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ON THE GROWTH OF SOLUTIONS OF SOME
NON-LINEAR COMPLEX DIFFERENTIAL EQUATIONS

DiLip CHANDRA PRAMANIK, JAYANTA ROy, AND KaPIL Royf

ABSTRACT. In this paper we study the growth of solutions of some
non-linear complex differential equations in connection to Briick con-
jecture using the theory of complex differential equation.

1. Introduction and main results

In this paper, by meromorphic function we shall always mean a mero-
morphic function in the complex plane. We adopt the standard nota-
tions in the Nevanlinna Theory of meromorphic functions as explained
in [4,6,10,11]. Tt will be convenient to let E denote any set of positive
real numbers of finite linear measure, not necessarily the same at each
occurrence.

For any non-constant meromorphic function f(z), we denote by S(r, f)
any quantity satisfying S(r, f) = o(T'(r, f)) as r — oo,r € E, where
T(r, f) is the Nevanlinna characteristic function of f. A meromorphic
function a(z) is said to be small with respect to f(z) if T'(r,a) = S(r, f).
We denote by S(f) the collection of all small functions with respect to
f. Clearly CU {oco} € S(f) and S(f) is a field over the set of complex
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numbers.

For any two non-constant meromorphic functions f and ¢, and a €
S(f)N S(g), we say that f and g share a IM(CM) provided that f — a
and g — a have the same zeros ignoring(counting) multiplicities.

Let f(z) = > 7 ,a,2" be an entire function. We define by pu(r, f) =
max{|a,|r™ : n = 0,1,2,...} the maximum term of f and by v(r, f) =
mazx{m : u(r, f) = |a,|r™} the central index of f. In this paper we also
need the following definition:

DEFINITION 1.1. Let f(z) be a non-constant entire function. Then
the order o(f), the lower order u(f) and the hyper-order oy(f) of f(2)
are defined as follows:

logT log log M

o(F) = timsup BT S) i gy 108108 M /)
rotoe  logr r—+00 log 7
log T log log M

u(F) = timinf 28T g l0glos M /)
r—+00 logr P00 log r

log log T log log log M
UZ(f) = lim sup M = lim sup ogloglog (7", f)’
rtee logr r—s4-00 log r

where and in the sequel

M(r, ) = max [f(z)].

|z|=r

In 1976, Rubel and Yang [9] proved that if a non-constant entire func-
tion f and its derivative f’ share two distinct finite complex numbers
CM, then f = f’. What will be the relation between f and f’, if an
entire function f and its derivative f’ share one finite complex number

CM?

In 1996 Briick [1] made the following conjecture:

CONJECTURE 1.1. Let f be a non-constant entire function satisfying
o9(f) < oo, where os9( f)is not a positive integer. If f and f' share one
finite complex number a CM, then

f—a
f—a

for some finite complex number ¢ # 0.

:C7
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In the same paper, Briick showed that the conjecture is true when
a = 0. He also proved that the conjecture is true for a # 0 provided
that f satisfies the additional assumption N(r,0; f') = S(r, f) and in
this case the order restriction on f can be omitted.

Gundersen and Yang [3] proved that the conjecture is true for func-
tions of finite order.

THEOREM 1.1. Let f be a non-constant entire function of finite order.
If f and f’ share one finite complex number a CM, then

ff—a _
f—a
for some finite complex number ¢ # 0.

In 2009, Chang and Zhu [2] proved that Theorem 1.1 remains valid
when the complex number a is replaced by a function.

¢,

THEOREM 1.2. Let f be a non-constant entire function of finite order
and a = a(z)(#£ 0) be an entire function such that o(a) < o(f) < co. If
f and f’ share a CM, then

['—a
f—a

for some finite complex number ¢ # 0.

:C7

In 2016, Li and Yi [8] investigated the Briick conjecture and proved
that Theorem 1.2 remains true when f’ is replaced by a linear differential
polynomial of f, namely L(f) = f®+ay_ f* V4. .+a; f'+aof, where k
is a positive integer and ay_1, ..., ag are complex constants. They proved
the following result:

THEOREM 1.3. Let f be a non-constant entire function such that
o(f) < oo, and let a(# 0) be an entire function such that o(a) < o(f).

If f —a and L[f] — a share 0 CM, where L[f] is defined as above, then
o(f) =1 and one of the following two cases will occur:

(i) L[f] — a = ¢(f — a), where ¢ is some non-zero constant.
(ii) f is a solution of the equation L[f] —a = (f — a)eP***P° such that

o(f) = pu(f) = 1, where not all ag, ay,...,a,_1 are zeros, p; # 0 and pg
are complex numbers.
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QUESTION 1.1. It is an interesting question to investigate that what
will happen if we replace the linear differential polynomial by a non-
linear differential polynomial in Theorem 1.3.

