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ON k& SLOPE DIAGONAL SUMS OF ¢-COMMUTING TABLE
AND NONZERO PAULI TABLE

Eunmi CHOI AND MYUNGJIN CHOI®

ABSTRACT. We explore the Pauli table C(—1) and nonzero Pauli table
W. Recurrence rules and interrelationships of any k slope diagonal sums
over C(=1) and W are studied in connection with diagonal sums of the
Pascal table C(1). Since diagonal sums of C(1) are Fibonacci numbers,
any k slope diagonal sums over C(=1) and W are explained by Fibonacci
numbers.

1. Introduction

The Pascal table is an arithmetic table (abbr. AT) of (z + y)™ (m > 0), in
which commutativity xy = yz was assumed implicitly. In the area of quantum
theory, theoretical physicists P. Dirac and W. Pauli [5] have studied noncom-
muting variables z and y, in particular the AT of (x + y)™ with zy = —yz is
called the Pauli Pascal table (Pauli table, short) ([1], [2]). As a generalization of
noncommutativity,  and y are called g-commuting variables if yz = gxy with
q € Z*, and the AT of (z+y)™ with g-commuting z, y is called the g-commuting
table C(9) [4]. Hence CY) and C(=Y) are the Pascal and Pauli tables, respec-
tively. When expanding (z + y)™ with ya = —zy, lots of coefficients are zeros,
for instance (z + y)? = 22 + y2. We denote by W the AT of (z + y)" with
yx = —xy having no zero entries and call it the nonzero Pauli table.

In this work we study the Pauli table C(~1) and nonzero Pauli table W. By
considering any k slope diagonal sums over the tables, we investigate recurrence
rules and interrelationships in connection with the diagonal sums of the Pascal
table C(M). Since diagonal sums in C") are Fibonacci numbers and those in
C=1 are the duplicated Fibonacci sequence, any k slope diagonal sums over
C=1Y and W are explained by Fibonacci numbers.
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2. g-commuting arithmetic table C'(@)

We begin with general g-commuting AT C(@) of (z + y)" with yx = qxy for
q € Z. The followings are AT C@) with ¢ = —1, -2, —3.

o= c(=2) =3
012345 0 I 2 3 45 0 T 2 3 45
01 1 1
1111 1 1 1 1
21101 1-11 1 -2 1
31111 1 3 3 1 1 T 7 1
4110201 1-515-5 1 1-20 70 =20 1
5112211 1 1155 55111 1 61610 610611

For example when yr = —2zy, we have (z + )% = 2° + 11z%y + 552392 +
5522y + 11lay* + 3° by C=2). A recurrence in C(@ = [egqj)] (i,j > 0) is as
follows.

Theorem 2.1. For any q, e 53_)1 1= (Q) + q]Jr1 (q) =g~ Je(q) + equ)_H In

particular in C=1), 6531) = 65_;,)3‘_2 + E—;)j

Proof. Comparing the expansions of (x + )"~ and (z + y)* with ya = quy, it
is not hard to see the first identity. Moreover
1 i (—1 1
( ) = =(-1) jef 1)] 1+€z( 1)3
i— 1 1 i— 1 1
= (DD Tei 7)ot e Ta) F(FD) D) )

1 1
=€ 2)] 2"'65 2)3 u

Theorem 2.2. The 1, 2th columns in C9 hold recurrences egql)el(i)l 1= (¢+

e, and e@e@ (@) ,(a)

€i{1,2 1112_ez2121

Proof. We observe the first identity from the above tables, for instance (—20)(61) =

(=3 +1)610 in C=%). Assume egq)l le(q) (¢ + l)e(qz) for some i. Then

qu)ez(i)1 =1+ qegq)1 D+ QG(Q)) = e§q1) + qe(q) + qzegq)l 1€£q1)

— (q+ Dl + (g + el = (g+ (e +%D) = (g+ el .
The second 1dent1ty is also true from tables. As an induction hypothesis, we

assume efql) Eq)l 2= e(Q) Eq) for some 7. Then Theorem 2.1 implies
6521 1€§q2) = (1+qe )( ;" 1 FgPeioip) = 61(?31 1652 114 e( ) 214 eg?l)egq)l,?

