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INFINITELY MANY SOLUTIONS FOR FRACTIONAL
SCHRODINGER EQUATION WITH SUPERQUADRATIC
CONDITIONS OR COMBINED NONLINEARITIES

MOHSEN TIMOUMI

ABSTRACT. We obtain infinitely many solutions for a class of fractional
Schrédinger equation, where the nonlinearity is superquadratic or involves
a combination of superquadratic and subquadratic terms at infinity. By
using some weaker conditions, our results extend and improve some ex-
isting results in the literature.

1. Introduction

In this paper, we consider the following fractional equation
(FS) (=A)u+V(z)u= f(z,u), v € RY,
where s €]0,1], N > 2s, (—A)® stands for the fractional Laplacian, V €
C(RM,R) and f € C(RN x R,R).

Equation (FS8) arises in the study of the fractional Schrédinger equation
oY
i=r

ot
when looking for standing waves, that is, solutions with the form v (z,t) =
e™ty(x), where w is a constant. This equation was introduced by Luskin [19,20]
and comes from an expansion of the Feynman path integral and from Brownian-
like to Levy-like quantum mechanical paths. In [11], the authors have proved
that (—A)® reduces to the standard Laplacian —A as s — 1 (see Proposition
4.4 in [11]).

When s = 1, formally equation (FS) reduces to the classical Schrodinger
equation

(1.2) ~Au+V(x)u = f(z,u), =z € RV,

Over the past decades, with the aid of critical point theory and variational
methods, for various conditions on the potential V(z) and the nonlinearity

(1.1) (=AY + V(z)y = f(z,7), € RN, >0,
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f(z,u), the existence and multiplicity of nontrivial solutions for the equa-
tion (1.2) have been extensively investigated in the literature, see for example
[5,6,22,25,29] but we do not even try to review the huge bibliography. Re-
cently there has been an increasing interested in the study of equation (FS),
from a pure mathematical point of view as well as from concrete applications,
since this equation naturally arises in several fields of research like phase tran-
sitions, finance, stratified materials, flame propagation, ultra-relativistic limits
of quantum mechanics and water waves. For more detailed introductions and
applications, we refer the reader to [10,15, 28].

With the aid of variational methods, some authors have studied the existence
and multiplicity of nontrivial solutions for equation (FS) by assuming various
conditions on the potential V(x) and the nonlinearity f(x,u), see for exam-
ple [1-3,7-9,12-14,16-18, 23,24, 26,27,31-34] and the references cited therein.
Felmer et al. [14] considered the existence and regularity of positive solution
of (FS) with V(z) = 1 and s €]0,1[ when f(z,u) has subscritical growth
and satisfies the so-called global Ambrosetti-Rabinowitz ((AR) in short) su-
perquadratic condition. That is, there exist constants v > 2 and r > 0 such
that

0 < vF(z,u) < f(z,u)u, Yo € RN, |u| >,

where F(z,u) = [ f(z,t)dt. Secchi [22] obtained the existence of ground
state solution of (FS) for s €]0,1] when V(z) — 400 as |z|] — +oo and
(AR) condition holds, by using the Ekeland’s Variational Principle and the
Mountain Pass Theorem. In [26], Teng used Variant Fountain Theorems and
the Zs version of Mountain Pass Theorem to establish the existence of infinitely
many nontrivial high-energy or small energy solutions for (FS). In this paper,
the nonlinearity is allowed to be superquadratic and the potential V(x) was
assumed to satisfy the following conditions

1% inf V(z)>0;
. BV
(V) For any M > 0, there exists a constant r > 0 such that
lim meas{z € RY : [z —y| <r,V(z) <M} =0,

ly|—o0
where meas denotes the Lebesgue measure on the whole axis R"V. J. Zhang and
W. Jiang [33] dealt with the case that f(x,w) is subquadratic and the potential
V' satisfies the following condition

(V3) V>0,3b>0/V, = {xERN :V(z) < b} # ¢, meas(Vy) < oo,

Q =intV ' ({0}) # ¢ and Q = V~({0});
and obtained the existence of solution for (FS) by using a minimization theo-
rem.
Motivated by the previous papers, in this paper, we will establish some
new existence criteria to guarantee that problem (FS) has infinitely many
solutions under some assumptions on f(x, u), which are different from the (AR)
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condition. We are also concerned with the multiplicity of solutions of (FS)
under combined nonlinearities cases. Firstly, we deal with the case that f(x,u)
is superquadratic at infinity. Consider the following hypotheses:

