectral
subspace of an operator T € L(H) by Hr(F) = {z € H : op(z) C F} for a
subset F' of C. An operator T € L(H) is said to have Dunford’s property (C) if
Hyp(F) is closed for each closed subset F' of C. An operator T € L(H) is said to
have Bishop’s property (8) if for every open subset G of C and every sequence
{fn} of H-valued analytic functions on G such that (T' — X)f,(\) converges
uniformly to 0 in norm on compact subsets of G, we get that f,,(\) converges
uniformly to 0 in norm on compact subsets of G. An operator T' € L(H) is said
to be decomposable if for every open cover {U,V} of C there are T-invariant
subspaces X and ) such that

H=X+Y,0(T|x)CU, and o(T|y) C V.
It is well known that
Bishop’s property (/) = Dunford’s property (C) = SVEP.

Any of the converse implications does not hold, in general (see [19] for more
details). Since decomposability or the property (8) provides a partial solution
to the invariant subspace (see [11]), it is worth to research decomposability (or
the property (8)). For example, M. Putinar [24] showed that every hyponormal
operator (i.e., T*T > TT*) has the property (8) and such an operator with
thick spectrum has a nontrivial invariant subspace, a result due to S. Brown
(see [4]).

An operator T € L(H) is called upper semi-Fredholm if it has closed range
and finite dimensional null space and is called lower semi-Fredholm if it has
closed range and its range has finite co-dimension. If T' € L(H) is either upper
or lower semi-Fredholm, then T is called semi-Fredholm, and index of a semi-
Fredholm operator T € L(H) is defined by

ind(T) := a(T) — B(T).

If both a(T) and B(T') are finite, then T is called Fredholm. An operator
T € L(H) is called Weyl if it is Fredholm of index zero and Browder if it is
Fredholm of finite ascent and descent, respectively. The left essential spectrum
osr+(T), the right essential spectrum ogp_(T), the essential spectrum o, (T),



896 I. J. AN, E. KO, AND J. E. LEE

the Weyl spectrum o, (7T'), and the Browder spectrum o,(7T") of T € L(H) are
defined by

(T) :={A e C:T — X is not upper semi-Fredholm};
osp—(T) :={A € C:T — X is not lower semi-Fredholm};
(T) :=={A € C:T — X is not Fredholm};

(T) :={Ae€C:T — Xis not Weyl};

op(T) :={A € C: T — X is not Browder}.
Evidently, we get the next inclusions
osr+(T)Uaosp_(T) = 0e(T) C 0y(T) C 0p(T) = 0.(T) Uacco(T),

where we write acc o(T") for the set of all accumulation points of o(T).

Let iso o(T') be the set of all isolated points of o(T"). We write moo(T") :=
{Aeisoo(T):0< a(T—A) < oo}, and poo(T) := o(T) \ op(T). We say
that Weyl’s theorem holds for T € L(H) if o(T) \ 0w (T) = moo(T), and that
Browder’s theorem holds for T € L(H) if o(T) \ 0u(T) = poo(T). We recall
the definitions of Weyl essential approximate point spectrum oeq(T) and the
Browder essential approzimate point spectrum oqp(T) given by

Tea(T) =) {0a(T + K) : K € K(H)},

oan(T) = {oa(T+ K) : TK = KT and K € K(H)}.
We say that a-Weyl’s theorem holds for T if 04(T) \ 0ea(T) = 7§o(T) and that
a-Browder’s theorem holds for T if 04(T) \ 0ea(T) = pgo(T), where 7§y (T') :=

{A€is00,(T): 0 < a(T— ) < oo} and piy(T) := 04(T) \ 0ap(T). It is known
that

a-Weyl’s theorem = a-Browder’s theorem = Browder’s theorem,

a-Weyl’s theorem = Weyl’s theorem = Browder’s theorem.

3. Local spectral properties

Let M = (4 %) be an operator matrix in the class S. Since R(C) is closed,
C1 = Clyey+ - N(C)™ = R(C) is invertible. Given A € C, using the repre-
sentation of Lemma 1.2, we write M — A as follows;

Ai—=X 0 0
M—-X=[4-Xx 0 Cy
Z  Bi—A By—A\
0 I 0 Bi—-\X Ay 0 0 I0
(3) =(0 0 I 0 A -\ 0 I 0 0],
I 0 (By—)\C;t 0 0 C1) \C7' (A —X) 0 I

where A1 -\ = PR(C)J_(A — )\)|7.[7 A2 — A= PR(C)(A — >\)|’H7 Bl — A =
(B = N|n(c), B2 = A= (B =Ny and Ay = Z — (By — A\)Cy (A2 — )
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(see [2, Page 714] for more details). Note that

0 I 0 0 I 0
(4) 0 0 1 and 1 0 0| are invertible.
I 0 ByC;! CitAy, 0 T

In this section, we study the local spectral properties of the operator matrices
in the class S.

In general, even though A has the property (8), A, its projection of A,
may not have the property (3). For example, if the multiplication operator
M, is normal on L? and so it has property (3). But, the Toeplitz operator
T, = P(M,) on H? may not have property (3). So we study the following
theorem with respect to A; and By which have the property (3).

Theorem 3.1. Let M = (4 G) € S and let Ay = Prcyr Aly and By =
Bln(cy- Then the following statements hold.

(i) If Ay and By have the property (8), then M has the property (5).

(ii) If 0 is not an eigenvalue of C*, then M has the property (8) if and only
if By has the property (3).