On the other hand we also have
E?i-)l 2‘35@1 1= (e qu) + q2€(q))(1 + q6§Q)2 1) = Ggql) §Q)1 + q2€(q) + q3€£q1) EQ)1 2

So comparing ez(i)l 1e(q) and ez(i)l Qeg )1 1, it is enough to prove 651) Eq)l +
q 652) = egi)l 1e(q) +q%e (q)l - In fact, Theorem 2.1 immediately yields
(e, + e = (el 4 P20, 40,
= (e} (q) ) 4 gi)el? (Q) Jrqzez(cz)1 — egi)l 16Eq)1 +q26(q) 0
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12
12 i— 1|6
The diagrams 4 |B| satisfying af = (¢ + 1) and - 3 satisfying
i+ 1|afy -
14 1|a|y

afl = 6 explain Theorem 2.2. Let D7(Lq) be the nth diagonal (abbr. diag.) sum
of C(@, which is the sum of all entries over diagonal starting from e(q) Thus

D(q)_e(q) +e(q) 1+"'+€é,) —eff% 5:1)11+ +6(LZZ")%J,L%J
(]) =0 for i < j. By a weighted nth diag. sum of C9), we define
D(Q) (q) )+ qeglql + q2e(Q) g2t qL%Je(Lq")%J,L%J

(eglq)07 gbq)l 17651(1)2 25" iqs'b)JrlJ LnJ)o(17q’q27"' 7qL%J)

since e

by utilizing inner product operation o.

Theorem 2.3. For any q, D,(,q) = D( ) D(q 1 foralln > 2.

Proof. Consider C(9) = [e (q)] Due to Theorem 2.1, we have

DY = 65% + equll,l + 6?2 2t equ):a 3t

= 65:1,2) + (egquz,o + qegllzg) + (e, (q) 1+ q265zq)3 )+ (e gzq—)4,2 + qgegq)4 3) T

= (esquz,o + 6523,1 + 61(24,2 +-0) +( (q) 0T qe( ) 1+4¢ e;ql 32t )

n—2

=D, +DY,. O

3. Generalized diagonal sums of C'(-1)

A diagonal usually means a line toward northeast direction that moves 1 steps
rightward and upward. A generalized diagonal that moves s steps rightward and
k steps upward is called a k/s slope diagonal for k, s > 0. In C(9), by considering

k/1 slope and 1/k slopes, let Df;/b ;= D(<q,1> ; and Dg)/k> ; be the £/1 and

((I).

1/k slope diag. sums respectively, starting from e So 1 slope diag. sum

DSI1)> ; is an ordinary diagonal sum and 0 slope diag. sum DSI3> ; 1s a row sum.
Over Y, clearly {DSV )} = (DS} = {1,1,2,1,3,2,5,3,8,-- }. Since

2 slope diagonals are {1, 1}, {10}, {1, 1}, {1,0,1}, {1, 1,1}, {1,0,2}, {1,1,2, 1},

{1,0,3,0}, {1,1,3,2}, {1,0,4,0,1}, {1,1,4,3,1}, etc., the diag. sums are
DGV} ={1,1,1,2,1,2,2,3,3,5,4,7,6,10,9, 15,13,22,19,32,28, - - - }
Also from 3 slope diagonals {1,1,1}, {1,0,1}, {1,1,2}, {1,0,2}, {1,1,3,1},

etc, the diag. sums are {D') )} = {1,1,1,1,2,1,2,1,3,2,4,3,6,4,8,5,11~~}.

k/1 slope diag. sums D<,C> cof C°Y (0< k <5)

(0123456 7 8 9101112 13 14 15 16 171819 2021 22 23

513 821 13 34 21 55 34895514489 233 144

547 6 10 9 15 13 221932 2847 41 69

5 11 71510 2114 29 19

6 5 8 610 813 11 17
3 5 475 9611 7

OT»&OJ[\J»—‘(D{RA
S

1121325 3 8
1112122 3 3
1111212 1 3
1111121 2 1
1111112 1 2

=N N
DO DN W~
— W W
Wwo

4 8
4 4
2 4
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From the above table, clearly D(<_k1>)z =10 <i<k)and D(<11>)1 are

Fibonacci numbers and duplicated, and D(<01>) , are powers of 2 and duplicated.
Lemma 3.1. In C-V = [e(fl)], egfll) =1 14f1 is odd, and 0 if i is even.

i,j
—1 . o

Moreover egj ) =0 when i is even and J is odd.
;

Proof. Clearly eg_ll) =€, 01) e 11) = 0 and eé’_ll) = 651)1) — eg 1 Y= 1, for

eg 11) = 1. Continuing we have eg 1 Y = 1ifiis odd and 61(»7_11 =0 if 7 is even.