() inf V(z) > —o0;

z€RN

(H1) There exist constants a,b > 0 and 2 < p < 2% such that
|f(@,u)| < alul +blul™h, V(z,u) € RN x R;

(Hs) There exists a constant r > 0 such that F(z,u) > 0 for all z € RY and
|u| > r, and
F(z,u)

im 5— = +oo for a.e. z € RY;
lul—oo  |u)

(Hs) F(x,—u) = F(z,u), V(z,u) € RY x R;
(Hy) There exist constants C' > 0 and o > 22—_2 such that

f(z,u)u —2F (x,u) >0, V(z,u) € RY xR

and
F(a,u)l” < Clul® [f(@,u)u— 2P (w,0), Vo € RY, Jul > 7,
where 27 = N2iv2$ is the so-called “fractional critical exponent” and r is the

constant given in (Hs);
(H}) There exist constants g > 2 and v > 0 such that

pF(z,u) < flz,u)u+ yu?, V(z,u) € RY x R,
Our first main results read as follows.

Theorem 1.1. Assume that (V{), (Vo) and (Hy)-(Hy4) hold. Then (FS) has
infinitely many nontrivial solutions.

Theorem 1.2. Assume that (V{), (V2), (H1)-(Hs) and (H}) hold. Then (FS)
has infinitely many nontrivial solutions.

Remark 1.3. Most of the above mentioned papers treat the superquadratic case
under the (AR) condition. Without this condition, we do not know whether a
Palais-Smale sequence is bounded. Note that the (AR) condition is not required
in our Theorem 1.1. In fact, let

F(a,u) = afa) [(4]uf* 1) (G +Jul) ~ 205 + ful)? + 4ful + 7 2],

where a € C(RY,R) is such that 0 < inf,cgn a(z) < sup,cpn a(z) < +oo. It

is clear that f(z,u) = 2E (z,u) satisfies (H;)-(H3). It remains to verify (Hy).

A classical computation shows that
2ul

Gy = 2P ) = (o) (4l — 1) gy

1
~2Jul +21n(; + |u|)+21n2]
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It is easy to check that f(x,u)u—2F (z,u) > 0 for all (x,u) € RN xR. Moreover,

for all o > 2

55, we have

(1} + Jub)”

& ’

(BE) e = 27 o) 2

which converges to 0 as |u| — oo, uniformly in z € RY. Hence there exist two
positive constants r, C' such that

|u

F 20

( |(x|,2u)) < C[f(z,u)u — 2F(z,u)], Yz € RN, |u| > r.
U

Therefore (Hy) holds. However, we check easily that the (AR)-condition can

not be satisfied for any v > 2. By Theorem 1.1, the corresponding fractional

Schrodinger equation (FS) possesses infinitely many nontrivial solutions.

Remark 1.4. Theorem 1.2 generalizes Theorem 1.3 in [13]. In fact, hypothesis
(H3) is weaker than hypothesis (f5) in [13, Theorem 1.3].

Remark 1.5. From (VY), we know that there exists a positive constant vy such
that inf,cpy V(2) +v9 > 0. Let V(2) = V(x) +vp and f(x,u) = f(z,u) +vou.
Consider the following fractional Schrodinger equation

(FS) (~A)u+V(x)u = f(z,u), z € RY.

It is easy to check that the hypotheses (H;)-(Hy), (H}) still hold for f(z,u)
provided that those hold for f(x,u), and V satisfies the conditions (V1), (V).

Hence, in our above results, we will always assume without loss of generality
that V satisfies (V1) instead of (V7).

Next, consider the equation (FS8) involving a combination of superquadratic
and subquadratic terms at infinity. More precisely, assume that f(z,u) is of
the type f(x,u) = g(x,u) + h(z,u), where f,g : RV x R — R are continuous
functions and take the following conditions.

(Hs) There exist constants 1 < v < 2, 1 < ¢ < 2 and functions c¢g,a €

L75 (RN, R*) and b € L77 (RN, R+) such that
co(x) [u]” < gla, u)u, |g(z,u)] < alz)|u]”" +bz)|u|”"", ae z e RV, Vu e R;

(H¢) H(w,u) = [, h(z,s)ds > 0 and there exist 2 < p < 27 +1,c €
L*(RYN,R*) and d € L (RY,R*) such that
|h(z,u)| < e(x) +d(z) [ul*™", ae zeRY, VueR;
(H;) There exist p > 2,1 < 6 < 2 and 6 € C(RY,R+)(L7>5 (RY,R*) such
that
pH (z,u) — h(z,w)u < 0(z) [ul’, ae zcRY, VueR.

