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A NEW PARANORMED SERIES SPACE USING EULER
TOTIENT MEANS AND SOME MATRIX
TRANSFORMATIONS

G. CANAN HAZAR GULEQ* AND MERVE ILKHAN

ABSTRACT. Paranormed spaces are important as a generalization of
the normed spaces in terms of having more general properties. The
aim of this study is to introduce a new paranormed space |¢.| (p)
over the paranormed space £ (p) using Euler totient means, where
p = (px) is a bounded sequence of positive real numbers. Besides
this, we investigate topological properties and compute the a—, 5—,
and « duals of this paranormed space. Finally, we characterize the
classes of infinite matrices (|¢.|(p),A) and (A, |¢.| (p)), where X is
any given sequence space.

1. Introduction, Definitions and Notation

The study of sequence spaces is one of the important research areas in
several branches of analysis, namely, theory of topological vector spaces,
summability theory, Schauder basis theory.

Especially, constructing new sequence spaces by means of the ma-
trix domain of an infinite matrix has been widely studied by many au-
thors. Besides this, some new series spaces by using absolute summa-
bility methods have been introduced. In this topic, recently Ilkhan and
Hazar [15] have introduced the space |¢.|, using matrix domain over a
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normed space and also characterized certain matrix operators on that
space. However, paranormed spaces are important as a generalization of
the normed spaces in terms of having more general properties. In this
study, we introduce a new series space over the paranormed space which
extends the results of Ilkhan and Hazar in [15] to paranormed space.
Let w be the space of real sequences. Any vector subspace of w is
called as a sequence space. By /., ¢ and ¢y, we denote the sequence
spaces of all bounded, convergent and null sequences, respectively. We

write £, = {:1:: (xp) € w: Y ||’ < oo} for 1 < p < oco. Also, by
s

bs and cs, we denote the spaces of all bounded and convergent series,
respectively.

A linear topological space X over the real field R is said to be a
paranormed space if there is a subadditive function g : X — R such
that g (#) = 0, g(x) = g (—z) and scalar multiplication is continuous,
le.,

la, — a| = 0 and g (x, — x) — 0 imply g (a2, — ax) — 0
for all @'s in R and all 2's in X, where 6 is the zero vector of X.

Throughout the text, we assume that (px) is a bounded sequence

of strictly positive real numbers such that H = sup,p, and M =

max {1, H}. The linear space ¢ (p) was defined by Maddox [20,21] (see
also Nakano [25] and Simons [29]) as follows.

K(p):{x:(a:k)Ew:Z\xk\pk<oo},(0<pk§H<oo)

k
which is a complete paranormed space by

1/M
9(x) = (Z mw) .

Also, we shall assume throughout that p,zl + (p;c)_l = 1 provided 1 <
inf p, < H < oco. We denote the collection of all finite subsets of N by
F.

For the sequence spaces X and Y define the set M (X,Y") by

M(X,)Y)={u=(u) €Ew:au=(xpuy) €Y forall z € X}.
Then, the sets
X¥=M(X,0),X? =M (X,cs) and X” = M (X, bs)
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are called the a—, f— and y— duals of the sequence space X, respec-
tively.

Let X and Y be subspaces of w and A = (a,;) be an infinite matrix of
real numbers a,, where k,n € N. Then we say that A defines a matrix
transformation from X into Y, and we denote it by writing A € (X,Y),
if for every sequence x = (z3) € X, the sequence Ar = (A,(x)), the
A-transform of z, is in Y, where

A, () = Z AL
k=1

provided that the series is convergent for every n € N. Also, we write A,
for the sequence in the n-th row of A, that is, A, = (an),., for every
n € N.

An infinite matrix A = (a,,) is called a triangle if a,,,, # 0 and a,,, = 0
for all n,v with v > n ( [31]).

A sequence (by) of the elements of X is called a basis for a sequence
space X paranormed by g if and only if, for every z € X, there exists a
unique sequence (ay,) of scalars such that

g(x—Zakbk) —0asn— oo,

k=1

(o0
and in this case we write x = ayby.
k=1
Let > x, be infinite series, s = (s,) be the sequence of partial sums
of the series and (z,) be a sequence of non-negative terms. The series

> Ty is said to be summable [A, z,[,, p > 1, if
o0
D ATHAAL ()" < o0,
n=1

where AA,(s) = A,(s) — An_1(s), for n > 1 ( [28]).
For an infinite matrix A and a sequence space X, the matrix domain
X 4 is introduced by

(1) Xa={rvew: Ar e X}.