With even ¢ and odd j, we assume =" = 0. Then

2,]
1 1 1
e£+2)g _e£+1)] (=1 ) £+1)g
1 1 1
= (el + (1) tel ) — (eGP + (—1yel ) = 0

Theorem 3.2. The sequence {D(_l) -} with k = 1,2 satisfy the followings.

<k>,i
(1) D<1> ;= D(<11>) i 1+(—1)"D(<711>)’Z o With two initials 1,1. Also D<1>) ;=
D(<11>)7i 9+ D(<11>) i_q With four initials 1,1,2,1.

2) DY =DV .+ DUY  with 6 initials 1,1,1,2,1,2.

<2>,1 <2>,i—2 <2>,i—6

Proof. The {D}Y ,} = {1,1,2,1,3,2,5,3,8,- -} shows ptlY, =Y, +

(—1) D(<11>) ,_o for some i > 0. We simply write e Y by e; - Then

D(<11>) i=¢€ote_11+te 22+€ 33+€ 44 +
=ei0+ (1) 2ei_20+e€i—21) + ((—1)%e;_31 + 61'73,2)
+ (1) %ei_ap+ei—az) + - ,
= (ei—10+ei—21+ei—32+-)+(—1)(ei—20+€i—31+€—a2+-")
= D(<_11>),i—1 + (_1)ZD(<_11>),1'—27
by Theorem 2.1. Furthermore we also have

1 1
D(<1>),i = D(<1>),i71 +(=1) D(<1>) i—2
1 i 1 1 ie9 (=1

(D(<1>)z o+ (1) 1D(<1>)1 3) +(=1)° (D(<1>)z 3+ (=1) 2D(<1>),z>4)

—pGY 4 pty

<1>i— <1>,i—4-
Now for (2), {D(<21>) g =1{1,1,1,2,1,2,2,3,3,5,4,7,6,10,9,15,- - - } shows
D(<31>)1 D(<;1>)Z 9+ D(<2>) ;g for some ¢. Then

D(<21>) i =€i,0t+e€—-21+€_-42+e€_63+€-84+€_-105"+" "

=e0+ (1) 3ei_g0+ei—31) + ((—1)"Oe;_51 + €;-52)

+((-1)" Y72+ ei—73) + (1) 2e;_g93+ €i—94) + -

= (eji—10+e€i—31+€-s52+e_73+e_gat--+)

+((=1)"tei—g0+ (—1)'ei—s1 + (—1) tei—ro+ (—1)'ei—g s+ ).
Let A= ( )Z 161 3,0 + ( 1)i€i 511 (—1)i_1€i 72+ Then

= (1)~ €z3o+( Di((-1)" 66260+ez61)

+ (=) (=1)"%;_s5,1 + €is, 2) + (—1)H((—=1)""2ei—102 +€i—103) + -
= (—-1)"te;_30+ (eip.0 + (—1)ei—61) + (€11 + (—1)"te;_g2) + -+
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= (ei60+eisg1+ei—102+ )+ ((=1)"eizo+ (—1)'€i61+-)
= D(<721>),i76 + (—1) a0+ (1) €i—e1 + (—1) tei—g a4+ -+
And let B = €ei—10+te€-31+e€ s52+e€_73+€ 94+ --. Then
B=c¢i_10+ ((—1)"ej—a0+€i—a1) + ((—1)"Te;—6,1 + €i—62)
+ ((—1)i_10€i—8,2 +ei—s3)+ ((_1)i_13€i—10,3 +ei—104)+ -
= (ej—2,0 + €i—a,1 +€i—62+€i—g3+€i_104+ ")
+ ((=Dej—a0 + (1) tei—g1 + (=1)’ei—g o+ (=1) " te;q03 + )
= DZ%>,¢_2 + ((—1)ei—a0 + (=) teig1 + (—1)'eiga+--).
Therefore D(<51>)1 = A+ B equals
DGV =DZh o+ (1) eimao+ (1) leign + (~1)eig 2 + )
+ D(<_21>),i—6 ((71)1‘7167;_4,0 + (*l)iei_ﬁ,l + (*l)iflei_&z + - )