In this connection we need the following definition:

Let ng;, n1j, ngj, ..., ni; are non-negative integers. The expression
A]\4:7 [f] — fnoj (f(l)) 1j (f(2)) 27 (f(k)) kj ,

k
is called a differential monomial generated by f of degree d(M;) = > n;j
i=0

k
and weight I'y;, = > (i + 1)n,;. The sum
i=0

Pf] :Zaij Lf],

is called a differential polynomial generated by f of degree d(P) =
max {d(M;) : 1 < j <[} and weight I'p = max {FMj 1< < l}, where
a; is complex constant for j = 1,2, ...,[. The numbers dp = min {d(};) :
1 < j <1} and k (the highest order of the derivative of f in P [f]) are
called respectively the lower degree and the order of P [f]. P[f] is said
to be homogencous differential polynomial of degree d if dp = dp = d.
P [f] is called a linear differential polynomial generated by f if dp = 1.
Otherwise, P [f] is called non-linear differential polynomial. We denote
by Qj = Dy, — d(M;) = S8 iy for 1 < j <.

In this paper we prove the following theorems which improve and
generalizes Theorems 1.1, 1.2 and 1.3.

THEOREM 1.4. Let f be a non-constant entire function with o(f) <
oo and let a(# 0) be entire function such that o(a) < o(f). If f4(2)—a(z)

and P[f] — a(z) share 0 CM, where P[f] = M[f] + i a;M; [f] is a dif-

ferential polynomial of f of degree d, and M|f] is a differential monomial
of f of degree d. Then o(f) = 1 and one of the following two cases will
occur:
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(i) f is a solution of the equation P[f] — a(z) = ¢(f% — a(z)), where
¢ IS some non-zero constant.

(i) f is a solution of the equation P[f] — a(z) = (f? — a(z))ePr=tro
such that o(f) = p(f) = 1, where not all ay, as,..., a; are zeros, p; # 0
and py are complex numbers.

Proceeding as in the proof of Theorem 1.4 of this paper, we can prove
the following theorem.

THEOREM 1.5. Let f be a non-constant entire function such that
o(f) < oo and let a(# 0) and 8 be entire functions such that max{o(a), o ()}
< o(f). If f42) — a(z) and P[f] + B(z) — a(z) share 0 CM, where

I

Plf] = M[f] + >_ a;jM;[f] is a differential polynomial of f of degree d,
j=1

and M|f] is a differential monomial of f of degree d. Then o(f) = 1
and one of the following two cases will occur:

(i) f is a solution of the equation P[f]+ (z) —a(z) = c¢(f%(z) —a(z)),
where ¢ is some non-zero constant.

(i) f is a solution of the equation P[f] + B(z) — a(z) = (f%(z) —
a(z))ePr**Po such that o(f) = u(f) = 1, where not all a1, as,..., a; are
zeros, p1 # 0 and py are complex numbers.

From Theorem 1.4 we get the following corollary:

COROLLARY 1.1. Let f be a non-constant entire function such that
o(f) < oo and let a(# 0) be entire function such that o(a) < o(f). If
f4(z) — a(z) and M[f] — a(z) share 0 CM, where M|f] is a differential
monomial of f of degree d. Then o(f) = 1 and f is a solution of the
equation M[f] —a(z) = ¢(f?—a(z)), where c is some non-zero constant.

From Theorem 1.5 we get the following corollary:

COROLLARY 1.2. Let f be a non-constant entire function such that
o(f) < oo andlet a(# 0) and 5 be entire functions such that max{c(a),o(3)}
< o(f). If f4(z)—a(z) and M[f]+ B(z) — a(z) share 0 CM, where M |f]
is a differential monomial of f of degree d. Then o(f) =1 and f is a
solution of the equation M[f] + B(z) — a(z) = c¢(f%(z) — a(z)), where ¢
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IS some non-zero constant.

The following is the supportive example of (i) of Theorem 1.4.

EXAMPLE 1.1. Let f(2) =1—¢€* and P[f] = f'f+ f. Theno(f) =1
and P[f] —a(z) = ¢(f*(z) — a(2)), where ¢ =1 and a(z) = z + 1.

The following is the supportive example of (ii) of Theorem 1.4.

EXAMPLE 1.2. Let f(2) = 1+¢€® and P[f] = f2—(f")*— f'+2. Then
P[f] — 1 and f? — 1 share 0 CM, o(f) =1 and P[f] — 1 = (f? — 1)e=.