Theorem 1.6. Assume that (V1), (Vo), (Hs) and (Hs)-(Hy) are satisfied.
Then the equation (FS) possesses infinitely many small energy solutions.
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Remark 1.7. Obviously, Theorem 1.6 generalizes Theorem 1.2 in [13], Theorem
1.1 in [33] and Theorem 1.2 in [34]. In fact, taking h(z,u) = 0, Theorem 1.2 in
[13] and Theorem 1.1 in [33] become special cases of Theorem 1.6. Similarly,
taking g(z,u) = 0, Theorem 1.2 in [34] becomes a special case of Theorem 1.6.
Example 1.8. Let F(z,u) = G(x,u) + H(x,u) where
Gloon) = () " pult + ()
’ Lt af* L+ faf* ’
1
H(xz,u) = (72
1+ |z|

By a classical computation, we check that (Hs), (Hs)-(H7) are satisfied. Hence
the corresponding equation (FS) possesses infinitely many solutions.

)" [l i@ + ful) + ful® ]

The remainder of this paper is organized as follows. In Section 2, some
preliminary results are presented. In Section 3, we give the proofs of Theorems
1.1, 1.2. Section 4 is devoted to the proof of Theorem 1.6.

2. Preliminaries

In the sequel, s will denote a fixed number, s €]0, 1[, we denote by ||-[|, the

usual norm of the space L4(RY). In terms of finite differences, the nonhomo-
geneous Sobolev space can be defined as follows

H*(RY) = {u € L2(RY) |T(”) _lfj(fs” e L2(RN x RN)} .
r—y|*

This space is endowed with the natural norm

B ) Ju(z) — u(y)|? :
llull 7o = |u|” dx + T Nios drdy |
RN RN |z —y
Ju(z) — u(y)|? :
Ul s = — = dxd
|ul g (/}RN /]RN |x—y|N+25 Y

is the Gagliardo (semi) norm. The space H*(RY) is a Hilbert space with the
inner product

<u,v> = /RN u(z)v(x)dx + /RN /JRN (u(z) _Z(ﬁ);fx(fz)s_ U(y))dazdy.

The space H*(RY) can be described by means of the Fourier transform. Indeed,
it is defined by

@) = {ue 2E): [ @Il de <

while
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and the norm can be equivalently written by

follae = ([ 6 @R de+ [ uto)fas)*

Furthermore, we know that ||-|| ;. is equivalent to the norm

1

full, = ([ NP ar s [ ).

Lemma 2.1 ([11]). Let s €]0, 1] such that 2s < N. Then there exists a positive
constant C = C(N,s) such that for any measurable and compactly supported
function u : RN — R, we have

2
[ <C/ / dedy.
2% = Ry Jry |z — y‘N+2s

Consequently, the space H*(RN) is continuously embedded in L1(RY) for any
q € [2,2]. Moreover, the embedding H*(RN) — L4(RY) is locally compact
whenever q € [2,2%].

In this section, we assume that V satisfies (V7) and we consider the subspace

E= {u e ®): [ O i+ [ V) < oo} .

Then F is a Hilbert space with the inner product

(woy= [ s+ [ Vu@pis

and the associated norm
= ([ el de+ [ v ) do)
RN RN

Furthermore, we know that ||-|| is equivalent to the norm

1
2

1
2

full = ([ 1)k + V) e

and the corresponding inner product is
(u,v) = /RN[(—A)%u(a:)(—A)%v(x) + V(z)u(z)v(z)|d.

In view of the assumptions (V1) and (V2), some compactness embedding can
be deduced as follows.

Lemma 2.2 ([26]). The Hilbert space E is continuously embedded into LY(RY)
for 2 < q < 2% and compactly embedded into L1 (]RN) for2 <gq <2

It follows directly from Lemma 2.2 that there are constants 7, > 0 such that
(2.1) lully < ngllull, Yu € E, Vq € [2,2]].
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Definition. We say u € E is a weak solution of (FS) if

/ |£|28 w(£)v(€)d¢ —|—/ V(x)u(z)v(z)de = flz,u)dz, Yv € E.
RN

RN RN
In order to prove our main results, we shall use the following critical point
theorems.

Definition. Let E be an infinite dimensional Banach space. We say that
1 € CY(E,R) satisfies the
a) Palais-Smale condition at level ¢ (we denote (PS). condition in short) if
any sequence (u,) C E satisfying
Y(un) — ¢ and ¢’ (uy) — 0 as n — 00

possesses a convergent subsequence,
b) Cerami’s condition at level ¢ (we denote (C'). condition in short) if any
sequence (u,) C E satisfying

Plun) = ¢, 9" (un)]| (lunl +1) = 0 as n — oo
possesses a convergent subsequence.