. (=1)
=D25. 0+ Do) i O
Now any k slope diag. sums {D(<7c1>)1} in C=1 satisfy the followings.
Theorem 3.3. For i > 2(k + 1), D(<_kl>)7i = D(<_kl>)7i_2 + D(<_kl>) (k1) With
2k +1) initials {1,---,1,2,1,2,1,2,1,---}.
—_——— — ——

k+1 k+1

Proof. When k = 3,4, we list first few k slope diag. sums of C(=1). Clearly
DGV li>0}=1{,4,3,6,4,8,5,11,7,15,10,21,14,29,19, - -- },

and notice 21 = 15 + 6, so D(<_31>)7i = D(<_:,,l>)7i_2 + D(<_31>)7i_8. Similarly

(DCY li>0} ={-,6,58,5,6,10,8,13,11,17,15,23,20,31, - }

and notice 20 = 15+ 5, so D(<_41>),i = D(<4>’i,2 + D(<_41>)’i,10-

Let us consider D(<_k1>)Z If 0 <7 <k then D(<_kl>)l = 61(-761) =1. Ifk<i<

_ _ _ 1+1 ifi—k odd
2k + 1 then D( Do e< b + e< . by Lemma 3.1.
<k>i &0 ikl 1+0 ifi—k even Y

Hence the first 2(k + 1) elements are {1,---,1,2,1,2,1,2,1,---}. And
[ ——

k41 k41
(=1 _ (=1 (=1 (=1
DS opro = €100t a1 T €20
_ 1+1+1 if/fodd: (-1) +D(_1) .
1+0+1 ifkeven <k>2k T T <k>,0
(—1)
i,j
D(gkl)z =e€;,0+€i—k1+€—2k2+€—3k3+ € _akat -
=ei0+ (_(*1)Zikilei—k—1,0 +ei—k—1,1)+ ((f1)172k726i—2k—1,1 +ei—okr—1,2)
+((=1)3 3¢, _ap_12tei—sp—13)+((=1) e, sp_13+€i—ak—14)+" -
= (ei—1,0 ,+ €i—k—1,1 1 €i—2k—1,2 +ei—3k-1,3+ €i—d4k—1,4 +--4)
+ (—1)l_k_llei—k—1,0 +(=1)"€i—2k-1,1 + (—1)1_?_161‘—%—1,2 +ee
Let A = (—l)z_k_lei,k,1’0+(—1)162‘,2]9,1,1+(—1)1_k_16i,3k,1’2+- --. Then

Now we write e by e; ; for convenient. Then for any 4, we have
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A= (1) e, 104+ (=) ((—1)2 2e;_o_20 + €i—2k—2,1)
(1) =R (=) 3% e gy 2,1 1 €i—3k— 22) +-
—1)i* e, 10+ (=1)((=1)€i—ak—20 + €i—2k—2.1)
(=1 R (=1)* e, gp_01 + €isk—22) + -
= (ei—2k—2,0 + €i—3k—21 + €i—ap—22+ )
+ (*1)i7k71€i—k—1,0 + (*1)i€i—2k—2,1 + (*1)%}67161'—31@—2,2 + .-
= Deps ima(hr) H(=1)"F e 10
+ (=1Diej—ok—21+ (=1)"Fte; a5 00+
Andlet B=ej_10+€i—k—1,1+ €i—2k—1,2 + €i—3k—1,3+--. Then
B=c¢i_10+((=1)"%2¢;_p_oot+eir—21)+((—1) "2 3¢, _op_o1+€i_ok_22)
+ ((=1)i 2k ~%e; 300+ €igk—23) + -
=e€;-20+€—-k-21+€ -2k-22+€ 3k-23+€ 4gk-24+ "
+ (—1)i7k€i k—20+ (1) tejop—a1 + (1) Fe;_gp_00+ -
= D_k> i (=D Fe o0+ (—1) T eiop—01 + (—1)Fei_gp00 + -
Therefore, pUY —A+B equals

(—1) <k>,i
1
Dl =Dps o+ Doy 2(k+1)

