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A COMMON FIXED POINT THEOREM ON ORDERED
PARTIAL S-METRIC SPACES AND APPLICATIONS

SIMA SOURSOURI, NABI SHOBKOLAEI", SAHABAN SEDGHI,
AND ISHAK ALTUN

ABSTRACT. A common fixed point result for weakly increasing map-
pings satisfying generalized contractive type in ordered partial S-
metric spaces are derived. Also as an application of our results we
consider a couple integral equations.to guarantee the existence of a
common solution.

1. Introduction

Metrical fixed point theory became one of the most interesting area
of research in the last fifty years. A lot of fixed and common fixed point
results have been obtained by several authors in various types of spaces,
such as metric spaces, fuzzy metric spaces, uniform spaces and others.
One of the most interesting are partial metric spaces, which were defined
by Matthews [5] in the following way.

DEFINITION 1.1. [5] A partial metric on a nonempty set X is a func-
tion p : X x X — [0, +00) such that, for all x,y, z € X:

(p1) x =y if and only if p(z,z) = p(z,y) = p(y,y),
(p2) p(z,z) < p(z,y),

(p3) p(l‘, y) - p(y7 CL’),

(p4) p(z,y) < p(z,2) + p(2,y) — p(z, 2).
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In this case, the pair (X, p) is called a partial metric space.

On the other hand, S-metric space were initiated by Sedghi, Shobe
and Aliouche in [8] (see also [3] and references cited therein).

DEFINITION 1.2. [8] An S-metric on a nonempty set X is a function
S: X x X x X —[0,+00) such that for all z,y, z,a € X, the following
conditions are satisfied:

(s1) S(z,y,2) =01if and only if x =y = 2,
(SZ) S(ZE, Y, Z) S S('T7 xz, CL) + S(ya Y, CL) + S<Z7 <, CL).

In this case, the pair (X, S) is called an S-metric space.

It is easy to see that in an S-metric space (X,S) we always have
S(z,z,y) = S(y,y,x) for all z,y € X.

In this paper, combining these two concepts, we introduce the notion
of partial S-metric space and prove a common fixed point theorem for
weakly increasing mappings in ordered spaces of this kind.

We recall some notions and properties in S-metric spaces.

DEFINITION 1.3. [9] Let (X, S) be an S-metric space and {z,} be a
sequence in X.

(a) The sequence {z,} converges to z € X if S(z,,z,,x) — 0 as
n — oo. In this case, we write lim,,_.., x,, = .

(b) {z,} is said to be a Cauchy sequence if for each € > 0, there exists
no € N such that for S(x,, z,, ;) < € for all n,m > ny.

(c¢) The space (X, S) is said to be complete if every Cauchy sequence
in X is convergent.

LEMMA 1.4. [9] Let (X,S) be an S-metric space. If {x,} and {y,}
are sequences such that lim,,_,, x,, = x and lim,, , y, = vy, then
im S(2n, Tp, yn) = S(z, 2,Y).

n—oo

2. Partial S-metric spaces

In this section, we introduce partial S-metric spaces and investigate
some of their simple properties.

DEFINITION 2.1. A partial S-metric on a nonempty set X is a function
S*: X x X x X = [0,400) such that for all z,y,z,a € X:
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(sp1) © =y = z if and only if S*(x,y,2) = S*(z,z,2) = S*(y,y,y) =
S*(z, 2, 2),

(sp2) S*(x,x,x) < S*(x,x,y),

(sp3) S*(x,y,2) < S*(x,x,a) + S*(y,y,a) + S*(z, z,a) — 25%(a, a, a).

The pair (X, S*) is then called a partial S-metric space.

Each S-metric space is also a partial S-metric space. The converse is
not true, as shown by the following examples.

EXAMPLE 2.2. Let X = [0,+00) and let S* : X x X x X — [0, +00)
be defined by S*(x,y, z) = max{z,y, z}. Then, it is easy to check that
(X, %) is a partial S-metric space. Obviously, (X, S*) is not an S-metric
space.

EXAMPLE 2.3. Let X = [0,+00) and let S* : X x X x X — [0, +00)
be defined by S*(z,y, 2) = max{z,y, 2} +|xr—z|+a for every z,y, z € X,
where a € X is a constant. Then, it is easy to check that (X, S*) is a
partial S-metric space. Obviously, (X, S*) is not an S-metric space.

LEMMA 2.4. For a partial S-metric S* on X, we have, for all x,y € X:

(a) S*(.CE,ZC,y) = S*(y,y,x),
(b) if S*(x,z,y) =0 then z = y.

Proof. (a) By the condition (s,3), we have

Sz, xyy) < S*(x,x,x)+ S (z,x,2) + S*(y,y,x) — 25%(x, x, x)
(1) = Sy, y,2)
and similarly

S*(y,y,x) < Sy, v,y)+S"(v,y,y) + 5 (x, 2, y) — 25 (y,y,v)
(2) = S*(z,x,y).