Lemma 2.3 (Symmetric Mountain Pass Theorem, [21]). Let E =Y @ Z be
an infinite dimensional space where Y is finite dimensional. If ¢ € C1(E,R)
satisfies the (PS)c-condition for all level ¢ > 0 and

(1) ¥(0) =0, P(—u) =Y(u), Yu € E;
(2) YloB,nz = a for some p,a > 0;

(3) for any finite dimensional subspace E C E, there is a positive constant
R = R(E) such that ¢(u) <0 on E\ Bg.

Then 1) possesses an unbounded sequence of critical values.

Remark 2.4. As shown in [4], a deformation lemma can be proved with (C),-
condition replacing the (PS).-condition, and it turns out that Lemma 2.3 still
holds true with the (C').-condition instead of the (PS).-condition.

Now, let E be a Banach space with the norm |-|| and E = &,enX;, where
X is a finite dimensional subspace of E. For each k € N, let Y}, = @?:OXj,
Z = @32, X;. The functional ¢ € CH(E,R) is said to satisfy the (PS)*
condition if for any sequence (u;) for which (¢(u;)) is bounded, u; € Yy, for
some k; with k; — oo and (w|ykj ) (uj) — 0 as j — oo, has a subsequence
converging to a critical point of .

Lemma 2.5 (Dual Fountain Theorem, [30]). Suppose that the functional i) €
CY(E,R) is even and satisfies the (PS)* condition. Assume that for each
sufficiently large integer k, there exist 0 < rp < pg such that

(a) ay = inf P(u) > 0;

UE Zy, |lull=px
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(b) b= max  (u) <O0;

UEYg,||ull=rk

C di = inf u) — 0 as k — oo.
( ) 4§ u€Z, ||ull<pk d)( )

Hence ¢ has a sequence of negative critical values converging to zero.

3. Proof of Theorems 1.1, 1.2

Consider the functional ¢ associated to the equation (FS)
1 25 |~ 1|2 2
v =5 ([ e a@F + [ V@ lu@ldz) - | Fude
RN RN RN

1
:fmwf/ F(e,u)da
2 ]RN

defined on the space E introduced in Section 2. Under the assumptions of
Theorems 1.1, 1.2, it is well-known that 1 € C*(E,R) and critical points of 1
are solutions of (FS).

Let (ej)jen be an orthonormal basis of E, we set

Y., = spanf{ei,...,em}, Zm = span{emi1,...}, m € N.
Then £ =Y, ® Z,,.

Lemma 3.1. Assume that (V1), (Vo) and (Hy) are satisfied. Then there exist
positive constants mg, o, p such that

V90BN Zp, = O

Proof. Note that by (H7), we have
a 2 b P N
(3.1) [P, w)l < g Jul”+ 2 ul”, ¥(z,u) € RT < R.

For any m € N| let

u
(3:2) lo(m) = sup el and [,(m) = sup ” ”p.
uezn\{oy [l wezu\(oy 1]

It is clear that lx(m + 1) < l3(m), so lo(m) — 1 > 0 as m — oo. For any
m € N, there exists u, € Z, such that ||u,| = 1 and [Jum|, > 2l2(m). By
the definition of Z,,,, t,, — 0in E. By Lemma 2.2, we can assume that u,,, — 0
in L2(RY). Hence, we have [ = 0, that is l(m) — 0 as m — oo. Similarly
l,(m) — 0 as m — oo. Therefore, we can choose a larger integer mg such that

2 1 2 p
(3.3) lully < 5 llull™ [Jull;, < I [ull”, Yu € Zyp,.
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Then by (3.1) and (3.3), we have
L2
P(u) =5 ull” = [ F(z,u)de
2 -

1 a b
Sl = [ Gl + 2 ul)do
RN p
b

1 2 a 2
> 5l = 5wl = Jul

%

p
p

1 1 1

> Sl = 5 ull® = 5l
1
201l = )

22— 1 1
T Toprz @ Vu € Zimg, ||U||=§=P,

which finish the proof of Lemma 3.1. (]

To apply Lemma 2.3, we will take E=Y @ Z with Y =Y,,,, and Z = Z,,,,
where my is introduced in Lemma 3.1.

Lemma 3.2. Assume that (V1), (Va), (H1) and (Hsz) are satisfied. Then for
any finite dimensional subspace E C E, there is a constant R = R(E) > 0 such
that

(3-4) d(u) 0, Vu € E, |lu| > R.