(1) e o0+ (=1 teiak—0a + (1) Feigp_na + -
+ (- 1)z_k_1€z k10 + (=1)e;op a1+ (=1)"Fle; g4 09+
— D_

I
o

<k>,i—2 + D<k> i—2(k+1)" u

4. Subsequences of k slope diagonal sums

From the sequence {D<1> g=1{-.,1,21,3,2,5,3,8,5,13,8,21,13,-- - }, let
{DZ. ;1 =1{1,2,3,5,8,13,21,- }and{D<1>j}_{1,1,235813 -} be
subsequences consisting of eventh and oddth terms of {D
Then

{D<1>z|l>0}*{D<1>g |] >O}U{D<1>] \jZO}.

Snmlarly we consider

{D<2>z|z>0}—{1112,1,223354761091513221932 -}

_{D<2>g | j ZO}U{D0<d2>g | j >0}
with {D%. ;1 ={1,1,1,2,3,4,6,9,13,19, - - } having eventh, and {D%, g =
{1,2,2,3,5,7,10,15,22,32, - - - } having oddth terms. Moreover we have
{D(<_31>)l |i>0}={1,1,1,1,2,1,2,1,3,2,4,3,6,4,8,5,11,7,15,10,21,-- - }
{D<3>g | >0}U{D<3>g |7 >0}
with {D%. ;3 = {1,1,2,2,3,4 6,8,11,15,21 29, } of eventh, and {D%_ ;} =
{1,1,1,1,2,3,4,5,7,10,14,19, - - - } of oddth terms.

A sequence {Fp n} is called a Fibonacci p-sequence if it satisfies Fj, ,41 =
Fpn + Fin—p with p + 1 initials F,; (0 < ¢ < p) ([6], [3]). If p = O then
F()’n+1 = FO,n + F()’n = 2F0’n with initial 1, so {F()’n} = {1, 2, 22, s } Ifp=1
then Fy 41 = F1, + F1 -1 with two initials 1,1, so {F} ,,} is the Fibonacci.

<1> Z} respectively.

Theorem 4.1. Consider eventh and oddth subsequences of {D(<_kl>) -
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(1) {DZ. ;} and {D<1>j} are Fibonacci sequences with initials 1,2 and
1,1

(2) {D%. ;} and {D%. ;} are Fibonacci 2-sequences with initials 1,1,1 and
1,2,2, respectively. And both {D%s., ;} and {D% ;} are Fibonacci 3-sequences
wzth zmtzals 1,1,2,2 and 1,1,1,1, respectively.

Proof. Clearly D2 ; = D25 ;1 + D& ;5 and D<1>] = D% Ssj-1
D%, i o prove (1). In {D%. ;} and {D%. ;}, the first few entries satisfy
D%y ;= D%y iy + D%y ;5 and D% o = D% o 4 + D% ;5 with 3
initials 1,1,1 and 1,2, 2, respectively. Now for convenience write el

2,7 =€ij-
_ p=1) :
By considering even number j = 2i, D% ; = D_, ,, satisfies
s = €2i0 t€2i-21 F €242 + €2, 63+ezz 84+€2z 10,5 1 -
= €2;-2,0 T €2i—4,2 + €2;-84 + €2,—126 T -
since ez;—2,1 = €2i—6,3 = €2i—10,5 = - - - = 0 by Lemma 3.1. Moreover since
€2i—42 = €2i—5,1 + €2i—52 = 1 + (€261 + €2i—6,2) = €2i—6,0 T €2i—6,2,
e2i—8.4 = (€2i-102 — €2i—10,3) + (€2i-10,3 + €2i—10,4) = €2i—10,2 + €2i—10,4,
€2i-12,6 = (€2i—14,4 — €2i—14,5) + (€2i—145 + €2i—14,6) = €2i—14,4 + €2i—14,6,
and so on, we have
9~ = €220+ (€2i-6,0 + €2i-62) + (€2i-102 + €2i-10,4) + - -
= (e2i-2,0 + €2i—6,2 + €2i—10,4 + - - ) + (€2i-6,0 + €2i—10,2 + €2i—14.4 + - - *)
= (e2i—2,0 + €2i—41 + €2i—6,2 + €2,—83 + €2,_10,4 + €2i—125 + )
+ (e2i—6,0 + €2i—8,1 + €2i—10,2 + €2i-12,3 + €2,—14.4 + €2/_165 + - *)
— (71) ( 1) —_ ev ev
=D 92 oiot Doglni g =D ;1 + D% 5.
The rest regarding { D% Lo j} can be proved similarly.