Proof. (i) Suppose that A; and B; have the property (8). Let D be an open set
in C and let f, : D — H @ N(C) @ N(C)* be a sequence of analytic functions
such that

fn71()\)
(5) Tim (M =) | F2() | e =0
fn,S(/\

suprexe [V for an H &
0

for every compact set K in D, where ||f|/x
N(C) @ N(C)*-valued function f()). Since
follows from (5) that

H B —X A, 0 Gn,1(N)

is invertible, it

7 N
~oo ||

I
0 I
0 (B2—N)C; !

0 Aai-x 0 (g0
0 0 ) \gus(V)) '

gn,1(A) 0 10 fna(N)
where ( gn,2(0) | = .1 00 fn2(N) |. Therefore, we get that
gn,S(A) Cl (Azi)\) 0r1 fn,S(/\)

lim
n— oo

0
=(o],
0

limy, o0 [(Br = N)gn,1(A) + Axgn2 (N x =0,
©) tim e (A1 = AgnzV) 1 = 0,
limy, 00 [|C1gn,3(N) || & = 0.

Since C; is invertible, it follows from (6) that lim,, 0 ||gn,3(A)||x = 0. More-
over, Ay and B; have the property (8), hence lim,,_, ||gn,2(A)||x = 0 and so
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limy, 00 ||gn,1(A)||x = 0. Therefore

gn 1(A I 0 fn,l(A)
ot | (30 - | (T 0 0) ()]
n o0 n o0
ns(V) =3 0 1) \fasn)) ¥

0 10

Since ( I 0 0) is invertible, it follows that
Cyl(As—A) 0T

fn 1 0

lim H fn2 H 0

n— o0 fn7 O

Hence M has the property (8).
(ii) Assume that M has the property (5). Let D be an open set in C and
let h,, : D — N(C) be a sequence of analytic functions such that

i [|(B1 — M (W) = 0

for every compact set K in D, where || h||x denotes sup ¢ ||h(N)|| for an N(C)-
valued function h(A). Then we have

Jim [[(M = A)(0 @ h(A) @ 0)]

A=\ 0 0 0
~ lim H Ay—X 0 Cy ha(N) H
e Z By -\ By—\ 0 K
“amf( 0

n—oo (Bl o

Since M has the property (53), it follows that lim, o ||hn(N)||x = 0. Hence
By has the property (5).

Conversely, assume that 0 is not an eigenvalue of C* and Bj has the property
(8). Then R(C) = H and Ay = 0. Let D be an open set in C and let
fn:D—HoN(C)® N(C)* be a sequence of analytic functions such that

fn,l(/\)
™ Tim 0= X) { Fo2V) | 1 =0
fn,3(A)
for every compact set K in D, where ||f||x = supAeK If(N)] for an H &
071
N(C) @ N(C)*-valued function f()). Since ((1)8 5 /\) is invertible, it
2—

follows from (7) that

Blf)\ A)\ O gml()\)
(8) i [0 <A 0] (e ]|

o O O
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gn.1(N) 0 10 fna(N)
where (gn,2(>\)> = ( 1 0 0) (fn,z(A)). Then from (8) we have
gn,3(>‘) Cl (A2=X2) 01 fn,3(>‘)

hmn%oo ||(Bl - )‘)gn,l(>\) + A)\gn,2()\)||K = 07
(9) limy, o0 || =Agn.2(A)||xk = 0, and
lim,, s o0 ||Olgn,3(>\)HK = 0.
Moreover, since C is invertible, it follows that
Jim{lgn,3(Ml[x = Tim |lgn2(A)][x =0

Hence from (9), limy, o0 [|(B1—A)gn,1(A) ||k = 0. Since By has the property (5),
0 10

. ] . _ . 9 A .
it follows that lim,_,c ||gn,1(A)||x = 0. Since (Cll(A2A) 0 I) is invertible,

we have
m [l fur Wl = m [ a2l = lm [ fus()i = 0.
Hence M has the property (8). O

Recall that an operator T' € L(H) is normal if T*T = TT*, hyponormal if
T*T > TT*, paranormal if |Tx||*> < ||T?z|||z|| for all x € H, and totally
paranormal if T — A\I is paranormal for every A € C.

Corollary 3.2. Let M = (4G) € S and let Ay = PrcyrAly and By =
B|n(c)- Then the following statements hold.

(i) Suppose that Ay and By have the property (8). If o(M) has nonempty
interior in C, then M has a nontrivial invariant subspace.

(ii) Suppose Ay and By have the single-valued extension property. Then M
has the single-valued extension property. Moreover, if 0 is not an eigenvalue of
C*, then M has the single-valued extension property if and only if By has the
single-valued extension property.

Proof. (i) Since A; and B have the property (8), it follows from Theorem 3.1
that M has the property (). Hence M has a nontrivial invariant subspace
from [11, Theorem 2.1].

(ii) The proof follows from a similar way of the proof of Theorem 3.1. O

Example 3.3. Let A, B,and C be defined on 2(N) by
Az = (aqx1, agxa, aszs, . . .),

Bz = (p171, fax2, B3T3, . . ),

Czx := (21,0, 22,0,23,0,--),
where x = (z,,) € £2(N) and oy, 3; € C for i = 1,2,3,.... Since C is bounded
below, it follows that M = (4 §) € S for arbitrary Z € L(¢*(N)). Also,
since N(C) = {0} and R(C)* = N(C*) = V>, {ear}, we have that A;(z) =
Prcyr Alemy(z) = (0,122,0, gy, ...) and B; = 0. Then A; and B are
normal. Therefore M has the property (5) from Theorem 3.1(i).
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Example 3.4. Let U be the unilateral shift given by Ue,, = e,11 on ¢*(N)
for n € N. If B is hyponormal and C' = U*, then 0 is not an eigenvalue of
C* and By = B|y(¢) is hyponormal. Since U* is surjective, it follows that
M = (4§) € S for arbitrary A and Z € L(¢?(N)). Moreover, since B; has the
property (f3), it follows that M has the property (8) from Theorem 3.1(ii).