Proof. In order to prove (3.4), we only need to prove

(3.5) Y(u) = —oo as |jul| = oo, u € E.

Assume by contradiction that there exists a sequence (u,) C E with ||u,|| — co
as n — oo and Y(u,) > —M for some constant M > 0, Vn € N. Let v, = T
then |lv,|| = 1. Going to a subsequence if necessary, we can assume that v, — v

in E. Since FE is finite dimensional, then v, — v in E, thus |jv|| = 1, and up to
a subsequence, Lemma 2.2 implies that v, () — v(z) a.e. z € RY. Let

Ap(e,d) = {z e RN i e < |un(2)| <d}, 0<c<d
and
A= {zeR" :v(x)#0}.
For any x € A, we have lim,,_, oo |t (z)| = limy 00 [|tn || [vn(2)] = +00. Hence

x € Ay (r,00) for n large enough, where r is the constant given in (Hs). Prop-
erty (3.1), Lemma 2.2, assumption (Hs) and Fatou’s lemma imply
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1 F F
~ lim [f_/ Fla,un) |vn\2daj—/ Fl@,un) |, 12 4o
Ay (0,7) Ay (r,00)

n—roo 2 |un‘2 |un|2

1 b F n
Shmwmhﬂg+4%%/|%FW—/ ‘Jﬁ%h%FM]
nooo 2 2 p RN An(rio0)  |tn]
1 a b _ . F(x,un)
— + =P p2 — lim inf —
B (2 ? )5 pareol) |un|2

IN
|
+

2
XA, (r,00) |’Un‘ dx

2 P N n—oo

1 a b .. Flx,u,
<-4 (5 + -5 — / lim inf (|2)XA,I,(T,OO) o[ da
R U

[un

where 75 is given in (2.1). It is a contradiction. Hence (3.5) is satisfied and the
proof of Lemma 3.2 is finished. O

3.1. Proof of Theorem 1.1

By (Hj3) and Lemmas 3.1, 3.2, ¢ satisfies the conditions (1), (2) and (3) of
Lemma 2.3. It remains to prove the Cerami’s condition.

Lemma 3.3. Assume that (V1), (Va), (H1), (Hz2) and (Hy) are satisfied. Then
Y satisfies the (C).-condition for any level ¢ > 0.

Proof. Let ¢ be a positive real number and (u,) C E be a (C).-sequence, that
is
Y(uy) — cand |[¢ (up)|| (1 + |Junl|) — 0 as n — oo.

Assume by contradiction that (u,) is not bounded, then up to a subsequence,
we can assume that ||u,|| — oo as n — oo. Let v, = 22, then |jv,] = 1.

llunl?

Taking a subsequence if necessary, then v,, — v in £ and Lemma 2.2 implies
that v, — v in LY(RY) for ¢ = 2, p, 20’ = 22 and v, — v a.e. on RV,

o—1
If v = 0, Holder’s inequality implies as above
n . 1 F s Un
0= lim Plu 3 = lim [= — Lﬁ;) o |? da] < —o0,
n— 00 ||un|| n—oo- 2 RN |Un|

which is a contradiction. So (u,) is bounded.
If v = 0, on one hand, since ¥ (u,) — ¢ and ||u,|| — oo, then it is easy to
see that

F n 1
(3.7 limsup/ Flz, un) lon|? da > =
RN

2
n—o00 |’U,n‘

On the other hand, for the constant r given in (Hy), (3.1) implies

F n b
A L e AN i
An(0r) |t 2 p An(0,r)

a

§(§

(3.8)
b oo
+5W ) lvnllz = 0.



INFINITELY MANY SOLUTIONS FOR FRACTIONAL SCHRODINGER EQUATION 835

Now, there exists a positive constant ¢; such that for all integer n, one has

1 1,
/RN[§f(x,un)un — F(x,up)|dz = ¥(uy,) — §w (up)un < 1

which with Holder’s inequality and assumption (Hy) implies

F(z,up,
/ Lg) (o dz
An(ro0)  |Un|

F(mvun) o L o’ A
< / (FEn) o gyt / o2 dz)
(3.9) An(ro00)  |Un] An (r,00)

<EOH([  [GHe ) - Plou)d)

Ay (r,00) 2
1 2
< (20(e1))7 |vnllger = 0.
Combining (3.8) and (3.9) yields

F n F ) n F }) n
Fl@,un) )|vn|2dx: / Fl@,un) )|vn|2dx+/ P, un) )|vn|2d:c
A, (0,7) Ay (r,00)