Now consider {D%%., ;|7 > 0} and {D<3>J\] > 0} in {D(<_31>)l} We easily

see the first few numbers satisty D%, ; = D% .+ D%, ;4 and Do =
D% 5> -1 +D<3> j—a With 4 initials 1,1,2,2 and 1,1, 1, 1, respectively for some
j. Then for any odd integer j = 2i + 1 we have

D03>3 1+D<3>J 4

= (e2i,0 + €2i-3,1 + €2i—6,2 + -+ ) + (€2i-3,0 + €2i—6,1 + €2i—92 + - *)

= e2i,0 + (e2i—-3,1 + €2i-3,0) + (e2i—6,2 + €2i—6,1) + (€2i—9,3 + €2i-92) + - --

= €2;+1,0 T €2—2,1 +€2;—52+ €283+ -

_ yod

= D%5. 041 = D<3>,J

The rest can be proved analogously. U

Now let us look at subsequences of k slope diag. sums {D 1in 0D,

</€> i

Theorem 4.2. Let {D%. ; | j > 0} and {D%. ;| j > 0} be subsequences

of {D(<k1> PR O} consisting of eventh and oddth terms, respectively. Then

D%, and {D% are both Fibonacci k-sequences having initials
<k>,j <k>,j
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{17"'71}(k+1)tuples Q‘k {17"'7172a"'72} 2‘k‘
{1,---,1,2,---,2} 24k and k ki , respectively.
——— ——
% % {17 71}(k+1)tuples 2{’]{7
Proof. Clearly D(<_kl>)i = ez(-;)l) =1(0<i<k)and D(<_,€1>)l = 6551) + 61(-:;1@)1
(k <i<2k+1) equals 2 or 1 according to ¢ — k is odd or even by Lemma 3.1.
So {D?}D_j} has k + 1 initials {1,---,1} if 2| k, otherwise {1,---,1,2,---,2},
’ —— N —
=5 =5
while {D0<dk>’j} has initials {1,---,1,2,--- 2} if 2| k, otherwise {1,---,1}.
—— ——
k k4
2 2
Write ez(-;l) = ¢;,j. Then with respect to D ; with j = 2i, we have
k> = D(<_kl>)72i = €240 + €2i—k,1 T €2i_2k,2 + €2i_3k,3 T €2i—ap 4+ "
If k is even then by Lemma 3.1 we have
€2i,0 = 1= €2i—k,0 and €2i—k,1 = €2—3k,3 = €2;—5k,5 — " = 0, and

€2i—2k,2 = €2;—2k—1,1 T (621'721@72,1 + €2i72k72,2) = €2i—2k—2,0 T €2i—2k—2,2,
and so on. So similar to the proof of Theorem 4.1, it follows
D% j = €210 + €2i—2k,2 + €2i—apa + €2i—6k6 +
= e2i—k,0 + (€2i—2k—2,0 + €2i—2k—2,2) + (€2i—ak—2,2 + €2i—4k—2.4)
+ (e2i—ak—22 + €2i—ap—24) + - -
= (€2i—2,0 + €2i—2-2k2 + €2i—2_aka + €2/—2-6k6+ )
+ (€2i—2-2k,0 + €2i—2-ak,2 + €2i—2-6ka+ )
= (€2i—2,o +e2i—2-k1+€2-2-2k2+€2-2-k3+€2-2-akp4a+ - )
+ (e2i—2—2k,0 + €2i—2-3k 1 + €2i—2_ak 2 + €2i—2-5k,3 + €21—2-6k4 + - ),

because 0 = €2;—2—-k,1 = €2;—2—-k,3 = *°° = €2;—2-3k1 — €2;—2-5k3 = °°°
Therefore we C?nclude -
ev — 71) -1 — ev ev
Sh>g = Pars2ice T D2 0oy = Dlks jo1 T DS0s - (o1
The rest case j = 2i + 1 can be proved analogously. Moreover the Fibonacci
od _ nod od : f
k-recurrence D% ;4 = D% ; + D% ;i is also proved similarly. O
Corollary 4.3. Asn gets larger, the ratio ﬁ is a real oot of x2(F+1) —
k>,n—1
2% g D% D% o k+1 k
% — 1 =0, while sext=" = —FE=" s q root ofx( T gk _1=0.
’ D D
<k>,n-—1 <k>,n—1