Recently, several authors have introduced new sequence spaces by
using matrix domain over the sequence spaces ¢, and ¢ (p) [3-5,8,14,17,
18,32, 33]. For example, the authors have defined the sequence spaces

X = (&D)C1 in [26], r* (p) = ({(p))g in [1], e, = (bp) e and €" (p) =
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(¢ (p) g in [3,16,24], Z (u,v,€,) = (€p) gy ) a0d £ (w, v, ) = (€(P)) Gu)
in 2,23, a, = ({,) 5, and a” (u,p) = (£(p)) 4, in [4,5], bv, = ({,), and

bu (u,p) = (£(p)) 4u in [6,22] £(p) = (£(p))g in [7], where Cy, R, E" and
G (u,v) are the Cesaro, Riesz, Euler and generalized means, respectively,
S is the summation matrix, A is the difference matrix, and A", A* and
Al are defined in [4-6].

On the other hand, some new series spaces have been introduced
by using matrix domain over normed spaces in [10-12,15,27]. In this
context, using Euler totient matrix ® = (¢nx), series space |¢,|, , as the
set of all series summable by the method |®, z,[,, has been introduced
and studied in [15] for 1 < p < oco. In this study, we introduce a new
series space by using matrix domain over the paranormed space ¢ (p),
which extends the results of Ilkhan and Hazar in [15] to paranormed
space.

Now, we give some notations and basic concepts including Euler to-
tient matrix.

Euler totient function ¢ counts the positive integer up to a given
m € N with m > 1 which are coprime with m and ¢ (1) = 1. For a
prime m, ¢ (m) = m— 1, since all numbers less than m are coprime with
m.

If two numbers m and n are coprime, then ¢ (mn) = ¢ (m) ¢ (n) and

also another identity relates the divisors d of m such that m = > ¢ (d)
dlm
holds.

Now, consider the infinite matrix ® = (¢,;) such that

b = Wik n
nk 0 , ifkfn.

Schoenberg [30] has proved that this matrix is regular and defined
that a sequence (x,) of real numbers is p—convergent to £ € R if

o1
lim —
n—oo 1

dYoeldaa=¢

dln

This regular matrix is called as Euler totient matrix operator and the
new sequence space has been defined by using this matrix by Ilkhan and
Kara in [13].
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For any given m € N with m > 1, Mcdbius function p is defined as

(=1)" if r is the number of prime factors of m
p(m) =
0 if m is divisible by the square of a prime number
and p(1) = 1. The Moébius function is multiplicative, that is, if two

numbers m and n are coprime, then p(mn) = p(m) p(n) and satisfies
> p(d) = 0 except for m = 1.

dlm

2. A New Paranormed Space |¢.| (p)

In this section, we define a new space |¢.|(p) and prove that this
space is complete paranormed linear space according to its paranorm.
Moreover, we show that the spaces |¢.| (p) and £ (p) are linearly isomor-
phic and give the basis for the space |¢.| (p). Now, we define the space
|o.| (p), as the set of all series summable by the method |®, z,| (p) ,

6.1 (p) = { — (@) €w: > A () < oo} |

n=1

Also since s = (s,,) is the sequence of partial sums of infinite series > z,,,
we obtain that

Pn
oo n—1 n n—1
- S a1 (S, | SR 5 2 () #ln)
|6.| (p) xGw.Zzn Zx] Z " w1 +x, .
n=2 j=1 k=j k=j
k|n kln—1

+ 227y < oo}

If p, = p for every n € N, the space |, (p) is reduced to the space |¢.],
for 1 <p < o0.
Here, if we define the matrices F (p) = (enr (p)) and F' = (fux) by

— /P , k=n—1
(2) Cnk (p) = Z}L/Pn : EL=n
0 , otherwise
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and
1 )
—>e@) , 1<k<n
(3) fnk: nJ]TTf
0 , k> n,

then, we can write that = = (z,,) € |¢.|(p) if and only if (£ (p)o F)
transform of the sequence x = (x,) is in the space ¢ (p), where the

sequence y = (y,), the E (p) o F-transform of the sequence = = (xy), is
defined by

n—1 n n—1

' o (k o (k p(n

p= g = [ Sy | S PRS2 2
Jj=1 k=j =Jj
kln kln—1

By the notation of matrix domain, we can redefine the space |¢.| (p)
as

9| (p) = (¢ (p))E(p)oF :

Now, we give some interesting results of the newly defined space
|| (p) concerning its topological structures.