EXAMPLE 1.3. Let f(2) = a(z) = ¢ and P[f] = f* — f2 + 2f — 1.
Then f2—a and P[f]—a share 0 CM and o(f) = o(a) = 1 but P[f]—a =
e *(f* — a). This example shows that the condition “o(a) < o(f)” in
(i) of Theorem 1.4 is the best possible.

THEOREM 1.6. In Theorem 1.4 if we replace the condition “o(a) <
a(f)” by “o(a) < p(f)” and all other conditions remains the same, then
also the conclusion of the theorem is true.

THEOREM 1.7. In Theorem 1.5 if we replace the condition “max{o(a),c(3)}
< o(f)" by “max{c(a),o(5)} < u(f)” and all other conditions remains
the same, then also the conclusion of the theorem is true.

From Theorem 1.6 we get the following corollary:

COROLLARY 1.3. Let f be a non-constant entire function such that
o(f) < oo and let a # 0 be entire function such that o(a) < p(f). If
f4(2) — a(z) and M[f] — a(z) share 0 C M, where M|[f] is a differential
monomial of f of degree d. Then o(f) = 1 and f is a solution of the
equation M[f] —a(z) = c(f?—a(z)), where c is some non-zero constant.

From Theorem 1.7 we get the following corollary:

COROLLARY 1.4. Let f be a non-constant entire function such that
o(f) < oo and let a # 0 and 8 be entire functions such that max{o(a),c(3)}
< u(f). If f4(2) —a(z) and M|[f]+ B(z) —a(z) share 0 CM, where M|f]
is a differential monomial of f of degree d. Then o(f) =1 and f is a
solution of the equation M[f] + B(z) — a(z) = c¢(f%(z) — a(z)), where ¢
is some non-zero constant.
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2. Preparatory Lemmas

In this section we state some lemmas needed in the sequel.

LEMMA 2.1. [6] Let f(z) be a transcendental entire function, v(r, f)
be the central index of f(z). Then there exists a set E C (1,400)
with finite logarithmic measure such that for some point z satisfying
|z| =r &€[0,1]UFE and |f(z)| = M(r, f), we get

f9(2) {u(r, f) }”’ ‘
= 14+o0(1)), for j € N.
ok = {1 o)

LEMMA 2.2. [5] Let f(z) be an entire function of finite order o(f) =
o < 400 and let v(r, f) be the central index of f. Then

1
o(f) = limsup oA T) v(r, f)
r—t+o00  logT

and

e clogu(r, f)
plf) = liminf =2 7=

And if f is a transcendental entire function of hyper order oy( f), then

log 1
lim sup 28108V ) gy
r— 400 log r

LEMMA 2.3. [7] Let f(z) be a transcendental entire function and let

E C [1,+00) be a set having finite logarithmic measure. Then there ex-

ists {z, = rpe’} such that |f(z,)| = M(rn, f),0, € [0,27), lirf 0, =
n—-+00

0o € [0,27),7, ¢ E and if 0 < o(f) < +o0, then for any given € > 0
and sufficiently large r,,

r;(f>—€ <v(r, f) < r;;<f)+f.

LEMMA 2.4. ( [6], Corollary 2.3.4) Let f be a transcendental mero-
morphic function and k be a positive integer. Then m(r, f*®/f) =
S(r, f), outside of a possible exceptional set E of finite linear measure,
and if f is of finite order of growth, then m(r, f*)/f) = O(logr).

LEMMA 2.5. [8] Let f(z) = > .- ,an,2" be an entire function, let
p(r, f) be the maximum term of f, and let v(r, f) be the central index.
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Then for 0 < r < R we have

M f) < e ) { R )+ 7

R—r

LEMMA 2.6. ( [6], Lemma 1.1.2) Let g : (0, +00) — R, h: (0,400) —
R be monotone increasing functions such that g(r) < h(r) outside of an
exceptional set F' of finite logarithmic measure. Then for any a > 1,
there exists 1o > 0 such that g(r) < h(r®) for all v > rq.

3. Proof of Main Theorems
In this section we present the proof of the main result of the paper.
Proof of Theorem 1.4:

Since f¢ — a and P[f] — a share 0 C M, we get
Plf] —a _ 9

JT=a
where ¢ is an entire function. Again from o(a) < o(f), we have o(f) > 0,
which implies that f is a transcendental entire function.

?

(3.1)

Now, we consider the following two cases:

Case I:

(3.2) i int 22701

> 1.
r—00 log r

Then from (3.2) and Lemma 2.2, we get

(3.3) p(f) = liminf —log v(r. f)

r—00 log r

> 1.