The proof is clear from Theorem 4.1 and 4.2. A real root 31 of 2% —22 -1 =0
equals 0.786, and 3% is a root of #2 —x — 1 the ratio of Fibonacci numbers. Also
a root Be of 2% — 2% — 1 = 0 equals 1.210, and 33 is a root of 2° — 22 — 1 the
ratio of Fibonacci 2-numbers. May refer to OEIS A053602 and A123231 for

(-1
(Do it
5. Pauli triangle without zero entries
When expanding (z + y)™ with yx = —zy, lots of coefficients are zeros as in,

for instance (z + y)? = 22 + 92 or (z +y)* = 2* + 222y? + y*. The nonzero
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Pauli table W = [w; ;] is an AT of (x 4+ y)™ with yz = —zy without putting
zero entries.

(=1)
0T T _cv
Hh 1 1
g % % (1) % 1 and 12 1
4|1 10201 SRRt
o1 p12211 15101051
61 1030301
A relationship of W and the Pascal C(!) = [e; ;] is clear from the tabes.

if i even

€i .. .
Lemma 5.1. w;; = { 2 fori,5 > 0, so W satisfies recur-

eji i, ift odd
EINETIY
rences Wwa; j = W;—2j—1 + W2i—2 ; and W2i41,j = W2i—1,j—2 + W24i—1,5-

Let d; be the ith diag. sum of W. Let D,y /o~ , and D21/2>7u be % slope

diag. sums of CV) starting from ey,0 and e, 1, respectively.

Theorem 5.2. The d; is related to the diagonal sums of CV) that d; = D<1>,L%J+
*<1/2>7L%J if 214, and di = Dy |5y + Doy o5 5 otherwise.
Proof. Note | 252 ] =t — | 2] — 1 for t,p > 0. The d; of W = [w; ;] is
di = w0+ wi—1,1 +Wi—o2 +Wi—33 + Wi—ga + W55+ -
= (wio+wi—22+wi—ga+-)+ (Wi +wi33+wi55+-).
Let X = w0+ wi—go+wi—ga+--- andY = w;_1 1 +wi—33+wi—s55+---.
When i = 2t — 1 is odd, due to Lemma 5.1 we have

X=eo+e—11+e o2+ --=Doisy= D<1>,L%J
an(.i Y=e_11+e—03+e 35+ = *21/2>,t_1 = D*<1/2>7L%J’
so it follows dj = X +Y = Dy 15| + D<1/2>,L%J'
On the other hand if ¢ = 2t even then Lemma 5.1 again yields
X=eote12+e 24+ =Dcijasy = D<1/2>,ng
andY =e10+eo1tes2+--=Dasi1 =Dy (1,
so we have di:X+Y:D<1/2>,|_%J +D<1>a|.%J_1' O
Lemma 5.3. D3> ; satisfies recurrences Dy /o~ +D*<1/2> ;= D>"<1/2> 41
and Deyjos e+ D%y jos g = Deryas g1
Proof. D<1/2>7t + D21/2>’t
=(epot+e—12+e—24+-)+(e1+e—_13+e€—25+ )
= (et1 +e€10) +(er—13+e—12) +er—a5+e€24)+---
=eri1teste1s+ =Dy
Similarly we have
Derjas e+ D%y g g = €10t er2te1a+te26+ - = Doijos i1 O

Theorem 5.4. d; satisfies recurrences related to Fibonacci numbers.
(1)d; =di—o+di—3—T;, wherel; = F%_B if 1 1s even, otherwise I'; = 0.



434 E.M. CHOI AND M.J. CHOI

(2) di = di—1 + (di—2 + di—4 + di—g) — (di—3 + di—5 + di—g) — I';, where
I'; = F% if 1 is odd, otherwise I'; = 0.

Proof. We first assume odd i = 2t — 1. By Theorem 5.2, we have

dig =D, [22] +D<1/2> |23 = Dci> -2 +D21/2>7t72’

dig =Dy 2000, Dy oy 2020 = Das s+ Daryosi-2.