2 2 2
RN [up| |ty |t

Ny
Sy
=

S
T
q
ISH
5
N
-

— 0

which contradicts (3.7). Hence (u,,) is bounded.
Up to a subsequence, Lemma 2.2 implies that u,, — u in both L?(R™) and
LP(RY). Tt follows from (H;) and Holder’s inequality that

[z, upn)(uy — u)de

RN

< [ (alun] + )~ ul s
RN

< a/ [t | |tn —u|dx—|—b/ [ L Y
RN RN
-1
< alfunlly [lun = ully + 0 llunlly ™ [lun —ull, = 0.
Therefore, we have

0= lim ' (un)(un — u)

n—oo
= nll,rgo (U, U, — u) — nh—>Holo - [, un)(up —u)dz

. 2 2
T — [l

That is lim, e [|tn]|* = |Jul|®, which with u, — v in E implies
e, — uf® = {up — Uty —u) — 0.

Hence (u,) possesses a convergent subsequence in E. Thus 1 satisfies the
(C)¢-condition. The proof of Lemma 3.3 is completed. O

Consequently, Lemma 2.3 with Remark 2.4 imply that the functional
possesses an unbounded sequence of critical points. Therefore, the fractional
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Schrodinger equation (FS) possesses infinitely many solutions. The proof of
Theorems 1.1 is finished.

3.2. Proof of Theorem 1.2

Lemma 3.4. Assume that (V1), (Vo) and (H}) are satisfied. Then for all
positive constant ¢, 1 satisfies the (C).-condition.

Proof. Let ¢ be a positive real number and (u,) C F be a (C).-sequence, that
is
Y(up) = cand |9 (un)|| (1 + [Junll) = 0 as n — oco.

Assume by contradiction that (u,) is not bounded, then up to a subsequence,
we can assume that ||u,| — oo as n — co. Let v, = Tu> then |lvn]l = 1. By

(H}), there exists a positive constant ¢y such that for all integer n, one has
1
ca > Y(un) — ;W(Un)un

p—2 2 / 1
= —|un|l” + —f(x,up)uy — F(z,u,)]dz
sl + [ = P )

w—2 2 2
> - = .
Z 5 [l ]| p llun I

It follows that

w—2

T2y

Since ||v,|| = 1, then passing to a subsequence, v, — v in E and Lemma 2.2
implies that v,, — v in L?(RY), which with (3.10) implies that v # 0. Similar
to (3.6), we get a contradiction. Therefore (u, ) is bounded. We conclude as in

the proof of Lemma 3.3 that (u,) possesses a convergent subsequence. Hence
1 satisfies the (C).-condition. The proof of Lemma 3.4 is completed. O

(3.10) lim sup ||vn||§ >
n—oo

Similarly to the proof of Theorem 1.1, we deduce that the functional
possesses an unbounded sequence of critical points and the proof of Theorem
1.2 is finished.

4. Proof of Theorem 1.6
Consider the functional 1) associated to the equation (FS)

v =5 ([ el + [ Velu@Pdn) - [ e

1
= L - / F(e,u)de
2 ]RN

defined in Section 3. Here, F(z,u) = G(z,u) + H(z,u) with G(z,u) =
fou g(z, s)ds.
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Lemma 4.1. Assume that (V1), (V2), (Hs) and (Hg) are satisfied. If u, — u
in B, then

Proof. Arguing indirectly, by Lemma 2.2, there exists a subsequence u,,; such
that

(4.2)  uy; — uin both L2(RY) and L2¢#~D(RN) and Up; — U a.e. in RN

as j — oo and
(4.3) /]RN ’f(amun]. (x)) — f(:zc,u(:lc))}2 dr > ¢, Vj €N,

for some positive constant €. By (4.2) and up to a subsequence if necessary,
we can assume that

oo oo
Z Hum — uHL2 < oo and Z HunJ - uHsz,l) < 00.
j=1 =1

Let w(z) = Z]Oil ’un]. (z) — u(x)| for all z € RN. Then
we L(RY) (L2 D(®RY).
By (Hs) and (Hg), there holds for all j € N and z € RY
[F@,uny) = Fa )] < | flayun,)| + 1 @ 0)f?

(oG, wa,)| + [, un, )| + Lo, 0)] + ()] ]

IN

Yalu T b lu!

IN

.

