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REMARKS ON WEAK REVERSIBILITY-OVER-CENTER

HonGYING CHEN, YANG LEE, AND ZHELIN P1ao*

ABSTRACT. Huang et al. proved that the n by n upper triangular matrix
ring over a domain is weakly reversible-over-center by using the property
of regular matrices. In this article we provide a concrete proof which is
able to be available in the related study of centers. Next we extend an
example of weakly reversible-over-center, which was argued by Huang et
al., to the general case.

Throughout this note every ring is an associative ring with identity unless
otherwise stated. Let R be a ring. We denote the center and the set of all
idempotents of R by Z(R) and I(R), respectively. Denote the n by n (n > 2)
full (resp., upper triangular) matrix ring over R by Mat,(R) (resp., T, (R)).
I,, denotes the identity matrix of both Mat,(R) and T, (R). Write D, (R) =
{(a;j) € Th(R) | a11 = --+ = apn}. Use E;; for the matrix with (7, j)-entry
1 and zeros elsewhere. The following definitions are due to the literature. An
element u of R is right regular if ur = 0 implies 7 = 0 for r € R. Similarly, left
regular elements can be defined. An element is regular if it is both left and right
regular (and hence not a zero divisor). R is called Abelian if I(R) C Z(R), and
R is called reduced if N(R) = 0. Reduced rings are easily shown to be Abelian.
R is said to be directly finite if ab =1 for a,b € R implies ba = 1. Abelian rings
are easily shown to be directly finite.

1. Weakly reversible-over-center rings

Following Choi et al. [2], a ring R is called reversible-over-center if ab €
Z(R) for a,b € R implies ba € Z(R). Reduced rings are reversible-over-
center and reversible-over-center rings are Abelian by [2, Theorem 1.1] and [2,
Proposition 1.3(1)], respectively. In this article, we consider a generalization of
reversible-over-center rings, concentrating upon the nonzero case of ab € Z(R).
Following [3], a ring R is called weakly reversible-over-center if 0 # ab € Z(R)
for a,b € R implies ba € Z(R). Every reversible-over-center ring is clearly
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weakly reversible-over-center, but the converse need not hold by [3, Theorem
1.3]. In fact, T,(R), over any domain R, is weakly reversible-over-center by
[3, Theorem 1.3] but it is non-Abelian (hence not reversible-over-center) when
n > 2.

It is well-known that Z(Mat,(R)) = {(a;j) € Mat,(R) | a11 = -+ = apn €
Z(R) and a;; = 0 for all ¢, j with ¢ # j}, where R is a ring and n > 2.

Lemma 1.1. (1) [3, Lemma 1.2(1)] Let R be a ring and n > 2. Z(T,(R)) =
{(aij) € TW(R) | @11 =+ = ann € Z(R) and a;; =0 for all i,j with i > j}.

(2) [2, Theorem 1.1] Let R be a reduced ring. If ab € Z(R) for a,b € R, then
ab = ba.

Lemma 1.1 does important roles in the proof of the next result. Huang et al.
[3] proved the following theorem by using only the form of regular matrices in
T,.(R) over a domain R. But one may need the concrete procedure to get the
result in the study of centers. So we provide that here.

Theorem 1.2. Let R be a domain. Then, for alln > 1, if 0 # AB € Z(T,,(R))
for A,B € T,,(R) then AB = BA.

Proof. We use Lemma 1.1(1) freely.

(1) The case of n =1 is proved by Lemma 1.1(2).

(i) Let n = 2 and 0 # AB € Z(T»(R)) for A = (ai;),B = (bij) € Tz(R).
Then AB = al, for some 0 # « € Z(R), entailing a11b11 = o = agbay and
(1111)12 + a12b22 = 0. Moreover bllall == b22a22 by Lemma 11(2)

So, multiplying a11b12 + a12b20 = 0 by b1; on the left, we obtain
0 = (b11a11)b12+b11a12b22 = b12(@11b11) +b11a12b22 = bi2(a22b22) +b11a12b22 =
(b12a22 + bi1a12)baa. But bes # 0, and so we have bisage + bi1a12 = 0 because
R is a domain. This yields BA = al, = AB.

(ii) Let n = 3. Suppose that 0 # AB € Z(T3(R)) for A = (ai;), B = (b;;) €
T3(R). Then AB = alj for some 0 # a € Z(R). This yields a;;b;; = a (hence
biiaii = by Lemma 1.1(2)), a11b12 + a12b22 = O7 a22b23 + a23b33 = O, and
a11b13 + ai2ba3 + aizbsz = 0.