Example 3.5. Let C be defined on ¢?(N) by

Cx := (r2,%3,T4,...)
for all z = (z,) € ¢3(N), and let W be the weighted shift given by We, =
n%rlenﬂ on (?(N) for n € N with W; = Wln(c).- Then Wy has the property

(B) from [1] and 0 is not an eigenvalue of C*. Thus (4 §) € S and has the
property (8) from Theorem 3.1(ii).

In the following theorem, we investigate the decomposablity of the operator
matrix M € S.

Theorem 3.6. Let M = (4%) where R(C) and R(Z) are closed and let
Ay = Ppcyr Aly and By = B|n(c)- If Pr(z+y+ A*|% and Ay have the property
(8), and By is decomposable, then M is decomposable. Moreover, if 0 is not
an eigenvalue of both C* and Z*, then M is decomposable if and only if By is
decomposable.

Proof. Let R(C) and R(Z) be closed. Then M, M* € S. Since B; is decom-
posable, it follows that By and B;* have the property (3). Moreover, since A;
and Pp(z+y1 A*|3 have the property (3), it follows from Theorem 3.1 that M
and M* have the property (3). Hence M is decomposable.

On the other hand, if M is decomposable, then M and M* have the property
(8). Thus, by Theorem 3.1, By and B;" have the property (5). Hence Bj is
decomposable. The converse implication holds by a similar way. O

Corollary 3.7. Let M = (C‘f‘* g) where R(C) is closed and A is self-adjoint, let
Ay = Pg(cy+ Al have the property (B) and let By = B|y(c) be decomposable.
Then M 1is decomposable.

Proof. Since R(C) is closed, M and M* are in the class S. Thus M and M*
have the property (), so this implies that M is decomposable. (I

Corollary 3.8. Let M = (4%). If By = B|n(cy is normal or compact, and
C and Z are surjective, then M € S and is decomposable.

Proof. Let B; be normal or compact. Then B is decomposable from [19].
Since C' and Z are surjective, these have closed range and so M € S. The

result follows from Theorem 3.6. O
Example 3.9. Let M = (/A Y) on (*(N) @ (3(N) where U is the unilateral

shift given by Ue,, = e,41 forn € Nand By = B\N(U) is a zero operator. Then
By is normal and so B; is decomposable. Since R(U) and R(U*) are closed,
M is decomposable from Theorem 3.8.
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Next, we focus on the Dunford property (C) of the operator matrix M € S.
We need the following lemma.

Lemma 3.10. If M = (4 §) € S, A1 = Prcy- Aln, and By = B|y(c), then
the following properties hold.
(i) If 0 is not an eigenvalue of C*, then op (0B 0B x) = o, (x) for x € K.
(ii) oa,(z) Copm(z@y®2) forzdy® 2 € R(C)t @ R(C)® K.
(iii) {0} ® {0} ® Hp, (F) = Hy(F) and Hy (F) C Ha, (F)®N(C)® N(C)*
hold where Hyy(F) :={z®y®z:opu(x®ydz) C F}.
Proof. (i) Suppose that A\g € pps(0@0®x). Then there is an HON (C)ON (C)*-
valued analytic function f(\) in a neighborhood D of Ay such that

fi(M) 0
(M - ) (fzm) = (0)
fg()\) X

for every A € D. Hence we obtain from (3) that

(A1 =N fi(A) =0,
(10) (A2 = A) fi(A) + Cif3(A) =0,

Zf1(A) + (Br = A) f2(A) + (B2 = A) f3(A) = @
Let 0 be not an eigenvalue of C*. Then A; = 0 and A; has the single-valued ex-
tension property. By (10), we have fi(\) = 0. Moreover, since C} is invertible,
Cy f3(A) = 0 implies f3(A) = 0. Therefore, (10) becomes (By — ) f2(A) = =.
Hence Ao € pp, (z) and so pp (0@ 0® x) C pp, (z) for z € K.

Conversely, assume that Ao € pp,(x). Then there exists an N(C)-valued
analytic function f(A) in a neighborhood D of )¢ such that (B; — \)f(A\) =«

for every A € D. So we get that
A — A 0 0 0
Ar—X 0 Gy ey
Z Bi— )X By—2\ 0

0 0
PN
(Bi =\ f (V) x

on D. Hence A\g € pp (0B 0@ ), and so pp, () C par(0® 0@ x). Therefore
om(0®0® ) =0p,(z) for x € K.

(ii) Let Ao € pam(z @ y @ 2). Then there is an H & N(C) @ N(C)+-valued
analytic function f(\) in a neighborhood D of Ay such that

fl()\) X
(M —A) (fz()\)) = (y)
fg(/\) z

for every A € D. So we obtain from (3) that (A; — A\)f1(A) = z. Hence
Ao € pa,(z) and so py(x @YD 2) C pa,(z) for x@y D2z € R(C)- @ R(C)DK.