By (1) and (2), we get 5*(z, z,y) = 5*(y,y, 7).
(b) By the condition (sp2), we have:

(3) S*(x,x,x) < S*(z,2,y) =0
and similarly by relation (a), we also have:
(4) S*(y,y.y) < S*(y,y,x) = 5™(x,x,y) = 0.

By (3), (4), we get S*(z,x,y) = S*(z,z,2) = S*(y,y,y) = 0, which,
by the condition (s,;) implies that = y. O
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REMARK 2.5. Dung, Hieu and Radojevi¢ noted in [4, Examples 2.1
and 2.2] that the class of S-metric spaces is incomparable with the the
class of G-metric spaces, in the sense of Mustafa and Sims [6]. The same
examples show that the class of partial S-metric spaces is incomparable
with the class of G P-metric spaces, in the sense of Zand and Nezhad [12].

DEFINITION 2.6. Let (X,S*) be a partial S-metric space and {z,}
be a sequence in X.

(a) The sequence {x,} converges to x € X (denoted as x, — x as
n — oo) if

lim S*(z,, xn, x) = lim S™(zp, 2, ©,) = S™(2, z, x).
n—00 n—00

(b) The sequence {xz,} is said to be a Cauchy sequence if there exists
(finite) limy, ;00 S*(Tn, Tny Tim)-

(c) The space (X, S*) is complete if each Cauchy sequence in X is
convergent.

Note that if x, — = as n — oo, then for each ¢ > 0 there exists
no € N such that

(5) |S* (2, Tp,x) — S™(x,2,2)| <€, forall n > ng,
and
(6) |S* (2, Ty xn) — S™(z, 2, 2)| <€, for all n > ny.

Hence, for each € > 0 there exists ng € N such that
(7) |S™ (2, Ty ) — S* (T, T, )| < €, for alln > ng.

LEMMA 2.7. Let (X, S*) be a partial S-metric space. If a sequence
{z,} in X converges to x € X, then z is unique.

Proof. Let {z,} converges to x and y. Then we have

(8) lim S*(z,, Tn, x,) = lim S™(zp, 2,, ) = S™(z, 2, x),
n—oo n—oo

and

n—oo

lim S*(xp, Tp, x,) = nh_)rgo S*(Tp, Tnyy) = S™ (Y, ¥, 9).
Then, by the condition (s,3), relation (8) and Lemma 2.4, we have
S*(z,x,y) <25 (x, 2, 20) + S™(y, ¥, xn) — 25" (2, Ty )
= 2[S*(xn, T, ) — S™ (T, T, Tn,)]
+ 5% (@, w0, y) = S, 4,y) + 57 (4, 4,9).
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By taking the limit as n — oo, we get S*(z,z,y) < S*(y,y,y). Also,
by the condition (s,), we have S*(y,y,y) < S*(y,y,x) = S*(z,z,y).
Hence, we get S*(z,z,y) = S*(y,y,y). Similarly, we have S*(z,z,y) =
S*(x,x,x). Hence, by the condition, (s,;) it follows that z = y. O

LEMMA 2.8. Let (X,S*) be a partial S-metric space. Then each
convergent sequence {x,} in X is a Cauchy sequence.

Proof. Let {z,} converges to x, that is for each € > 0 there exists
no € N such that inequalities (5), (6) and (7) hold for all n > ng. Then,
by the condition (s,3) and these inequalities, we have, for m,n > ny,

S* (X Ty T) < S™ (X, Ty ) + S™ (X, Ty ) + S (T Ty ) — 25™ (2, 2, T)
< 2[8*(xp, xp, ) — S™(x, 2, 7))
+ S (X, T, ) — S (2,2, 2) + S* (2, 2, )

9) <2e+e+ S (z,z, ).
Similarly, by the condition (s,3) and Lemma 2.7,
S*(x,x,x) < S*(x, @, x,) + S™ (2,2, 2,) + S™ (2, 2, 1) — 25 (20, Ty Ty

= 2(S*(xn, Tn, ) — S*(xp, Tp, 1)) + S*(x, 2, 7)

< 2(S"(n, Tny ) — S™ (T, Ty T) ) + 25" (2, 2, T4,

+ S* (T, Tpy ) — 25" (T, Ty Ti) -
(10) < 2+ 2e+ S*(xp, Ty T
Hence, by (9) and (10), we have
|S™ (X, Ty T) — S™ (w2, )| < 4e

for m,n > ng. Thus, lim, 00 S*(Tn, Tn, Tm) = S*(x,z,2), and the
sequence {x,} is Cauchy. O

The notion of Sp-metric spaces was introduced independently in [10]
and [11] (See also [7]).