Moreover byja1s+bi2a20 = 0 and baosass +bazaszs = 0 by the result of the case
of n = 2 because A'B' = A"B" = al, € Z(T3(R)) (hence B'A’ = B"A" = al,)
for A" = (aj;), A" = (ag,), B" = (b};), B" = (b5,) € T2(R), where a;; = aij,
bi; = bij for all 4,5 = 1,2, and a};, = ag, by, = by for all s,¢ = 2,3. We will
show byia13 + bizass + bisazs = 0.

From by1a12 4+ b12as2 = 0 and asobas + as3bss = 0, we obtain
(br1a12)bag = (—b12a22)b2g = —b12(a22b23) = —bi2(—a23bs3) = bi2aasbss.
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SO, multiplying a11b13 + a12623 + a13b33 =0 by b11 on the left, we get

0 = (bi1@11)b13 + bi1a12b2z + bi1aisbss = (a33b33)bi3 + bi1a12bas + biiai3bss
= biz(assbsz) + biiraiabag + bi1ai3bss = bizassbss + bizassbss + bii1aisbss
= (bi1a13 + bi2ass + bizass)bss.

But b33 ;é 0 and R is a domain; hence we obtain b13a33 + b12a23 + b11a13 =0.
Therefore BA = al3 = AB.

(iii) Let n = 4. Suppose that 0 # AB € Z(T4(R)) for A = (a;5), B = (bs;) €
T,(R). Then AB = aly for some 0 # « € Z(R). This yields a;;b;; = « (hence
bija;; = o by Lemma 1.1(2)), a11b12 + a12b22 = 0, a11b13 + a12b23 + a13bszz = 0,
ag2bog + aa3bss = 0, agebas + aosbsy + a24bsa = 0, assbss + azabyy = 0, and
a11b14 + a12b24 + a13b34 + a14b44 = 0.

Moreover bi1ai2+bi2az2 = 0, bira13+biaasz+bizass = 0, bazass+bazaszs = 0,
bagaog + bazaszy + bogags = 0, bszasq + bszgagq = 0 by the result of the case of
n = 3 because A'B' = A"B" = aly € Z(T3(R)) (hence B'A’ = B'A" = aly)
for A’ = (), A” = (al}), B' = (), B" = () € T5(R), where af; = a.
bi; = bij for all i,j = 1,2,3, and af;, = as, by, = bs for all s,¢ = 2,3,4. We will
show biia14 + b12a24 + b13azs + bisass = 0.

From by1a12 + bi2age = 0, asobag + a23bss + a2abss = 0, bi1ais + bioass +
bisaszs = 0, and asszbss + azsbss = 0, we obtain (bi1a12)b2s = (—bi2aaz)bos =

*b12(a22b24) = *b12(*a23b:34*a24b44) = b12a23b34+b12a24b44 and (511013)534 =
(—b12a2s — b13a33)bza = —b12a23b3a — b13(assbsza) = —b12a23bza — bis(assbss) =
—b12a23b34 — bi3(—as4baa) = —bi2a23bss + bi3a34bas.

So, multiplying a11b14 4+ a12b24 + a13034 + a14b44 = 0 by by1 on the left, we
obtain

0 = (b11a11)b1a + b11G12b24 + b11a13b3s + b11a14b44
= (@44b44)b14 + b11a12b2g + b11a13b34 + b11a14bsg
= b14(a44b44) + (b12a23b34 + b12a24b44) + (—b12a23b34 + b13a34b4s) + b11a14b4g
= b14a44bsg + b12a24bsg + b13034b44 + b11014byy
= (b11a14 + b12a24 + b13a34 + b14044)b4s.

But byy # 0 and R is a domain; hence we obtain bijjaig + bioass + bizass +
bisgag4 = 0. Therefore BA = aly = AB.

(iv) Next we will proceed by induction on n to show that the preceding
result also holds in the case of n > 5. Suppose that AB € Z(T,(R)) for
A = (a;5), B = (b;j) € T,,(R). Then AB = al, for some 0 # o € Z(R). This
yields a;;b;; = a (hence bj;a;; = o by Lemma 1.1(2)). Moreover ., a1;b;, = 0
and ZZ:S asubyr = 0 for every t € {2,3,...,n — 1} with s < ¢, where s runs
over {1,2,...,n— 1}

Note that A’'B’ = A"B"” ol,

= 1 € Z(Tha(R)) for A" = (aj;), A" =
(@), B" = (biy), B" = () € Tna(R),

I g o — b
where a;; = a;j, bj; = bj; for all
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i,7 = 1,2,...,n— 1, and da, = ag, b, = by for all s,t = 2,3,n. Then,
by the induction hypothesis, we get B’A’ = B”A” = «al,_; and this yields

bsyaur = 0 for every ¢t € {2,3,...,n — 1} with s < ¢, where s runs over

> ums
,n — 1}, because B. We will show Y | by;a;, = 0.