(M =20 f(A) ®0)

(11)
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(i) If « € Hp,(F), then op,(x) C F. Since oy (00 ® x) = op, (2), it
follows that op(0 ® 0@ x) C F. Therefore we have 0 ® 0 ® z € Hp (F
Hence {0} @ {0} ® Hp, (F) C Hp(F) holds. Conversely, if 00® x € Hy (F),
then op (0 0@ z) C F. Since op(0® 0@ z) = op,(x), it follows that
op,(z) C F. Hence x € Hp,(F) and so Hy (F) C {0} @ {0} ® Hp, (F). For
the second inclusion, if z ®y @ z € Hpy (F), then oy (x @y ® z) C F. Since
o4, (x) C op(x @y d z), it follows that o4,(x) C F. Therefore we have
x € Ha,(F). Hence Hy (F) C Ha,(F)® N(C) ® N(C)* holds. O

Theorem 3.11. Let M = (4 §) € S, Ay = PpoyL Ay, and By = Bly(c)-
Then the following statements hold

(i) If 0 is not an eigenvalue of C*, then M has the property (C) if and only
if B1 has the property (C).

(i) Assume that Ha,(F)® N(C) ® N(C)* C Hy(F) holds. If Ay has the
property (C), then M has the property (C).

Proof. (1) Suppose that M has the property (C). Then Hy(F) is closed. By
Lemma 3.10, {0} & {0} & Hp, (F) is closed and so Hp, (F) is closed. Hence By
has the property (C). The converse implication holds by a similar way.

(ii) Assume that H4, (F) ® N(C) @ N(C)t C Hy(F) holds. If Ay has the
property (C), then Hy, (F) is closed. By Lemma 3.10, Hps(F) is closed. Hence
M has the property (C). O

Corollary 3.12. Let M = (4 §) € L(H ® K) where C : K — H is Fredholm,
0 is not an eigenvalue of C*, cmd B is totally praranormal on IC. Then M € S
and M has the property (C’)

Proof. Let C be Fredholm. Then M € S. Since B is totally praranormal, it
follows from [19] that B has the property (C) and so By has the property (C).
Hence M has the property (C) by Theorem 3.11. O

Corollary 3.13. Let M = (4 G) € L(H ® K) where C : K — H satisfies that
the family {Cy : o > 0} is umformly bounded where Cy, := (C*C + ol)~1C*

and let 0 be not an eigenvalue of C*. If B is totally pmmnormal on KC, then
M €8 and M has the property (C).

Proof. By hypotheses, ran(C) is closed from [25, Proposition 3.2]. Then M €
S. Since B is totally praranormal, it follows from [19] that B has the property
(C) and so By has the property (C). Hence M has the property (C') by Theorem
3.11. [l

Example 3.14. Let B : L?[0,1] — L?[0, 1] be the Volterra operators given by

0= [ s

It is known that every Volterra operator is quasinilpotent, that is, o(B) = {0}.
So B is totally paranormal, and then it has the property (C). And let C :
L2[0,1] — L2[0,1] be defined by Cf(z) = f(1 — z). Then C is invertible, so it
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is Fredholm and M = (4 §) € S. Moreover, 0 is not an eigenvalue of C* on
L?[0,1]. Therefore it follows from Corollary 3.12 that M has the property (C).

4. Weyl and Browder type spectra

In this section, we consider the various spectra for the operator matrices in
the class S. So M is an operator matrix in S with the representation (2).

Lemma 4.1. For M € S, the following properties hold:
(i) o(M) Co(B1 ® A1) = o(B1)Ua(A4y).
(11) O'E(M) Q Ue(Bl (&) A1> = Ue(Bl) @] O'E(A]_>.
(111) O'U,(M) Q O'u,(Bl (&) Al) g O'w(Bl) U O'u,(Al).
Proof. (i) For given A € C, we have the factorization (3) for M — A. Thus if

B, @ A; are invertible, then it is obvious from (3) that M — A is invertible.
(ii) Suppose that (B & A;) — A is Fredholm. Note that

(12) (Blo_/\ AlAj A) = (é Al(l /\) (é Aﬁ) (Blo_A ?>

From (12), (BIO_A A?j/\) is also Fredholm. On the other hand, since C; is

invertible, it follows from (3) and (4) that M — XA is Fredholm.
(iii) Suppose that (By @ A1) — A is Weyl. Then B; — X and A; — A are
Fredholm, and ind(B; — A\) + ind(A; — A) = 0. Thus we have that

By — A\ Ay
0 A — A

Since M — ) is Fredholm by the relation (ii), we prove that M — X is Weyl. O

ind(M — \) = ind (

Proposition 4.2. Let M € S. If one of the following statements holds;

(i) osr, (A1) C0e(M) or osr_(B1) C oo(M).

(i) Bf has the single-valued extension property at X\ € osp, (B1) or Ay has
the single-valued extension property at A & ogp_(A1), then

(M) = 0e(B1) Uoe(Aq).

Proof. From Lemma 4.1, it suffices to show that o.(B1) U o.(A41) C o.(M).
(i) Suppose that osp, (A1) C 0.(M). For the contrary, we assume that
0e(M) # 0¢(B1) Uoe(A1). Then there exists A € C such that

A€ [oe(B1) Uoe(A1)]\ oe(M).

Then M —\ is Fredholm and hence A; —\ is upper semi-Fredholm by hypothesis.

On the other hand, (3) and (4) yield that (Blo_A Afj/\ ) @1 is Fredholm. Since

(' is invertible, it means that (Blo_A A?_A A) is also Fredholm. It follows from

[20, Lemma 4] that A; — \ is lower semi-Fredholm. Thus A; — A is Fredholm, so
that By — A is also Fredholm from (12). So, this is a contradiction. Therefore,
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0e(M) =0.(B1)Uoc(Ar). If osp_(B1) C o.(M), then the proof follows from
the previous arguments.