DEFINITION 2.9. Let X be a nonempty set and b > 1 a given real
number. An Sy-metric on X, with parameter b, is a function S, : X x X x
X — [0,400) such that for all z,y,2,a € X, the following conditions
are satisfied:

(sp1) Sp(z,y,z) =0 if and only if z =y = z,

(852) Sb(‘T? T, y) = Sb(y7 Y, SL’),
(sp3) Sp(x,y, 2) < b(Sp(x,x,a) + Sp(y,y,a) + Su(z, 2, a)).
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In this case, the pair (X, Sy) is called an Sy-metric space.

A connection between partial S-metric and S,-metric spaces is given
by the following lemma.

LEMMA 2.10. If (X, S*) is a partial S-metric space, then S® : X x
X x X — [0,400), given by

Si(x,y,z) = S*(x,z,y)+ S*(y,y,2) + S (2,2, 2)
_S*(xvx7x)_S*(yay7y)_S*(szaz)7

is an Sy-metric on X, with parameter b = 2.

Proof. First of all, by the condition (s,2) and the definition of S*, we
have S*(x,y, z) > 0. Further, we check that the conditions of Definition
2.9 are fulfilled.

(sp1) If S%(z,y,2) = 0 then it follows that S*(z,y,2) = S*(z,z,z) =
S*(y,y,y) = S*(z,2,2). That is, x = y = z. Conversely, if t =y = z,
then we have S*(z,y, z) = 0.

(sp2) By the definition of S* and Lemma 2.4, we have

S¥(x,z,y) = S*(x,z,x) + S*(z,x,y) + S*(y, y, x)
— S*(z,z,x) — S*(x,x,2) — S*(y,y,y)
=S*(x,z,x)+ S*(z,x,y) + S*(z,z,y)
— S*(z,x,x) — S*(z,x,x) — S*(y,y,y)

=25"(z,z,y) — S*(z,z,x) — S*(y,9,y).
Similarly, we can show that
SS(Z/;ZUJ?) = 25*@737;3/) - S*<x7x7x) - S*(yvyuy>

Therefore, S*(x, z,y) = S*(y, y, z). Also, we have always that S*(z, z, y)—
S*(x,x,x) < S%(z,2,y).
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(sp3) By the condition (s,3) and Lemma 2.4, we have
S¥(z,y,2) = S"(x,x,y) + S™(y,y, 2) + S*(2, 2, x)
— S*(z,x,x) — S*(y,y,y) — S*(z, 2, 2)
< 28%(z,x,a) — 25%(a,a,a) + S*(y,y,a)
+25*(y,y,a) — 25*(a,a,a) + S*(z, 2z, a)
+25%(z,2z,a) — 25%(a,a,a) + S*(z,z,a)
— S*(z,z,x) — S*(y,y,y) — S (2,2, 2)
<3S*(a,a,z) —25"(a,a,a) — S*(x,z,z) + S*(a,a,x) — S*(x,z,x)
+35%(a,a,y) — 25%(a,a,a) = 5*(y,y,9) + 5" (a,a,y) = 5°(y,9,9)
+35*(a,a,z) —25%(a,a,a) — S*(z,2,2) + S*(a,a,z) — S*(z, 2, 2)
=2[S°(x,x,a) + S°(y,y,a) + S°(z, z,a)).
[
LEMMA 2.11. Let (X,S*) be a partial S-metric space and S° the
respective Sy-metric introduced in Lemma 2.10. Then:
(a) A sequence {z,} in X is a Cauchy sequence in (X, S*) if and only
if it is a Cauchy sequence in (X, S*).

(b) The space (X, S*) is complete if and only if the space (X, S*) is
complete. Furthermore, lim,_, S*(xy, x,,x) = 0 if and only if

S*(x,x,x) = lim S™ (@, xp,x) = lm  S™(xp, Tp, ).
n—00 n,Mm—00
Proof. Let {x,} be a Cauchy sequence in (X, S*). Then there exists
(finite) limy, oo S*(Tn, Tn, Tpm) = My, 00 S* (X4, T, T, ). Since

STy Ty T) = 25" (T, Ty T) — S™(Ty Ty ) — S™ Ty Ty T,

we have
lim S*(x,, xp,xm) = 2 lim S*(z,, 2p, Tm)
n,Mm—00 n,Mm—00

— lim S*(zp, Tp, x,) — lim S*(Tp, T, T
n—oo m—0o0

= 0.

We conclude that {z,} is a Cauchy sequence in (X, S*).