[a |tn, ’771 +b|un,

_ 12
+2c+d |uy,|" Y d ful 1]

IN

[, = ] + )7+ bfun, = ] + )7+ afu ™ 4 b

2
+ 20+ d(|un, — u| + [ul)* ! +d |u|“*1}

IN

[aw + )7 4 bl 4 ) 4 el 4 bl

2
+2c+d(w+ [u)* ' +d Iul“_l}

IN

c3 [aQwQ('y_l) + a? |u\2(7_1) + b2 4 p? |u|2(°_1)
+ & + > 4 g2 \u|2(“71)} = k(z),

where c3 is a positive constant. It is easy to see that k € L*(R"). Hence, com-
bining (4.2) and (4.4), Lebesgue’s Dominated Convergence Theorem implies

tim |G, (2) = fl ()] do =0,

Jj—o0
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which contradicts with (4.3). Hence (4.1) is true. O

It is well known that under the assumptions of Theorem 1.6, ¢ € C1(E,R).
Moreover, ¢ : E — E* is compact and critical points of ¥ on E are classical
solutions for equation (FS).

In the next, we shall prove our Theorem 1.6 by applying Lemma 2.5. Choose
a completely orthonormal basis (e;) of E and define X; = Re;, then Y;, and
Z, can be defined as in Section 2. By (Hj3), v € C*(E,R) is even. In the
following, we will check that all the conditions of Lemma 2.4 are satisfied.

Lemma 4.2. Assume that (V1), (Va), (Hs) and (H7) are satisfied. Then 1
satisfies the (PS)*-condition.

Proof. Let (uj) be a (PS)*-sequence, that is, (1(u;)) is bounded, u; € Yy, for
some k; with k; — oo and (1/1|ykj)’(uj) — 0 as j — co. We will show that

(u;) is bounded in E. By virtue of (2.1), (Hs) and (H7), there exists a positive
constant M such that

pM + M |lu;|| > pip(uy) — ' (uj)uy

(§=Vll’ + [ s = pFa.u;)lds

= G0l + [ lateug) = Gl ulda

+ [ bty = pH .l
> (5=l [ lale) o]+ bo) s )
_ a(@) o 2@ e o) [ P da
o [+ 22 e = [ 0@y

P 2 P
> (5= Dl = (04 5 all 2

P 5
= (L4 D)1l Nl — 1161 2, sl
P

2 4
2 (5 =Dl =+ ;)773 lall 2 llusl”

P\ & o o
(4 Ly Il sl — 01 o o s

Since p > 2 and v,0,6 < 2, it follows that (u;) is bounded in E.
From the reflexivity of £ and up to a subsequence if necessary, we may
assume that u; — v in E, for some u € . Now, we have

(4.5) [lu; —ul* = (¢'(uj)*l//(U))(UrU)+/ (f (2, u;) = [z, u)) (uj —u)dz.

]RN
It is clear that

(4.6) (' (uj) — ' (w))(u; —u) = 0 as j — oo.
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By Holder’s inequality, (2.1) and Lemma 4.1, one has

/RN(f(%uJ’) — fla,w)(uy —wde| < |[fCuz) = FCully luy —ull,

<2 [fCoug) = FCu)lly flug — vl
— 0 as j — o0.

(4.7)

Combining (4.5)-(4.7), we deduce that u; — u in E and the proof of Lemma
4.2 is completed. O

Lemma 4.3. Assume that (V1), (Va), (Hs) and (Hg) are satisfied. Then for
any sufficiently large k € N, there exist pr, > 0 such that

(4.8) ap = inf P(u) > 0.

u€ Z, ||lull=pk

Proof. Let l3(k) be defined in Lemma 3.1. By the Mean Value Theorem, (Hs),
(Hg) and (2.1), we have for any u € Zj

wl) = 5l = [ Fla s

1 1 1 1
sl = [ ekl + bjullda = [ felul+ 5 dluplao

1, .o 1 1
5 el = 5 lall 2 flull; - ol = [[ully

v

Y

2

1
~ lelly llellz = 2 ldlloo lully

vV

1, o 1, L1, "
5 llull”™ = ;lz(k) lall 2 Nl = — 5 (k) [[oll 2 [lu]

1
— ba(k) llelly fJull = ;nff lldll o lluell”-
In view of (4.9), u > 2 and 7,0 > 1, one has

1 1 1
(110) () = gl = (SE® lall 2, + B0 B2, + (8 el )l

1
for [lul] < inf {1, ()™ } Let pi = 8( 213 (k)lall o+ 115 (k) [b]_o_ +
la(k) ||elly ), it is easy to see that pp — 0 as k — oo. Thus, for sufficiently large
integer k, (4.10) implies

ap > épi > 0.
The proof of Lemma 4.3 is completed. ]
Lemma 4.4. Assume that (V1), (Va), (Hs) and (Hg) are satisfied. Then