Since f is a transcendental entire function, we have
(3.4) M(r, f) — o0 as r — oc.

Again since f is a transcendental entire function, by Lemma 2.1 there
exist subset F; C (1,00) (1 < 7 < n) with finite logarithmic measure
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such that for some point z, = re®™ (9(r) € [0,27)) satisfying |z,| =
r & F; and M(r, f) = |f(2,)|, we have

(3.5)
£ _ (v j 0 < n), asr " F:and r — oo
flz) ( 2 ) {I+o(1)} (1 <j <n), asr € Ui, Fj and r — o0.

By Definition 1.1, Lemma 2.6, Definition 1.1.1 and Theorem 1.1.3
from [12] and the assumption o(a) < o(f), there exists an infinite se-
quence of points z, = r,e?) satisfying M(r,, f) = |f(z,)|, where
rn € I\Uj_, Fj, I C R" is a subset with logarithmic measure f; % =00
such that

loglog M (ry, f)

(3.6) i BRI — ()
and
. M(rp,a)

) | = 0.
<3 7) T"I_I)noo M(?“n, f) ’

Since

Pifl _ a

(38) P[f] —a d fd

using (3.2),(3.4)-(3.7) in (3.8) we get

Plf)(zr) = alzr) _ p (V00N L o e o o
(3.9) (2 ) —a(o) —R( . ) {1+o(1)}, n — 00,

where ) = max{I'yy —d(M) : M is a monomial in P[f]} and R is a
complex number.

From (3.9), we have
(3.10)

o P[f](zrn) - (I(Zrn)
8 | TFil )~ ale,)

= Q{logv(ry,, f) —logr,} + o(1), asr, — oc.
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From (3.1), Lemma 2.4 and the condition o(a) < o(f) < oo, we get

T(r,e”) < 2T(r,f)+O(logr)
= logT(r,e?) < logT(r, f)+ O(loglogr)
¢
N log T'(r, e?) < logT'(r, f) L o)
log r log r
(3.11) = o(e?) < o(f) <ooasr — oo,
which implies that ¢ is a polynomial.
Let
(3.12) & = Pmz™ 4 Pm_12™ L+ . 4 prz + po,

where pg, p1, ..., Pm—_1, Pm are complex constants with p,, # 0.

It follows from (3.12) that lim|.| e |¢(2) /pm2™| = 1 and |¢(2) /pm2™] >
L as |z] > ro, when g is a sufficiently large positive number. From this
and (3.1), we get
(3.13)
Pl —a
JT=a
From (3.9), (3.13), Lemma 2.2 and the condition o(f) < oo, we get

mlog |z|+log |p,|—1 < log |¢(2)] < |logloge?| = |loglog as |z| = 0.

mlog|z, | +10g |p| — 1

Plf](zr,) — a(zr,)

= [oRlos T, ) = aen)

_ Pfl(zr,) —alzr) || . Plf](zr,) — a(zr,)

= [ TG ) —aen) ‘ #iarg (g 7))
P fl(z.,) — a(z,

< |log |log f[d(]irn))— G(irn)) ‘—l—Qﬂ'

< loglogv(ry, f) + loglogr, + O(1)

< 2loglogr, +O(1), as r, — o0

(3.14) = mlog |z, |+ log|pm| — 1 < 2loglogr, + O(1), asr, — oo
which is impossible. Thus ¢ is a constant and so (3.9) becomes

V(1 f)

Tn

(3.15) ( )Q{1+O(1)}:cas 1 = 00,
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where ¢ is some non-zero constant.

From (3.15), we get

(3.16) lim 087, f)

= 1.
rm—oo  logr,

By Lemma 2.5, we know that
(3.17)

M(rm f) < ,u(rn){V(an, f) + 2} = ’al/(m,f)’Tryb(rn7f){y(2rna f) + 2}'

Since |aj| < My, for all non-negative integer j and some constant
M; > 0, we get from (3.17) that

(3.18) loglog M (r,, f) <logv(ry,, f)+loglogv(2r,, f)+loglogr,+C1,

where C; > 0 is a suitable constant.

From Lemma 2.2 and the condition o(f) < oo, we get
(3.19) logv(2r,, f) < {1+ o(1)}(logr, +log2) as r — oc.
From (3.16), (3.18) and (3.19) we get
loglog M (r,,, f) < logv(ry, f)+ 2loglogr, + o(1)
< logv(ry, ){1 +0o(1)}, asr, — o

loglog M (rn, f) log v(rn, f)
= .
log 7, log 7,

By (3.6), (3.16) and (3.20), we get
(3.21) o(f) <1.
which is a contradiction by the fact u(f) < o(f) and (3.3).