Next we prove that completeness of (X,.S*) implies completeness of
(X, 5%). Indeed, if {x,} is a Cauchy sequence in (X,S*) then it is also
a Cauchy sequence in (X, S*). Since the space (X,S*) is complete, we
deduce that there exists y € X such that lim, ., S*(x,,2,,y) = 0,
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since S*(Tp, Tn,y) = 25" (Tp, Tn,y) — S*(y,y,y) — S*(Tp, Ty, x,). Also,
we know that
0 < S*(n, Tn,y) — S™ (Y, y,y) < S*(xpn, Tn,y),
and
0 < S*(Tp, Tn,y) — S™(Tn, Tp, Tp) < S*(Xp, T, y).
Therefore, we have

lim S*(zp, x,,y) = im S*(x,, 20, ) = S™ (Y, y,y).

n—oo n—oo

Hence, we deduce that {z,} is a convergent sequence in (X, S*).
Now we prove that every Cauchy sequence {z,} in (X, S®) is a Cauchy

sequence in (X,S*). Let e = 3. Then there exists ny € N such that

S5 Xy Ty ) < % for all n,m > ng. Since
S* (s Ty Tn)
S 45*($n07 Ly, $n) - 38*(1'7” T, .Z'n) - S*($n0, Ty, xno) + S*(x’rw L,y .I'n)
< 258(55717 T, xno) + S*(xnov Tng > x"0)7
we have

S*(xna xnv $n> S 2SS(xn7 x’m J"no) + S*('rnoa :Eno) xno)

<14+ S (Tng, Tngs Tnyg)-

Consequently, the sequence {S*(z,,x,,x,)} is bounded in R, and so
there exists an o € R such that a subsequence {S*(x,,,zn,, Ty, )} s
convergent to «, i.e., limy_o0 S*(Tpn, , Ty, Tny, ) = Q.

It remains to prove that {S*(z,, z,,z,)} is a Cauchy sequence in R.
Since {x,} is a Cauchy sequence in (X, S*%), for given € > 0, there exists
ne such that S*(z,, n, ) < § for alln,m > n.. Thus, for all n,m > n,,
if S*(xp, Tp, xy) > S*(Tm, T, Tp) then

S* (T, Ty Tn) — S (Tony Ty Tin) < AS™ (X, Ty Ti) — 3S™ (T, Ty, T)

- S*(xm7 Lm, xm) + S*<Im L, xn)
- S*(.Clﬁm, T,y xm)

S 2SS(xn7 ITL: Im)

< €.

Similarly, if S*(zm, Tm, Tm) > S* (24, Tn, x,) then we can prove that

STy Ty T) — S™ (T, Ty ) < €.
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Hence
|S™ (T Ty Tn) — S™ (T, Ty )| < €.
On the other hand,
|S™ (@, Tn,y ) —
< |S*($n,$m$n> - S*(xnk7xnk7xnk)’ + |S*<xnk7‘rnk=xnk) - O"
< e+e
= 2e.

for all n,ny > n.. Hence lim,,_,o, S*(zp, Tp, x,) = a. Now,
125" (20, Ty T) — 20|
= |S%(xpn, Tpy Tim) + S (T, Ty ) — @ + S™ (X, Ton, o) —
< S (T, Tony Tn) + | S™ (s Ty ) — | + 1S (X, Ty T) —

<§+26+26

9
= —e.
2
Thus, {x,} is a Cauchy sequence in (X, S*).

In order to complete the proof, we have to prove that (X, S*) is com-
plete if such is (X, S*). Let {x,} be a Cauchy sequence in (X, S®). Then
{z,} is a Cauchy sequence in (X, S*), and so it is convergent to a point
y € X with

lim S*(@n, Tn, Tp) = lim S*(y,y,2,) = S*(y,v,y).
n—oo

n,Mm—00

Thus, given € > 0, there exists n. € N such that
* * €

and .
’S*<yay7y) - S*(l'n,l'n,l'n)‘ < 57
whenever n > n.. Hence, we have
Ss(yayaxn> = 25*(y7y7xn) - S*(.Tn7$n,l'n) - S*(yayay)
<5y, y, wn) = S* (Y, y, W) + 157y, Y, Tn) — S (Tny Ty 20|
€ €
< —_ p—
2 + 2

:67

whenever n > n.. Therefore (X, S*¥) is complete.
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Finally, it is a simple matter to check that lim, ., S*(a,a,x,) = 0 if
and only if

S*(a,a,a) = nangO S*(a,a,x,) = n}TiLIBOOS*(:En,xn,xm).

[]

LEMMA 2.12. Let {z,} and {y,} be two convergent sequences to
r € X and y € X, respectively, in a partial S-metric space (X,S*).
Then
lim S*™(xp, Tn, yn) = S™(x, 2, y).

n—oo

In particular, lim,,_,o, S*(x,, x,, 2) = S*(z,x, z) for every z € X.