(ii) Assume that A & o.(M). Since M — X is Fredholm, (Blof)‘ A?j)\) is
Fredholm from the proof of (i). This ensures from [20, Lemma 4] that A; — A is
lower semi-Fredholm and B; — A is upper semi-Fredholm. If B} has the single-
valued extension property at A € osp, (B1), then (B — A) < a(B1 — ) < 00

by [1, Corollary 3.19]. Hence B; — A is Fredholm. Since (Blo_’\ A?_*/\) is

Fredholm, it follows from (12) that A; — A is also Fredholm. Thus, o.(B;) U
0e(A1) C 0o(M). Similarly, if A; has the single-valued extension property at
A & ogsp (A1), then By — A is Fredholm, so that o.(B1) U 0e(A1) C ge(M).
Hence this completes the proof. [

We next state the relation between Weyl spectrum of M € S and the union
of Weyl spectra of A; and Bj.

Theorem 4.3. For M € S, the following equality satisfies;
(A1) Uy (B1) = 0y (M) U Q,
where Q is the union of certain of the holes in o,(M) which happen to be
subsets of 0.y (A1) N oy(Bn).
Proof. Tt suffices to show that Claims 1 and 2 hold.
Claim 1. For M € S, the following inclusions hold;

(13) [ow(B1)Uow(A1)]\ [ow(B1) Now(A1)] C ow(M) C 0y (B1) Uoy(Ar).

The second inclusion in (13) holds by Lemma 4.1. To show the first inclusion,
we let A € [0y (B1)Uow(A1)]\ ow(M). Then M — X is Fredholm and ind(M —
A) = 0. If 43 — X is Weyl, then it follows from (3) and (12) that By — A is

Fredholm. On the other hand, (Blo_’\ A?g\) is Weyl and from [21, page 134],
, Bi—X Ay . .
ind ( 0 A )\> =ind(A; — \) +ind(B; — \),
and hence ind(B; — A) = 0. Therefore B; — A is Weyl. Then this means that
A € 04(B1) Noy(Ar). Thus (13) can be proved.
Claim 2. For M € S, we have

(14) n(ow(M)) =n(ow(Br) Uow(Ar)),
where nK denotes the polynomially convex hull of the compact set K C C.

If M — X is Weyl, then (BIO_)‘ A?i)\> is Fredholm as in the proof of Lemma
4.1(i1). By [20, Lemma 4], we get that A; — X is lower semi-Fredholm and
Bi1 — X is upper semi-Fredholm. This means that

USF+(Bl) @] USF—(Al) C O'w(M).
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Since int(oy, (M)) C int(o,(A1)Uoyw(B1)) by (13), it follows from the previous
fact and from punctured neighborhood theorem ([15] and [20]) that
9(ow(B1) Uow(A1)) C 9(ow(Br)) Ud(ow(Ar))
- USF+(B1) Uosr_ (Al) C (Tw(M).

Therefore it follows from (13) that (14) can be proved, so that the passage from
ow(B1) Uow(Ar) to o, (M) is the filling in certain of the holes in o,,(B1) N
ow(A1). Hence this completes the proof of this theorem. O

The following corollary follows from Theorem 4.3.

Corollary 4.4. Let M € S. If 0,(A1) Now(B1) has no interior points, then
ow(M) = 04(B1) Uoy(Ar).

Proof. If 04,(A1)Now(B1) has no interior points, then o, (Bl a ) =0ow(B1)U

0 Aq
ow(Ay) from [21, Corollary 7] where A = Z — ByCy'Ay. Since o,(M) =
Ow (Eél AAl ) by the proof of Theorem 4.3 and Lemma 4.1, we obtain o, (M) =
O'w(Bl)UO'w(Al). [l

Recall that for an operator T' € L(H), a holein o.(T') is a nonempty bounded
component of C\c.(T) and a pseudohole in o.(T) is a nonempty component of
0e(T)\ osr, (T) or of 0.(T) \ osr_(T), where 05p (1) and ogp—(T) denote
the left and the right essential spectrum, respectively. The spectral picture of
an operator T' € L(H) (notation: SP(T')) is the structure consisting of the set
0e(T'), the collection of holes and pseudoholes, and the indices associated with
these holes and pseudoholes (see [23] for more details). An operator T € L(H)
is said to be isoloid if every isolated point of o(T') is an eigenvalue of T In
the following theorem, we give the result of Weyl’s theorem for 2 x 2 operator
matrices.

Theorem 4.5. Let M € S. Assume that the following statements hold:
(i) either SP(Ay) or SP(B1) has no pseudoholes.
(ii) By satisfies Weyl’s theorem.
(iil) By is isoloid.
If Weyl’s theorem holds for (By @ A1), then Weyl’s theorem holds for M.

Proof. It R(C) is closed, the statements (i), (ii), and (iii) are satisfied and
Weyl’s theorem holds for (By & A;), then it follows from [21, Theorem 2.4] that

Weyl’s theorem holds for (%1 fl ) By (3), we know that A € o(M) if and only

if A€o (Eél fl) and A\ € 0, (M) if and only if A € oy, (Eél AAl), respectively.
Hence Weyl’s theorem holds for M.