THEOREM 2.1. The space |¢.|(p) is a complete paranormed space
with the paranorm given by

1/M
(5) h(z) = (ZI(E (p)o F), (x)lp") :

where 0 < p, < H < oo for alln € N, H = sup,, p, and M = max{1, H}.

Proof. 1t is clear that h () = 0 and h (z) = h (—x) for all z € |¢.| (p) .
For linearity of |¢.|(p) with respect to coordinate wise addition and
scalar multiplication, take any x,y € |¢,|(p) and o € R. By using
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Minkowski’s inequality, we have
(6)

1/M

1/M
(Z (B (p) o F), (w+ y>|“> < (Z (Ep)oF), <x>rpn>

1/M
+ (ZI(E(p)oF)n (y)\”"> <00

which means = + vy € |¢,| (p) .

Also, since |a|™ < max {1, |a|M} ,we get h (ax) < max {1, |a|}h(x).
Thus, az € |¢:| (p) .-

Subadditivity of A is seen from (6), i.e.,
(7) h(z+y) <h(z)+h(y).

Let (z™) be any sequence in |¢,| (p) with h (2™ —z) — 0 as n — o
and also (a,) be any sequence of real scalars such that a,, — « as
n — oo. Then, by using inequality (7), we have that {h (z™)} is bounded,
since

h(z") < h(x)+h(z—2").

So we have,

1M
h(oga® —ax) = (Z [(E(p)oF), (g — ax) ‘pn)

1M
= (Z [(E(p) o F), (wa” — az + az® — az®) p")

< \ak—alh(xk)+|a\h(xk—:c)—>Oask:—>oo,

which implies that scalar multiplication is continuous. Hence, h is a
paranorm on the space |¢.| (p) .

Now, we prove the completeness of the space |¢,| (p) with respect to
the paranorm h. Suppose that (z") is any Cauchy sequence in the space
|| (p) . Given any € > 0, there exists a positive integer ng such that

h(mi—xj)<5
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for all 7,5 > ng. By using the definition of h for each fixed n € N, we
have

(8) ((E (p)o F), (z') = (E(p) o F), («7)]
1/M
< (Z!(E(p)oF)n(mi)—(E(p)oF)n(wj)\p") <e

for all i, j > ng. This implies that {(E (p)o F), (z')} is a Cauchy se-
quence in R for every fixed n € N and so we have

lim (B (p) o F), () = (E(p) o F), ().
Using these infinitely many limits, we define a sequence

{(E(p)o F)y (), (E(p)o F)y(x),..}.
We have from (8) that

m

©9) Y [(E®) oF), (a) — (E@) oF), ()" <h(al—al)" <M

n=1

for each m € N and 4,7 > ng. Let j,m — oo in (9), then we obtain
h(z' —z) < € for i > ng. Thus, (2') converges to z in |@,|(p). Also,
from Minkowski’s inequality, we have

/M 1/M
(Z (E(p)oF), <x>|pn> < (Z (E(p)oF), (z — ) |pn>
1/M
+ <2\<E<p>oF>n<xi)V“)

= h(x—xi)+h(mi)<oo

which implies that = € |¢.| (p) . Therefore we have shown that |¢.| (p) is
complete and this concludes the proof. O]

THEOREM 2.2. The space |¢.| (p) is linearly isomorphic to the space
l(p), ie.,

9.1 (p) = L(p),

where 1 < p, < H < oo for all n € N.
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Proof. To prove the theorem, we should show that there exists a bijec-
tive linear mapping from |¢,| (p) to ¢ (p) . With (4), we define a mapping

(10) E(p)o F :|p:] (p) = £(p)

by (E(p)o F)(x) = y. Then, the composite function E (p) o F' is a
linear operator, since E (p) and F' are linear operators. Further, it is
obvious that z = 6 whenever (E (p) o F) (x) = 0 and hence (E (p) o F)
is injective. For any y € ¢(p), consider the sequence = = (z,,) by

(11) Tp = Z <Z fAanj_l/p;> Yj,

Jj=1 \r=j

where [ = ( fnk> is inverse of the matrix F' = (f.x) defined by

(e y
2 0) : |J
' e i1
(12) fir = oG- Y
p(G) p@-1) re1
e e(G-1) _
L 0 , otherwise.