Proof. By the assumptions, for each ¢ > 0 there exists ny € N such
that

* * € * * €
|S (l‘n,l‘n,x) -5 (ZIZ',SU,J/’” < Z: |S (yn>yn7y) -8 (yay7y)| < Za

Y

* * 6 * *
|S ($n>$n>$n) - S (l',l',l’” < Z: |S (ymymyn) - S (y,y,y)| <

VANRUTEN

* * € * * €
|S ($n>$n>$n) - S (xn7$n7$)| < Z: |S (ymymyn) - S (yn7yn>y)| Za

hold for all n > ng. By the condition (s,3), for n > ny we have
S™(Tns Tny Yn) < STy Tny @) + S™ (@0, T, @) + 5" (Yn, Y, 1) — 257 (2, @, 7)
< 8 (@n, Tn, @) + S (@, Tny @) + S (Y, Yns y) + 5™ (Y, Yns )

+ S*(x,z,y) — 25" (y, y,y) — 25" (x, z, )
<SSy S e )

-+ -+ -+ T,T
1171 &Y,

and so we obtain

S* (T Tny Yn) — S (@, 2, y) <€

Also,
< Sz, z,20) + S™ (2,2, 20) + STV, Y5 Yn) + ST (Y, Y5 Yn)
+ S*(l‘n, o yn) - 25*(yn7 yn7 yn) - 25*($n7 :Ena xn)
<SS S )
- - - - xnwxn; nj).
1 T4y Y
Thus,

S*(z,x,y) — S (T, Tn, yn) < €.
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Hence for all n > ng, we have |S*(x,, T, yn) — S*(x,z,y)| < € and the
result follows. O

3. Main Result

We begin this section giving the concept of weakly increasing map-
pings (see [2]).

DEFINITION 3.1. Let (X, <) be a partially ordered set. Two mappings
S, T : X — X are said to be weakly increasing if Sx < T'Sz and
Ty < STx for all z € X.

EXAMPLE 3.2. Let X = [0,1]and let S,7: X — X be defined by

r+1 T+ 3
S e T e
z 5 T 1
then +1 L7
T T
= T e
Sx 5 < TSz g
and 5 .
T:c:x+ <STx:x;_ )

Thus S and T" are weakly increasing mappings.

Note that, two weakly increasing mappings need not be nondecreas-
ing. The following example illustrates this fact.

ExXAMPLE 3.3. [1] Let X = R? be endowed with the lexicographical
ordering, that is, (z,y) = (z,w) <= (v < 2) or (if x = z, then y < w).
Let F,G : X — X be defined by

F(z,y) = (max{z, y}, min{z, y}),
Gla,y) = (max{a.y}, “Y),
F(z,y) = (max{z,y}, min{z,y})
=< GF(z,y) = G(max{z,y}, min{x,y})
max{z,y} + min{z,y}
2

)

= (max{max{x,y}, min{z, y}},

),

Tr+y
2

= (max{z,y},
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Glay) = (max{r,yh, 5 Y)
= FGla,y) = F(max{r,y}, )
= (max{max{z, g}, L} minfmax{z, g, LY
= (max{zyh, oY),

Thus F and G are weakly increasing mappings. Note that (1,4) < (2, 3)
but F(1,4) = (4,1) £ (3,2) = F(2,3), then F is not nondecreasing.
Similarly, GG is not nondecreasing.

In the sequel, we use the following notation : Let
A={(z,y,2) € X}|lz 2y=<zorz=y=<a}
Our main result is as follows:
THEOREM 3.4. Let (X, <) be a partially ordered set and suppose that
there exists a partial S-metric S* in X such that (X, S*) is a complete

partial S-metric space. Let A, B : X — X are two weakly increasing
mappings such that

(1) §*(Az, Ay, B2) < 8(z,,2)
for all (x,y,z) € A, where

S*(x,y,2),5%(x,x, Ar), 5*(y, y, Ay),
¢(l’,y, Z) = ¢ max S*<Z 5 BZ) S’*(;c,x,Ay)JrS*(yf,Bz)JrS*(z,z,Ax) )

and 0 < ¢ < % If {x,} C X is a nondecreasing sequence with x,, — x
in X, then x, =< x hold for all n € N, then A and B have a common
fixed point.