Corollary 4.6. Let M € S. Suppose that Ay and By are hyponormal. If either
SP(A1) or SP(B1) has no pseudoholes, then Weyl’s theorem holds for M.
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Proof. Since Ay and By are hyponormal, they are isoloid. Moreover, since A;
and B; satisfy Weyl’s theorem by [6] and [1], it follows that By & A; satisfies
Weyl’s theorem from [20]. Hence Weyl’s theorem holds for M from Theorem
4.5 O

If w and v are nonzero vectors in H, we write u ® v for the operator of rank
one defined by (u® v)z = (z, v)u, for & € H, where (, ) denotes the inner
product of H.

Corollary 4.7. Let M € S. If an isoloid operator Ay = N + (u ® v) where N
is normal and (u ® v) is a rank one operator with N(u ® v) = (u ® v)N and
By is paranormal, then Weyl’s theorem holds for M.

Proof. Since A} = N + (u ® v) is essentially normal, SP(A4;) has no pseudo-
holes. Also, N satisfies Weyl’s theorem and (u ® v) is a rank one operator
commuting with N, it implies from [22] that Weyl’s theorem holds for A;.
Moreover, it holds from [7] that B is isoloid and satisfies Weyl’s theorem.
Hence 0, (B1 ® A1) = 04(B1) U 0y(A7), equivalently, Weyl’s theorem holds
for B; @ A;. Consequently, this means that Weyl’s theorem holds for M from
Theorem 4.5. (]

Next, we begin with the following proposition. Proposition 4.8 says that the
passage from o,(A1) Uog(B1) to 0,(M) is the punching of some open sets in
0s(B1) Nog(Ar) for M in the class S.

Proposition 4.8. Let M € S. Then the following equation holds;
0a(A1) U0q(B1) =0,(M)U Q,

where Q is the union of certain of the holes in o,(B1) which happen to be
subsets of 05(B1) Noa(A1). In particular, if 05(B1) Nog(A1) has no interior
points, then o,(A1) Uoq(B1) = o4(M).

Proof. Suppose that A\ & 0,(A1) U 04(B1). Then A; — XA and By — A are
bounded below. It ensures from [16, page 269] that (B A Afj /\) is bounded

below. Hence from (3) and (4), we have that M — X is also bounded below.
Hence

_ By A
(15) oo(M) =0, ( 0 A1> ,
where A = Z — ByCy'Ay. Hence we get this result from [16, Theorem 2].
From the above result, we have immediately the second statement. (I

We next investigate the connection from o,,(A41) U 0ap(B1) to oap(M) for
M € S. The following lemmas provide a clue.

Lemma 4.9. Let M € §. Then the following inclusions hold;
(16) Crab(Bl) g Uab(M) g Jab(Bl) U Jab(A1)~
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Proof. Let A & g4p(M). Then M — X is upper semi-Fredholm with finite ascent.
Since C is invertible, it follows from (3) that (Blo_)‘ A?j A) is upper semi-
Fredholm with finite ascent and so By — A\ is upper semi-Fredholm. Moreover,

n
since N ((By —A)") @ {0} C N ((810—/\ Afj/\) ) for every n € N, it follows
that By — A has finite ascent. Hence A & 044(By).
Let A € 04p(B1)Uoap(Ar). Then By — A and A; — A are upper semi-Fredholm

operators with finite ascent. Since both By — A and A; — A have finite ascents,
it ensures from [5, Lemma 2.2] that (Blo_’\ A?_ A) has finite ascent. Since C}
is invertible, it follows from (3) that M — X has finite ascent. Since (! %)
is invertible, it gives from (12) that (B 10_A A?_* )\) is upper semi-Fredholm.

Therefore, M is upper semi-Fredholm by the previous statements. Hence,

A ¢ Uab(M>. O
Lemma 4.10. Let M € S. Then the following equality holds;
(17) n(oar(M)) = n(oa(B1) Uoa(41)),

where nK denotes the polynomially convex hull of the compact set K C C.
Proof. Tt is well known that for every operator T € L(H),
00u(T) C 0ap(T) C 0u(T),
so that n(op(T)) = n(oap(T)). Similarly, it satisfies that
n(op(B1) Uop(A1)) = n(0ab(B1) U oap(Ar)).
Therefore we have that
n(0ab(B1) Uoab(A1)) = n(op(B1) U ob(A1))
=n(os(M)) = n(oa(M)). O
Using Lemmas 4.9 and 4.10, we have the following theorem.
Theorem 4.11. Let M € §. Then the following relations hold,
Oab(A1) Uoan(B1) = 0ap(M) U Q,
where Q s the union of certain of the holes in ou,(M) which happen to be
subsets of oap(A1) \ oap(B1).
Proof. Lemmas 4.9 and 4.10 imply that
(18) (0ap(B1) Uoap(A1)) \ 0ap(M) C oap(A1) \ 0ap(B1).

Therefore it follows from (17) that (18) can be proved, so that the passage from
oap(B1) U oap(A1) to oqp(M) is the filling in certain of the holes in o4p(A41) \
cap(B1). Hence this completes the proof of this theorem. O

Corollary 4.12. Let M € S. If 0,4(A1) \ 0up(B1) has no interior points, then
oap(A1) Uoa(B1) = oap(M) and 04(A1) Uy (B1) = 04(M).
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Proof. Since acc 04(T) C 04(T) for every operator T € L(H), it follows that
oap( A1) has no interior points if and only if o, (A7) has no interior points. From
Theorem 4.11 and [16], we get this result. O

5. Weyl type theorems

In this section, we study a-Weyl’s theorem and a-Browder’s theorem for
operator matrices in the class S. So we start with the following theorem.

Theorem 5.1. Let M € S. Assume that either ogp4(B1) = osp+ (A1) or
osp+ (A1) Nosp—(B1) = 0 holds. If By ® A; satisfies a-Browder’s theorem,
then M satisfies a-Browder’s theorem.