12,...
Multiplying >°" ; a1;bin, = 0 by b11 on the left, we have

bi1a11b1n +b11a12b2, + - -+ b11013bin + -+ 01101 (1) b(n—1)n + b11012bnpn = 0.

We observe this equality term by term.
From a;;b;; = bia:; = o, we get

(bllall)bln = (annbnn)bln = bln(annbnn) = blnannbnn

From Z?Zl biiaiz = 0 and Y 1, ag;bin = 0, we get

= —b12(a22bap)

(b11@12)b2pn = (—bi2a22)ban
= —b12(—a23b3n — 2aban — - — A2(n—1)D(n—1)n — @2nbnn)

[—0] + [b12a23bsy + b12a24ban + - - - + b12a2(—1)D(n—1)n] + b12020bpr-

From Zle bli@i3 =0 and 2?23 Cl3ibm = 0, we get

(b11a13)b3y, = (—b12a23 — b13a33)b3, = —b12a23b3, — b13(a33b35)
= —bi2az3bz, — blg(*a34b4n —azsbsp — - — a3(n—1)b(n—1)n - a3nbnn)
=[—b12a23b3,] + [b13a34ban + b13a3505, + - - - 4+ b1303(0—1)D(n—1)n] + D13030Dnn-

Next let 3 < k <n —1. From Zle biiag =0 and >0, agibi, = 0, we get

(b11a1x)brn =(=b12azk — bizazk — - — bik—1)@(k—1)k — b1k@kE)DEn
= bi—1)a—1)kbkn — bir(arkbrn)

= — bi2a2kbrn — b13askbrn —
= — bi2a2kbrn — b13askbrn —

= bik(=arr41)b(kr1)n = = Ch(n—1)0(n—1)n — Cknbnn)
oo = by (k—1)@(k—1)kbkn]

c = by (k—1) A (k—1)kbkn

=[—bi2a21bn — b13a3ibrn —
+ [D1k @ (k+1) Dkt 1)n + - F D1kA(n—1)D(n—1)n] + D1kARnbrn.
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Esg)ecially, from Z;:f brititn—2) = 0,1, _o G(n—2)ibin = 0, and
S briin—n) = 0,30 5 G(n—2)ibin = 0, we get

(b1101(n—2))b(n—2)n = (—b12a2(n—2) — b13a3(n—2) — *** — b1(n—3)A(n—3)(n—2)
— b1(n-2)8(n-2)(n-2))b(n-2)n
= = b12a2(n-2)b(n-2)n = b1303(n-2)b(n—2m =+ = b1(n-3)0(n-3)(n-2)0(n-2)n
= b1(n—2)(A(n-2)(n-2)b(n—2yn)
=[—b12a2(n—2)b(n-2)n = b1303(n—-2)b(n-2)n = * = = b1(n=3)A(n—3)(n—2)b(n—2)n]
= b1(n-2)(=@(n-2)(n-1)b(n-1)n = A(n-2)nbnn)
=[=b1202(n—2)b(n-2)n = D13a3(n-2)b(n—2)n =+ = b1(n=3)0(n—3)(n—2) b(n—2)n]

+ [b1(n-2)0(n—2)(n=1)0(n—1)n] + b1(n—2)0(n—-2)nbnn;

and

(b11<11(n—1))b(n—1)n = (_b12a2(n—1) - b13a3(n—1) - bl(n—2)a(n—2)(n—1)
—= b1(n-1)@(n-1)(n-1))b(n-1)n
= —b12a2(n—1)b(n—1)n — 01383(n—1)b(n—1)n — " — b1(-2)A(n—2)(n—1)D(n—1)n
— b1 (@(n-1)(n-1)O(n-1)n)
= — b12a2(n—1)b(n—1)n — 01343(n—1)0(n—1)n — " = D1(n=2)A(n—-2)(n—1)D(n—1)n
= b1(n—1) (= a(n-1)nbnn)
=[—b12a2(n—1)b(n-1)n = b1363(n-1)b(n—1)n = *** = b1(n=2)A(n—2)(n—1)b(n—1)n]

+01(n—1)@(n—1)nbnn-

Now summarize the results above. Consider [b1aa23bs, + bi2a24bsn + -+ +
blgag(n,l)b(n,l)n] in the right hand side of the equality of bjiai2bs,. Every
—bigagpbpy (h = 3,4,...,n — 1) occurs as a first term in the first brackets of
the equality of by1a1kbkn-

Consider [b13a34b4n + bygassbs, + - - + b13a3(n,1)b(n,1)n] in the right hand
side of the equality of b11a13b3,. Every —bisaspbp, (h =4,5,...,n — 1) occurs
as a second term in the first brackets of the equality of by1a1xbgy.