Proof. First of all we show that, if A or B has a fixed point, then it
is a common fixed point of A and B. Indeed, let z be a fixed point of
B. Now assume S*(Az, Az,z) > 0. If we use the inequality (11), for
r =1y = z, we have

S*(Az, Az, z) = S*(Az,Az,Bz) < ¢(z,2,2) = qS"(Az, Az, z)
< S*(Az, Az, 2)

which is a contradiction. Thus S*(Az, Az, z) = 0 and so z is a common
fixed point of A and B. Similarly, if z is a fixed point of A, then it is
also fixed point of B.
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Now, let 2y be an arbitrary point of X. We can define a sequence in
X as follows:

Tony1 = Ao, and Ty o = Bro,,y forn € {0,1,---}.
Without lost of generality we can suppose that the successive term of
{z,,} are different. Otherwise we are finished. Note that, since A and B
are weakly increasing, we have
1 = Axg X BArg = Bry = 29 = Bxy X ABz; = Axy = 23
and continuing this process we have
Ty X Xg- DLy Xy X0
Now we claim that
S*(Tpa1s Tnit, Tn) < S™(Tn, Tp,y Tn1)-

Setting © = y = w3, and z = 23,41 in (11), we have

¢($2m Ton, 332n+1)

S*(Ton, Tan, Tont1), S™(Ton, Tan, ATap),

* *
= gmax S (-T2n7$2nan2n)7S (3?2n+1,$2n+173372n+1),
S*(x2n,%2n,AT20)+S* (20,220, BT2nt1)+S* (T2nt1,02n41,A%20)
4

* *
< S ($2n,$2n,$2n+1)75 ($2n+1,$2n+1,$2n+2),
> gmax S*(z2n,T2n,22n+1)+S* (T2n,T2n,T2n+2)+5* (T2n+1,22n+1,22n+1)
4

Since,

S*($2n,9€2m$2n+2) < 25*(I2n,9€2m$2n+1)+S*($2n+1,9€2n+1,$2n+2)

*
-2 (x2n+1;x2n+17x2n+1)7

therefore
S*(Ton, Ton, Tant1) + S*(Tan, Tan, Tant2) + S™(Tant1, Tont1, Tant1)
4
< 5*(1’%, Ton, 5172n+1) + 25*(55271, Ton, $2n+1) + 5*($2n+1, Ton41, $2n+2)'
- 4
Hence

¢($2n, Ton, $2n+1)

* *
< S (5E2miﬂ2m$2n+1),5 ($2n+1,$2n+1,$2n+2),
> gmax S*(x2n,T2n,T2n+1)+25* (T2n,T2n,T2n+1)+5* (Ton41,2n4+1,T2n4+2)
4

= dq maX{S* (1‘2m Ton, $2n+1), S ($2n+1; Ton+1, $2n+2)}.
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We prove that S*(xopn, Ton, Tont1) > S*(Tont1, Tant1, Tonie), for every
n € N If S*(xon, Ton, Tant1) < S*(Toni1, Tont1, Tante) for some n € N,
then we get
* *
S ($2n+1,$2n+1,$€2n+2) = S (Ax2n7Ax2nan2n+1)
*
< P(xan, Tan, Tont1) < ¢S™(Tant1, Tont1, Tant2)

*
< S™(Zong1, Ton1, Tons2),
is a contradiction. Therefore, we have
* * *
S ($2n+1,$2n+1,$2n+2) <qS (513'2n73?2m$2n+1) <S8 (952n,1'2n,$2n+1)-

Similarly, we have

¢($2m Lon, mzn—l)
S*(@m Lon, $2n—1); S* ($2m Lon, AIQn)J

* *
= qmax<{ S*(@an, Ton, ATay), S*(Ton—1, Tan—_1, BTan_1),
S* (@2n,2n,Ax2n)+5* (T2n,%2n,Bran—1)+5* (T2n—1,22n—1,AT2n)

4
* *
< S (fzn,%m@n—l);s ($2n,$2mx2n+1)7
S~ gmax S*(x2n,%2n,T2n+1)+S* (T2n,T2n,T2n) +S* (T2n—1,T2n—1,T2n41)
4
Since,

S*($2n—17$2n—1,$2n+1) < 25*(I2n—1,$2n—17$2n)+S*(I2m$2n,$2n+1)

- 25*(x2n7 Ton, x2n>7

therefore

S*(Ton, Tan, Tont1) + S (Tan, Ton, Tan) + S*(T2n—1, Ton—1, Tant1)

4
S*(Tan, Tan; Tant1) + 25" (Tan—1, Tan—1, Tan) + 5™ (T2n, Ton, Tant1)
. . ‘
Hence
¢<x2n> Tom,s x2n_1)
< qmax { gj(gvf22_17$x2n_)i’2gg?z)7 S* (‘/EQTM Lon, xzn+1>7 }
= nsT2n,T2n+1 2n71;1$2n7171'2n)+s (T2, T2n,T2n41)

= g maX{S*(ann, Ton, $2n71), S*($2m Lon, $2n+1)}-

We prove that S*(xen_1, Ton_1,Ton) > S*(Tan, Ton, Tont1), for every n €
N. If S*(zon_1, Ton_1,Ton) < S*(Tan, Tan, Tont1) for some n € N, then we
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get