Proof. For the proof, it suffices to show that o.,(M) C 0eq(M). Suppose that
A & 0eq(M). First, we prove that oeq(M) = 0ea(B1 @ A47).
Assume that ogpi(B1) = osp(A41). If A & 0eo(M), then, since Cy is

invertible, it follows from (3) that A\ & o, (Eél AAl ) By [10, Lemma 3.2], we

have (i) A & ogp4(B1) and a(A; —A) < oo and ind(By—A)+ind(A;—A) < 0or
(ii) A € osr4+(B1) and a(A; — A) = B(B1 — A) = oo. On the other hand, since
osr+(B1) = ospy (A1), it follows that (By @ Ay) — A is upper semi-Fredholm
and ind[(B1® A1) — A = ind(By—A)+ind(A;—A) < 0. Thus, A € 0.q(B1D A1)
and 80 0eq(M) = 0ea(B1 @ A1). Suppose that ogp_(B1) Nogry (A1) = 0. If
A & 0eq (M), then we consider two cases:

(Case 1) If A € ogp—_(B1), then B(B; — A) = co. The relation ogp_(B1) N
osr+ (A1) = 0 implies A & ogp4(A1). Since M — X is upper semi-Fredholm,
it follows that (B 10_>\ A?j )\) is upper semi-Fredholm and so B; — A is upper
semi-Fredholm. Since A; — X and By — A are upper semi-Fredholm, it follows
that (B1 @ A1) — A is also upper semi-Fredholm and ind[(B; @ A1) — A] < 0.
Hence A\ & 000(B1 @ A1) and s0 0eo(M) = 0e0(B1 @ A1).

(Case 2) If A &€ osp—(B1), then, since By — A is upper semi-Fredholm, By — A
is Fredholm. Now, we will show that A; — X is upper semi-Fredholm. For the
contrary, let A € ogpy(Ar). Since A7 — A has closed range, it follows that
a(A; — A) = co. Therefore, we have 5(By — A) = oo by [10, Lemma 3.2]. This
is a contradiction. Thus, A € ogp_(B;) implies A € ogpy(A1). Therefore,
(B1 ® A1) — X is upper semi-Fredholm and ind[(B; ® A1) — A] < 0. Thus,
A& 0ea(B1®A1). Hence 0eq(M) = 0ca(B1® A1). Since A € 0.,(M), it follows
that A\ & 0..(B1 ® Ay) from the previous facts. Moreover, since (B; @ Ap)
satisfies a-Browder’s theorem, it means that A € o4 (B1 @ Ay). Since both
B — X and A; — X have finite ascents, it holds that (Blof)‘ A?j/\) has finite
ascent by [5]. Since C; is invertible, it follows from (3) that M — A has finite
ascent. On the other hand, M — X is bounded below and so A € isoo,(M).
Hence \ & 0.,(M). Hence this completes the proof. O

Let us recall that an operator T' € L(H) is said to be complex symmetric if
there exists a conjugation J on H such that 7" = JT™.J. In this case, we say
that T is complex symmetric with conjugation J.
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Corollary 5.2. Let M € S. Assume that either ogpy(B1) = osp4 (A1) or
osr+(A1)Nosp_(B1) = 0 holds. Suppose that A1 and By are complex symmet-
ric. If Ay and By have the single-valued extension property, then M satisfies
a-Browder’s theorem.

Proof. Let A; and B; be complex symmetric. Then it is clear that B; & A;
is also complex symmetric. Since A; and By have the single-valued extension
property, it follows that By @ A; has also the single-valued extension property.
So, By @ A; satisfies Browder’s theorem from [1]. On the other hand, since
By & A is complex symmetric and By & A; satisfies Browder’s theorem, it
satisfies a- Browder’s theorem from [18, Theorem 4.6]. Hence, from Theorem
5.1, M satisfies a-Browder’s theorem. (I

Example 5.3. Let M € S. Assume that either ogpy(B1) = ogpy(A1) or
osr+(A1) Nogp_(By) = 0. If Ay and B; are normal operators, then M
satisfies a-Browder’s theorem. Indeed, if A; and B; are normal operators, then
Ay and Bj are complex symmetric from [13]. So, it is obvious that By & A;
is also complex symmetric. Moreover, in this case, since A; and B; have the
single-valued extension property, it follows that By @ A; has also the single-
valued extension property. Thus, B; ® A; satisfies Browder’s theorem from [1].
Hence M satisfies a-Browder’s theorem from Corollary 5.2.

In general, we know that o (4 B) < oo ensures that a(A) < co. If a(T'S) <
oo and S is invertible, it is easy to show that a(T'S) = «(T) for every T, S €
L(H). In the following lemma, we consider finite multiplicity between the

operator matrices M and (%1 AAI )

Lemma 5.4. Let M € S. If 0 < a(M — \) < oo, then
B1 — A\ Ay
0<a( 0 A1_>\><oo,
where Ay — A = Py (A= Ny, A2 — X = Proy(A—N)|w, Br — X denotes a
mapping B—X from N(C) into IC, Bo— X denotes a mapping B—X from N(C’)L
into K, Ay = Z — (By — N\)C7 YAz — \), and Pg(c) denotes the projection of
H onto R(C).