Then,

1/M
h(z) = (Z [(E(p)o F), (@I“) = h1 (y) < oo,

where h; is the usual paranorm on ¢(p). Thus, we deduce that z €
|o.| (p). As a result, E'(p) o F' is surjective and is paranorm preserv-
ing. Hence, we conclude that the spaces |¢,| (p) and ¢ (p) are linearly
isomorphic. O

Since |¢,| (p) = £(p), the Schauder basis of the space |¢,| (p) is the
inverse image of the basis of £(p). So we give the following theorem
without proof.
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THEOREM 2.3. Let yp = ((E (p) o F)(x)),,, for all k € N and 1 <
pn, < H < 00. Define the sequence bY) = (b,@) as

~1/p; &\ 5 ‘
b(])_ Zj Jz'fm" 5 1§]§n
n r=j

0 ,  j>n.

The sequence bY) is a basis for the space |¢.| (p) and any = € |¢.| (p)
has a unique representation of the form

xr = Z y; 0.
j=1

3. «,3,7-Duals of the Space |¢,| (p) and Matrix Mappings

In this section, we determine the a—, 8—, and v duals of the space
|o.| (p) . In addition to that, we also characterize the classes of infinite
matrices (|¢.| (p), ) and (A, |é.| (p)), where A is any given sequence
space.

Now, we give following lemmas which are required to prove duals
spaces.

LEMMA 3.1. [9]
(i) Let 1 < pp < H < oo for all k € N. Then, A = (aux) € ({(p), 1)
if and only if there exists an integer B > 1 such that

sup Z Z B!
k

by
NeF neN

(ii) Let 0 < py < 1 for all k € N. Then, A = (ax) € (¢ (p),¢1) if and
only if

< 0Q.

Pk

sup sup < 00.

NeF keN

Ank
neN

LEMMA 3.2. [19]
(i)Let 1 < pr, < H < oo for all k € N. Then, A = (an) € (£(p),ls)
if and only if there exists an integer B > 1 such that
(13) supz |an, B < 0.
k

neN
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(ii) Let 0 < pp < 1 for all k € N. Then, A = (an;) € (¢ (p),l) if and
only if

(14) sup |ank|™* < o0o.
n,keN

LEMMA 3.3. [19] Let 0 < pp < H < oo for all k € N. Then, A =
(ank) € (£(p),c) if and only if (13), (14) hold, and

lim a,;, = Bk, (k’ S N)
n—oo
also holds.
Let Be{neN:n>2}, F= (fnk> be given in (12), and define the
sets Dy (p), D2 (p), D3 (p), D4 (p) and D (p) as follows:
pj
- oo} ,

Z Zn: anfnrzj_l/pj

neN r=j

Dy (p)=<a=(ap) €Ew: supsup
NEF jeN

!
Pj

<00y,

> Zn:anfmzj_l/p;B’l

neN r=j
bj
< oo} ,

Zak (ka:r )

Dy (p) =Ups1{a=(ag) Ew: sup
> w2

m,jEN

Da(p){a(ak €w: sup
k=j

m
Dy (p) =Ups14a=(a) Ew: SUPZ <00 o,

mEN 1

m k ’
> (Z sy /) "

k:] T:j

m k /
o ;o _—1/p; . )
D5(p){a(ak)€w.n%1_r>réo E ay (2 fkrzj J) exists for all j € N }
k:] r:j

THEOREM 3.4.
(i) Let 0 < py <1 for all k € N. Then,

{lo:1 (p)}* = D1 (p).
(ii) Let 1 < py, < H < oo for all k € N.Then,

{lo-1(p)}" = D2 (p) .
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Proof. We only give the proof for the case (ii). Since the proof may
be obtained by the same way for the case (i), so we omit it.

Let pr > 1, a = (a,) € w and z = (z) € |¢.| (p) . Then, we immedi-
ately derive with (11)

(15) AnTn = i (i anfmzj_l/p;> Y =0 (y), (n€N)

Jj=1 \r=j

where 0, = (0,,;) is defined by
Y anfwz " 1< <0
=

0

6nj =
, j>n
and F = (ﬁ;k) is as in (12). Thus, we observe by (15) that ax =

(anx,) € {1 whenever z = (z3) € |¢.| (p) if and only if 0y € ¢;whenever
y = (yx) € £ (p) . This means that the sequence a = (a,) is in the a—dual
of the space |¢.| (p) if and only if § € (¢ (p),¥¢;). By using Lemma 3.1

(i), we have {|¢| (p)}" = D2 (p)- N

THEOREM 3.5.
(i) Let 0 < py <1 for all k € N. Then,

{l¢=| ()} = D3 (p) -
(ii) Let 1 < p,, < H < oo for all k € N. Then,

{l¢:=l (P)} = Da(p).