S*(3?2m$2m$2n71) = S*(l’anl?xanlaxZn) = S*(Ax2n7Ax2nan2nfl)
< d(Tan, Ton, Ton—1) < qS™(Ton, Tan, Toan—1)

< S*(@an—1, Ton—1, Tan),
is a contradiction. Therefore, we have
S (%an, Tan, Tont1) < @S™(Tan—1, Tan—1, Ton)-
Thus , we get
S*(Tna1s Tot1, Tn) < @S™(Tp, Tny Tp_1)

for all n € N.
Next, we claim that {x,} is a Cauchy sequence in (X, S*). Since

S*<xn7xn;xn+1) S qS*(In—hxn—hxn) S tee S an*(meOJxl)

we have
: *
h_)m S*(Tp, Tpy Tpy1) = 0.
n o0
Hence
) < ) . . .
lim S*(zp, Tp, Tpi1) = 2 Hm S™(x,, 2n, Tpy1) — lm S (2, Ty, )
: *
— lim S (i1, Tnt1, Tng1),

which shows that lim S*(z,, z,, x,+1) = 0.
n—oo

Since S*(Tp, Tn, Tpi1) < 25 (2, Ty, Tpy1) We have
S (X, Ty Ty1) < 25" (@, Ty Tig1) < 2¢™S™ (o, 20, 21).
By the triangle inequality, for m > n we have

SS(QZ’n,l'n,l‘m)
S 2-235(33717 Tn, In—&—l) + 2-2258(xn+1a Tnt1s xn—&—Q)
R 2‘2m_nss<xm—17 Lm—1, Im)v



184 S. Soursouri, N. Shobkolaei, S. Sedghi, and I. Altun

hence we get
S (X, Ty, T) < 23¢™S* (0, 10, 1) + 2°¢" T S* (20, 70, 21)
+ -+ 27" S (2, o, 1)
< 2%q"[1 + 2q + 22¢* + - - 15" (w0, T, 1)
93 4m
—1-—2¢q

S*(l'o, Zo, 1'1) — 0.

It follows that {x,} is a Cauchy sequence in the S,-metric space (X, S®).
Since (X, S*) is complete, then from Lemma 2.11 follows that the se-
quence {z,} converges to some x in the S,-metric space (X, S®). Hence

lim S%(zp, x,, x) = 0.
n—oo

Again, from Lemma 2.11 we have

S*(x,x,x) = nll_>n010 S* (X, T, ) = nlrlzgloo S* (X, Ty T

Since {x,} is a Cauchy sequence in the Sy-metric space (X, S*) and

SS<$n,xn,xm) = 25*(£n7xn7xm> - S*(xnuxnaxn) - S*<xm7xm7xm>7

we have
lim S%(zp, Tp, Tm) = 0,
n,Mm—00
and
lim S*(xp, Tn, x,) = 0.
n—oo
Thus

lim  S*(xy,, Tn, ) = 0.
n,Mm—00

Therefore, we have

S*(x,x,x) = lim S*(x,, xp,x) = lim S*(xp, zp, 2,) = 0.
n—00 n,m—00
That is,
lim z, = lim 29,1 = lim Axs, = lim Bzy, 4
n—oo n—oo n—oo n—oo
= lim x9,40 = .
n—0o0

Now, we show that x = Ax = Bx. Setting v =y = 29,2 and z = z in
(11), we have

S*($2n+27 Ton+2, A.T) - S*(AI? Al’, B$2n+1) S ¢(I7 z, $2n+1)7
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where

¢(l’, z, x2n+1)
S*(z,x, xony1), S*(x, x, Ax), S*(x, x, Ax),
= gmax<{ S*(Zont1, Tont1, BToni1),

S*(z,z,Ax)+S*(x,x,Bran+1)+S* (Tan+1,22n+1,AT)
4

= qmax{ S*(x’x’x2”+1>75*<xaxaz4l’)a }

S*(z,x,Ax)+S*(z,z,Bxon4+2)+S* (z2n+1,22n+1,AT
S*(xuvaxQTH-l)a n4 = - )

and so letting as n — 0o, by Lemma 2.12 we have

lim S*(xoni2, Tonio, Ax) = S* (2,2, Ax) < ¢S*(z,x, Ax) = lim ¢(z, 2, Ton11).
n—o0 n—oo

Therefore we have
nh_)rgo S*(Tant1, Tont1, Ax) = S*(z,x, Ax)
< ¢S*(z,z, Ax) < S*(z,x, Ax),
a contradiction. Therefore, S*(Ax, Az, z) = 0 and hence Az = x. O]
COROLLARY 3.5. Let (X, <) be a partially ordered set and (X, S) is a

complete S-metric space. Let A, B : X — X are two weakly increasing
mappings such that

S(Ax, Ay, Bz)
S(x,y,2),S(x,x, Ax), S(y,y, Ay), }

< g max { 5(27 2 BZ), S(z,a:,Ay)+S(y,Z,Bz)+S(z,z,Aa¢)

for all (z,y,z) € A, where 0 < ¢ < 5. If {x,} C X is a nondecreasing
sequence with x, — x in X, then x,, =< x hold for all n € N, then A
and B have a common fixed point.