(3.20)

IN

Case II: Suppose that

1
(3.22) lim inf 20825
r—00 logr
Then from (3.21) and Lemma 2.2, we get
(3.23) p(f) < 1.

We consider the following two subcases:
Subcase I: Suppose that

(3.24) o(f) > 1.
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By (3.24), Definition 1.1, Lemma 2.6, Definition 1.1.1, Theorem 1.1.3
from [12] and the assumption o(a) < o(f), there exists an infinite se-
quence of points z,, = 7, satisfying M(ry, f) = |f(z,)|, where
rn € I\U'_; Fj, I C R" is a subset with logarithmic measure [, 4 = oo,
such that (3.6) and (3.7) hold. Next proceeding in the same manner an
in Case I we get (3.21), which contradicts (3.24).

Subcase II: Suppose that

(3.25) o(f) <1.
We will show that

(3.26) o(f) =1
Suppose that

(3.27) o(f) < 1.

Then from (3.27) and (3.11), we get o(e?) < o(f) < 1, which implies
that ¢ is a constant and so is e?. Thus (3.1) becomes

Plfl—a
(3.28) % =c,

where ¢ is some non-zero constant.

Re-writing (3.28), we get

M[f] ~— Mlf 1 1
S )]

By Lemma 2.6, Definition 1.1.1, Theorem 1.1.3 from [12] and the
assumption o(a) < o(f), there exists an infinite sequence of points z,, =
rne?) satisfying M (ry, f) = | f(2r, )|, where r,, € INU_, F}, I C R is
a subset with logarithmic measure [, % = oo, such that (3.6) and (3.7)
hold and from 3.29 we have

(3.30) o l .

v(rn, f) Tar—a(M v(rn, f)\ % 1

— {1+o(1)}+> aj . ————{1+o0(1)} =¢
( Zr, > ; j< 2, ) (2 )d—d0;)
as T, — 00.

From Lemma 2.3, we get

(3.31) v(rn, f) < ro(f)teo,
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as r, > Ry, where g = (1 —o(f))/2 and Ry is sufficiently large positive
number.
From (3.27) and (3.31), we get

Qj o()=1y0).
(3.32) tim [ DN 2 gt <<
Tn—>00 ZT‘n T'p—00
and
Iy —d(M) o(f)—1 _
(333)  lm |A0d) < Jim gy 2 T =g,
T'p—>00 Zrn T'n—>00

From (3.30), (3.32) and (3.33) we get ¢ = 0, which is a contradiction.
Therefore we get

(3.34) o(f)=1.

From (3.11) and (3.34) we get o(e?) < 1 and it follows that ¢ is a
polynomial of degree deg(¢) < 1. If ¢ is a constant, then from (3.1) we
get the conclusion (i) of Theorem 1.2.

Next suppose that ¢ is a polynomial degree deg(¢) = 1. Thus
¢(2) = p1z + po,

where p; # 0 and py are complex number.

First of all we prove that u(f) = 1.

From (3.34) it follows that p(f) < 1.

Let us suppose that u(f) < 1.

By Definition 1.1 there exists an infinite sequence of positive numbers
r,, such that

. logT(ry, f
tim 8L S) _
m—oo  logr,
Again from (3.11), we get
log T'(ry, € log T (rn
w(e?) < tim 8TUm ) oy 18T f) ey g
m—oo  logr, rm—oo  log T,

= u(e?) <1,
which is a contradiction. Therefore p(f) = 1.



308 Dilip Chandra Pramanik, Jayanta Roy, and Kapil Roy

Secondly, we will prove that not all aq,as,...,a; are zero. Suppose
that a; = 0 for 1 < j </, then we have

(3.35) M[f] = a(z) = (f* = a(z))e" 7.

From Definition 1.1, Lemma 2.6, Definition 1.1.1, Theorem 1.1.3
from [12] and the assumption o(a) < o(f), there exists an infinite se-
quence of points z,, = 7, satisfying M(ry, f) = |f(z,)|, where
rn € I\U'_; Fj, I C R" is a subset with logarithmic measure [, 4 = oo,
such that (3.6) and (3.7) holds.

From (3.6), (3.7) and (3.35), we get

Tar—d(M)
(3.36) (@) {1+0(1)} = "= asr, — 0.
From (3.36), we get
[palra = Ipol = |pall2r, | = |pol

{ log emzmﬂm} +0(1)
(TCpr — d(M))|log v(rp, f) —logr,| + O(1)
(Cpr —d(M){o(f) + 2} ogr, + O(1) as r, — o0,

which is a contradiction, since p; # 0. This completes the proof of (ii)
of Theorem 1.4.
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