Proof. As in the proof of Theorem 3.4, we prove only case (ii). Let
pr>1,a=(a,) € wand z = (x) € |p.| (p). We consider the equation

m m k k ,
(16) Z ApTy = Z ak (Z fkrzjl/pj) Yj
k=1 k=1  j=1 \r=j
m m k
=D > m (Z fir?, “’J) i = Gnl(y),
j=1 k=j r=j
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Therefore, we deduce with (16) that ax = (axxr) € bs whenever x €
|o.| (p) if and only if Gy € ¢ whenever y € ¢(p). This shows that
a = (a,) € {|¢.] (p)}" if and only if G € (£(p),ls) . By Lemma 3.2 (i)
we obtain that {|¢.| (p)}” = D4 (p) . O

THEOREM 3.6.
(i) Let 0 < py, <1 for all k € N. Then,

{1¢:] ()} = D5 (p) N D5 (p).
(ii) Let 1 < p,, < H < oo for all k € N. Then,

{l- (0)}’ = Da(p) N D5 ().

Proof. By the same way in the proof of Theorem 3.5, we can show
with (16) that ax = (arzy) € cs whenever z € |¢,|(p) if and only if
Gy € c whenever y € ((p), where G = (gy,;) is defined in (17). That is
to say that a = (a,) € {|¢.| (p)}” if and only if G € (¢ (p), ¢) . Therefore
we deduce from Lemma 3.3 that

/

m m k f P
e o) S0 0 S Pl A
meN7 | r=j
and
m k 1/
lim Z ay <Z fk,,zj_ mj) exists for all j € N,
m—00 oy —
which tells us that {|¢.| (p)}’ = Dy (p) N D5 (p). O

Now, we give the characterization of the classes of infinite matrices
(Ip2] (p), A) and (A, |¢.| (p)), where A is any given sequence space.

THEOREM 3.7. Let \ be any given sequence space. Define the infinite
matrix D = (d,;) via an infinite matrix A = (a,) by

0o k ’
dnj = Z Ak (Z fkr'zj_l/pj> .
k=j r=j

Then, A = (an) € (|6:] (p),)) if and only if A, € {|¢.| (p)}® for all
ne€Nand D e ({(p),\).
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Proof. In proving the theorem, we apply the technique used by Yesilkayagil
and Bagar in [32]. Suppose that A be any given sequence space and take
into account that the spaces |¢.| (p) and ¢ (p) are linearly isomorphic. Let
A€ (|¢.] (p),\) and y € £(p). For brevity we denote E (p) o F' =T (p)
by

Z enk fk] €n,n—1 (p> fnfl,j"i_enn (p> fnj = quz/p; (fn] - fnfl,j) .

Then,

p))nk = Zdnjtjk Z Zam (Z fzr Zj 1/pj> 1/17] (f]k fjfl,k)
=k

Jj=k i=j
= Anpk-

Then, DT (p) exists and A, € {|¢.]| (p)}ﬁ , which gives us that D, €
{¢(p)}” for each n € N. Thus, Dy exists for each y € £ (p) and

Zdnkyk = Zzan] (Z fjr k;l/pk> (Zzl/l% fkj_fkfl,j) mj)
k

k  j=k

= YD ) (Z t; () )
ko j=k j=1

= Zankl'k

for all n € N. Hence, we have Dy = Az and this leads us to D €
(£(p),A).

Conversely, let A, € {|¢.| (p)}’ for all n € N, D € (£(p),\) and
z € |¢.| (p). Then Az exists. So we derive from the equality

m

k=1

m k. 1/
where df;r-b) = ]; Ak Z frrz; l/p]) , as m — oo that Az = Dy. Then,

r=Jj
we have A € (|¢.| (p),N). O
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THEOREM 3.8. Let A be any given sequence space. Then, A €
(A, |¢.] (p)) if and only if B € (X, £(p)), where B = (by) Is defined

by
bk, = Zzi/p" (fng — Jo—1) @j-

J=1

Proof. Let u € A and consider

(18) Z bkur = Z 2P (fog = fr1) Z jf U
k=1 i=1 k=1

Then, as m — oo in (18), we have (Bu),, = (T (p) (Au)),, , where T (p) =
E (p) o F. So, we can see that Au € |¢.| (p) whenever v € A if and only
if Bu € ¢ (p) whenever u € . This completes the proof. O
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