Consider [b1xag(k+1)b(k+1)n + -+ + D1kGk(n—1)b(n—1)n] in the right hand side
of the equality of biyai1xbrn. Every —bigagiby, (I = k+1,...,n — 1) occurs
as a (k — 1)-th term in the first brackets of the equality of b11a1mbmn (M =
E+1,...,n—1).

Conversely, for every term —byy,awibrn (w =2,3,...,k — 1) of the brackets
[—b12a2kbkn — D13G3kbRn — -+ — bir—1)@—1)kbrn] in the right hand side of
the equality of b11a1kbkn, there exists by aukbrn in the second brackets of the
equality of b11a14bwn-
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Consequently we have

0 = br1ai1biy + bi1a12ban + -+ + b1161:bin + -+ + b1161(n—1)b(n—1)n
+ b110100nn
=b100nnbnn + b12020,bnn + 013030000 + -+ - + b1k QERbRy + - -
+ b1(n-1)@(n—1)nbnn + b11a12bny
=(b1n@nn + b12a2n + 01303, + -+ + b1gArn + -+ D1(n—1)G(n—1)n + 01101n)0pn-

But b,, # 0 and R is a domain; hence we obtain Z?:l b1ia:n = 0. Therefore
BA =al, = AB. O

As noted above, Huang et al. proved that the n by n upper triangular matrix
ring over a domain is weakly reversible-over-center by using the property of
regular matrices, in [3, Theorem 1.3]. One can see concrete argument for regular
upper triangular matrices in [4, Theorem 1.1].

2. An extended example

In this section we extend the argument in [3, Example 2.1(2)] to the general
situation for more application.

Example 2.1. We refer to the construction in [1, Example 4.8]. Let K be
a field and A = K({a,b) be the free algebra generated by the noncommuting
indeterminates a,b over K. Let I be the ideal of A generated by b" and set
R = A/I, where n > 2. Identify a,b with their images in R for simplicity. We
will show that R is weakly reversible-over-center.

We extend the method in [3, Example 2.1(2)] to get Z(R) = K. Every
element of R can be expressed by

ko + kiaf(a) + k2bg(b) + h with f(x),g(x) € K[z],h € R, and k; € K,

where the degree of g(x) is equal to or less than n — 1, and every term of h
contains a, b when h is nonzero.
Let F' = ko + kiaf(a) + kobg(b) + h € Z(R). Then aF — Fa = 0 and this
yields
ko (abg(b) — bg(b)a) + (ah — ha) = 0.

Here if ka(abg(b) — bg(b)a) # 0 then every term has only one a; and if
ah — ha # 0, then every term has two or more a’s. three or more. So, from
ka(abg(b) — bg(b)a) = —(ah — ha), we must obtain

k2(abg(b) — bg(b)a) = 0 and ah — ha = 0,

i.e., akabg(b) = kabg(b)a and ah = ha. Assume kobg(b) # 0. Then akqbg(b) —
k2bg(b)a cannot be zero, contrary to ka(abg(b) — bg(b)a) = 0. So k2bg(b) = 0
and we have F' = kg + k1af(a) + h.
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Consider bF'— Fb = 0. Then k1 (baf(a)—af(a)b) = —(bh—hb). If k1 (baf(a)—
af(a)b) # 0 then every term has only one b; and if bh — hb # 0 then every term
has two or more b’s. So, from ki (baf(a) — af(a)b) = —(bh — hb), we obtain

k1(baf(a) —af(a)b) =0 and bh — hb = 0,

ie., bkiaf(a) = kraf(a)b and bh = hb. Assume kjaf(a) # 0. Then bkiaf(a) —
kiaf(a)b cannot be zero, contrary to ki (baf(a) — af(a)b) =0. So kiaf(a) =0
and therefore we have F' = kg + h.
Now we get ah = ha and bh = hb from aF = Fa and bF = Fb, respectively.
Next we can express h by ah; + bho with h; € R, where the constant term
of h; is zero. From ah = ha, we obtain

aahy + abhy = a(ahy + bhy) = ah = ha = (ahy + bha)a = ahja + bhea,

entailing
a(ahy + bhy — hia) = bhsa.
So we must get
a(ahy + bhs — hia) = 0 and bhea = 0.

Here bhoa = 0 implies bho = 0, and h = ahy + bho = ah; follows.
Next, from bh = hb, we obtain bahi; = bh = hb = ah;b; hence we must have
ah1b =0 and bah; = 0. This implies ah; = 0 and h = 0 follows.

Therefore F' = kg, and thus Z(R) = K.

Now let 0 # F1Fy € Z(R) for F; € R. Then Fy F5 = k for some k € K. Note
k~'F)F, = 1. But R is Abelian and so directly finite; hence (k=1Fy)Fy = 1
implies Fp(k~'Fy)) = k™'FyFy = 1. So FbFy = k = F1F,. Therefore R is
weakly reversible-over-center.
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