In CM), since diag. sums Dois -2 = Fi—1 and Doy -3 = Fy_o are Fi-
bonacci numbers, we have by Lemma 5.3 that

di—g +di3=Fi1+ F2+ D*<1/2>,t ot Derjos o= Fi + D*<1/2> t—1

=Dcisp—1 + D*<1/2>,t71 = D<1> (251 + D<1/2> [21] = d;.

Assume even i = 2t. Then again by Theorem 5.2, we have

di—o=Dci>t-2+Dcyjos i1 =Fi-1+ Deyjos i1,

di—3 = D<i>,p—2 + D21/2>,t72 Frq + D<1/2> t—2-

So Lemma 5.3 implies

diz+di3=2F 1+ Deyjos i1+ D%y ps 49 =2F 1+ Deyjos

But since d; = D<1>¢—1 + Dcijos e = Fy + Doyjas 1, we have

di — (di—2+d;—3) = Fy + Deyjosy —2F 1 — Deyjosy = —F3=-T}.

Now for (2), let A; = di—1 + (di—2 + di—a + di—g) — (di—3 + di—5 + d;i_9).
Then the following is the table of d; and A; for some i > 9. By somewhat long
computations of d; as above that we shall omit here, the identity d; = A; — T';
follows

i | di|Ai|A; — ds i | di] AdAi —di
T4[34] 34[0 TO[TAT[T44[3 = F;
1549|501 = F» = Fi_13  20[169|169(0 0
16|58 580 21(240(245/5 = Fy
17|83( 85(2 = F3 22(289|289(0
1899990 23|409]417|8 = Fs

Clearly d13 + d14 =29 + 34 = 58 + 5= d16 + F5 and d14 + d15 =83 = d17.
Furthermore by letting subsequences {d$¢} and {d¢} consisting of oddth and
eventh terms of {d;}, we have more relations of these with Fibonacci numbers.

Theorem 5.5. (1) dsv 4+ dgt = d9t, and d9?, + d§¥ fdff_lJrFf 2

(2) di* 4 = ( t+1 i) — 2(dp? — di?) + (d§?y — df¥y) and di?y = (d7? —
di?) — (di?y — di*y). o

Now let d§¥ = d¢¥ + d¢¥, + d5¥ 5 and d§¢ = d9¢ + d9¢, + d¢¢5. Then
A0, = d” — Fr_3 and d9?, = d9? — Fy 5. So d5¥ — d9%, = d9%, — d9*.

Proof. We first look at the below table of d§”, d??, d¢” and @. The identities
dgv 4+ dgd = d9t, and ¢, + d§vy = d¢Y, + F,_» are equivalent to
do; + doiy1 = doiys and dg;—1 + do; = dojpo + FL%J'
Note that |25 | =i — 1, so by Theorem 5.2 we have
d2i—1 = D<is i1+ D*<1/2>,i—1 b+ D<1/2> i—1
doi = Dci1> i1+ Deyjos i = Fi+ Doyjos i,
and doj11 = Doi> i + D*<1/2>’Z. =F + D*<1/2>,i. By Lemma 5.3, we have
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dai—1 + dai = 2Fi + (DZy gy ;1 + Dc1y250)
=Fi+F o+ Dayjesit1 = (Daisi+ Deyjosivr) + Fioa
= (D<1>7L¥J—1 + D<1/2»L¥J) + Fio2 = daiyz + Fia.

t|dev dgd|dey dod|dev — d§yy dod — d9%y|dg — de%, dev — dod,
0T 1

12 2 1

212 4 0

314 6 |7 11|0=F 1=K [0

417 100013 18|1=F 1=F |1 2
512 17 21 31 1=F, 2=F; |2 3
620 29 36 52 [2=F; 3=F |3 5
7034 49 |61 88 3=F, 5=F |5 9
8158 83 [1041495=F5 8=Fs |9 16
9199 141[177 2538 13 16 28
10[169 240|302 430|13 21 28 49

Similarly it follows immediately that
doi + daiv1 = (Fi + Deyjas i) + (Figr + D21/2>,i) =Fip2 + D21/2>,i+1

= D>tz + Doy o i1 = Dens 2ig2 )0 + D7 2120y = daits.
And the rest can be proved analogously. O
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