Proof. If we take S* = S, then from Theorem 3.4 follows that A and
B have a common fixed point. O

COROLLARY 3.6. Let (X, =) be a partially ordered set and (X, S) is
a complete S-metric space. Let T': X — X be a mapping such that

S(Tx, Ty, Tz)
S(x,y,2),S(z,z, Tx), S(y,y, Ty), }

< qmax{ S(Z’Z7Tz)7S(m,x,Ty)+S(y,Z,Tz)+S(z,z,T:r)
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for all (z,y,z) € A, where 0 < q < % If {z,} C X is a nondecreasing
sequence with x, — x in X, then x, =< x hold for all n € N and
Tx =< T?z, then T has a fixed point.

Proof. If we take A = B =T, then from Corollary 3.6 follows that T
have a fixed point. m

4. Application

Consider the integral equations

{ o(t) = [P Ky(t,s,2(s))ds + g(t), t € [a,b],

(12) ;Ij(t) = fa KQ(t,S,:E(S))dS +g(t)7 te [a’b]'

The purpose of this section is to give an existence theorem for solution
of integral equations (12) using Corollary 3.5. Let < be a partial order
relation on R”.

EXAMPLE 4.1. Consider the integral equations (12). Let X = C([a, b], R")
with the usual supremum norm, that is, |[z|| = maxjap |2(t)], for
r € C([a,b],R"). and S : X® — [0,00) defined by S(u,v,w) =

llu —w|| + ||v — w|| for every u,v,w € X.
(i)
Ky, K5 : [a,b] x [a,b] x R" — R" and g : R" — R" are continuous,

(ii) for each t,s € [a,b],

b
Ki(t,s,z(s)) < Ks(t, s,/ Ki(s, 1, z(7))dr + g(s)),

b
Kalt.s,2(9) < Kilt,s, [ Kals,m.a(r)dr + 9(5)
(iii) there exist a continuous function p : [a, b] X [a,b] — R, such that
HKl(t7 S?”) - KQ(t7 S7U)|| < p(t, S)Hu - UH
for each t, s € [a,b] and comparable u,v € R",

. b
(iv) supseray f, p(t s)ds < g < 5.
Then the integral equations (12) have a solution z* in C([a, b], R™).
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Proof. Consider on X the partial order defined by
z,y € C([a,b],R"), z <y iff x(t) < y(t) for any ¢ € [a, b].

Then (X, <) is a partially ordered set. Also (X, .S) is a complete S-metric
space. Moreover, for any increasing sequence {z,} in X converging to
z* € X, we have z,(t) < x*(t) for any t € [a,b].

Define F,;G : X — X, by

b
Fux(t) :/ Ki(t,s,2(s))ds + g(t), t € [a,b],

Gz(t) = / Ks(t,s,z(s))ds + g(t), t € [a,b].

Now from (ii), we have, for all ¢ € [a, b],

Fa(t) = / Kt s, 2(s))ds + g(t)
b b
< /Kz(t,s,/ Ky (s,m,2(7))dr + g(s))ds + g(t)

= /b Ky(t, s, Fx(s))ds + g(t) = GFxz(t)

b
Gz(t) = / Ks(t,s,2(s))ds + g(t)
< [ Ktts, [ Kals.r2(m)dr + go)ds + (0
= /b Ki(t,s,Gz(s))ds + g(t) = FG=z(t).

Thus, we have Flx < GFx and Gx < FGx for all z,z € X. This shows
that I’ and G are weakly increasing. Also for each comparable =,z € X,
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we have

Fa(t) — G=(t)| = |/ Kl(t,s,x(s))ds—/ Kolt, 5, 2(5))ds]

b
< /|K1(t,s,x(s))—Kg(t,s,z(s))|ds

< / plt, 5)[2(s) — 2(5)|ds
< o=l [ plto)ds

for any t € [a,b]. Hence ||Fx — Gz|| < q||x — z|| for each comparable
z,z € X. Similarly, we can prove that ||F'y — Gz|| < q||ly — z|| for each
comparable y, z € X. Therefore, for every (z,y,z) € A we have

S(Fz, Fy,Gz) < ¢S(z,y,2)

S(z,y,z2),S(x, z, Az), S(y,y, Ay),

< qmax{ S(Z, 2 BZ), S(x,x,Ay)+S(y,Z,BZ)+S(Z,Z,ACC) } >

hence all conditions of Corollary 3.5 are satisfied. Thus the conclusion
follows. u
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