Proof. By (3), (4), and the invertibility of C, we can see that

Bi—-Xx A Bi—-Xx A
a(M—/\)_a(( 10 Al_)‘)\)@cﬁ)—o‘( 10 Al;\)\>. O

Theorem 5.5. Let M € S and let 045(A1) \ 0ap(B1) have no interior points.
Then M satisfies a-Browder’s theorem if and only if By and Ay have the single-

valued extension property at A & 0eq (%1 AAI )

Proof. Suppose that M satisfies a-Browder’s theorem. Then o.q(M) = o4p(M).
Let A € 000 (M). Since C} is invertible, it ensures from (3) that A € o, (Eél AAl )
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and thus A € oy (301 AA1>. Since g4p(A1) \ 0ap(B1) has no interior points, it
gives that A & 044(B1) U 0ap(A1). Therefore, A1 — A and By — A has finite

ascent. Hence By and A; have the single-valued extension property at A.

Conversely, it suffices to show that o.p(M) C 0eq(M). Let A & 0eq(M).
Since C1 is invertible, it ensures from (3) that A & o, (%1 AAl ) Since B; and
Ay have the single-valued extension property at A, (BOI AAl ) has the single-

valued extension property at A\. Moreover, since (B 107A A?j )\) is upper semi-

Fredholm, it follows that (B 10_’\ Af_ ,) has finite ascent from [1]. Thus X &

Oab (%1 AAI ) On the other hand, since o4,(A1)\ 04 (B1) has no interior points,

A & 0ap(B1) Uogp(Ar) so that A & o4p(M). Hence M satisfies a-Browder’s
theorem. 0

Corollary 5.6. Let M € S. If one of the following statements holds;
(i) A has finite spectrum and B is paranormal,
(i) A =1 and B is paranormal,

then M satisfies a-Browder’s theorem.

Proof. (i) Suppose that A has finite spectrum and B is paranormal. Then B
is also paranormal. In this case, A; and B; have the single-valued extension
property. Moreover, o45(A1) \ 0ap(B1) has no interior points. Hence, from
Theorem 5.5, M satisfies a-Browder’s theorem.

(ii) Let A = I and B is paranormal. Then B; and A; are also paranor-
mal. Moreover, in this case, o45(A41) \ 0ap(B1) has no interior points. In this
case, since By and A; have paranormal, they have the single-valued extension
property. Hence, from Theorem 5.5, M satisfies a-Browder’s theorem. (]

Example 5.7. Let M € S. Suppose that 0(A) = {0,1} and B is a weighted
shift defined by

1 2 3 n+1
Bleg,€1,€2,...,€pn,...) = (\/gel, \/geg, \/;eg,...,wlme,ﬁl,...).

Then we obtain that
([((B*)2B? — 2\(B*B) + Xen, en)
(n+1) n+1

:<[n+3 —2)\n+2—|—)\2]emen>
B _n+1 (n+1) o e
=([(A n+2)2+ (n+3)(n+2)2] ns€n) >0

for all A > 0 and all positive n. Thus B is clearly a paranormal operator.
Hence M satisfies a-Browder’s theorem from Corollary 5.6.

Finally, we provide some conditions for which M satisfies a-Weyl’s theorem.
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Theorem 5.8. Let M € S and o4p(A1) \ 0ap(B1) have no interior points. If
By and Ay have the single-valued extension property at A & Oeq (Bol AAl) and

By @ A; satisfies a-Weyl’s theorem, then M satisfies a-Weyl’s theorem.

Proof. Suppose that B; and A; have the single-valued extension property at
A& Oca (BOI ﬁ). Then, by Theorem 5.5, a-Browder’s theorem for M which
means that

0a(M)\ 0ea(M) = pjo(M) C m5o(M).
If A € w8y (M), then X € isoo,(M) and a(M — A) < oo. Since C is invertible,
it ensures from (3) and Lemma 5.4 that

. By A B A
A € is00, ( 0 A1> and a(( 0 A1> - ) < o0.

Now we claim that o, (Eél ﬁ) = 0,(B1 ® A1). Since 04p(A41) \ 0ap(B1) has no

interior points, it follows that

Thus, A € isoo,(B1 @ A;). From [16], we have

0 A

So, A € w8y (B1 @ Ay). Since By @ A; satisfies a-Weyl’s theorem, it follows that
A€ O'a(Bl @Al) \Uea(Bl @Al) SO, A ¢ Uab(Bl @Al) Since Uab(Al) \Uab(Bl)
has no interior points, it holds that A &€ g4,(M) from (19) and Theorem 4.11.
Therefore, M satisfies a-Weyl’s theorem. O

a(<Bl A) —A) < oo implies 0 < af(B1 & A1) — A] < oco.

Corollary 5.9. Let M € S§. If A has finite spectrum and B is normal, then
M satisfies a-Weyl’s theorem.

Proof. Suppose that A has finite spectrum and B is normal. Then B; is also
normal. In this case, A; and B; have the single-valued extension property.
Moreover, 045( A1)\ 0qp(B1) has no interior points. Hence, M satisfies a-Weyl’s
theorem from Theorem 5.8. O

Example 5.10. Let C be the bilateral shift given by Ce, = e,+1 on L?(u)
with respect to e,(z) = 2" for n € Z. If A = I and B is a multiplication
operator on a Lebesgue space L?(p1) where y is a planar positive Borel measure
with compact support. Then (4 %) € S. In this case, since A and B are
normal, By and A; are also normal. Therefore, B; & A; satisfies a-Weyl’s
theorem. Moreover, in this case, 045(A1) \ 0ap(B1) has no interior points. On
the other hand, since By and A; have the single-valued extension property, we
conclude from Theorem 5.8 that (4 ) satisfies a-Browder’s theorem for every

Z € L(L2(n), L())-
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