(4.11) dy, = Y(u) = 0 as k — oo.

inf
UE Zy, || ul|<pr
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Proof. By (4.10), for any u € Zj, we have
1 1

Y (o] . o
@12 90 = (25l 2+ SEE Bz, + ) el ) [l
Therefore, we get with |lu]| < pg

1 1
Y . o —°

(118) 0= d >~ (SR lall 2+ R 0]z + B ) el )pr
Since l3(k), pr — 0 as k — oo, one has di, — 0 as k — co. The proof of Lemma
4.4 is completed. il

Lemma 4.5. Assume that (V1), (Va), (Hs) and (Hg) are satisfied. Then, for
all integer k, there exists 0 < rp < pg such that

(4.14) be= _inf  t(u) <0, Vk € N.

u€Y,|lull=re
Proof. Firstly, we claim that there exists ¢ > 0 such that
(4.15) meas({x € RY 2 co(2) [u(@)]” > €e|ul”}) > € Vue Yy \ {0}.

If not, there exists a sequence (u,) C Yy with |lu,|| = 1 such that
1 1
(4.16) meas({x e RN : ¢o(x) Jun ()| > }) < -
n n

Since dim Yy, < oo, it follows from the compactness of the unit sphere of Y}
that there exists a subsequence, say (u,) such that (u,) converges to some
u € Yy. Hence, we have |lu|| = 1. Since all norms are equivalent in the finite-
dimensional space Yy, we have u,, — u in L?(RY). By the Holder’s inequality,

one has
ol

—_ul? . _ a2 2
@1n /RN co(@) [un — uf" d < [leol] 2 (/RN [ — uf* dz)
— 0 as n — o0.

Thus, there exists ¢y > 0 such that
(4.18) meas({z € RN : co(z) [u(z)]” > € }) > €o.
In fact, if not, we have for all n € N

1 1

meas({x e RY : ¢p(z) [u(z)]” > }) < —.

n n

Let n € N, then for all integer m > n

meas({a? € RN : co(x) Ju(z)]” > 711}) < meas({x e RN : ¢o(z) Ju(z)|” > —

—_
—
~—

IN

1
m
which implies

meas({x ERY : o) |u(@)]” > i}) ~0.
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So
/ co() [u] " dl’:/ col) [u] " da
]RN

{wGRN:co(m)\u(m)WS%}
1 2 2
§f/ |u|2dx§n—2||u||2:n—2—>0asn—>oo.
n JrN n n
Hence u = 0, which contradicts ||u| = 1. Therefore (4.18) holds. Thus, define

Qo ={z e R : co(2) [u(z)]” > €}, Q= {a: e RN : ¢o(z) Jun ()| < i} :

Combining (4.16) and (4.18), we obtain
meas(Qo ﬂ Q) = meas(Qp \ (25, ﬂ Q))

1
> meas(Qy) — meas(€Y, ﬂQQ) >e¢——, VneN
n
Let n be large enough such that ¢y — % > %60 and 5527 — % > £ we get
/ co(x) |up —ul” dz > / co() |uy — u|" dz
RN Q0 N 2
€0 1
> (727_1 — ﬁ)meaS(Qo ﬂQn)
i
= 9+l

for all large integer n, which is a contradiction with (4.17). Therefore (4.15)
holds.
For the € given in (4.15), let

(4.19) Q, ={z e RN : ¢p(2) [u(z)|” > €l|lul|"}), Yu € Y} \ {0}.
By (4.15), we obtain
(4.20) meas(Q,) > €, Yu € Yy \ {0}.

For any u € Y}, by the Mean Value Theorem, (Hs), (Hg), (4.19) and (4.20),
one has

wi) = 5l = [ Ple.ws

1 1
< f|\u||2—f/ co(x) |u|” dx — H(z,u)dz
2 Y JRrRN RN
<l =2 [ oo ul”d
—ull* == [ co()|u|”dz
<5 5 Jo, @
1 2 € ~
< 5 lull” = = llull" meas(€2.)
v
1 2 62
< 5 lull® = = Jlull™
v
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2

Choose 0 < rj, < inf {pk, (%)ﬁ } Direct computation shows that

1
by, = inf w) < == = —=r2 <0
F uenﬂw:mw( =2k Tk Tk k
The proof of Lemma 4.5 is completed. U

Lemmas 4.2-4.5 imply that all the conditions of Lemma 2.5 are satisfied.
Thus, by Lemma 2.5, ¢ has infinitely many nontrivial critical points, that is,
equation (FS) possesses infinitely many solutions.
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