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A NOTE ON TWO WEIGHT INEQUALITIES FOR THE
DYADIC PARAPRODUCT

DAEWON CHUNG

ABSTRACT. In this paper, we provide detailed proof of the Sawyer type
characterization of the two weight estimate for the dyadic paraproduct.
Although the dyadic paraproduct is known to be a well localized opera-
tors and the testing conditions obtained from checking boundedness of the
given localized operator on a collection of test functions are provided by
many authors. The main purpose of this paper is to present the neces-
sary and sufficient conditions on the weights to ensure boundedness of the
dyadic paraproduct directly.

1. Introduction

Weighted norm estimates for singular integral operators are widely encoun-
tered and studied in many areas of analysis. The one-weight case are now well
understood. Precisely, one looks for a function ¢(x) sharp in terms of its growth,
such that

1T £l 2wy < CP([w]am) [l fll22(w)
where [w] 4, is the Ap-characteristic of the weight w . The answer of this question
for the general Caldéron-Zygmund operator is given, in 2012, [5] and for their
commutators [4]. The two-weight case are now only known for the maximal
function [7] which is the first result obtained in two-weight setting, fractional
and Poisson integrals, square functions and the Hilbert transform, the martin-
gale transform, and positive and well localized dyadic operators. Recently, the
author in [1] also provides the proof for essentially well localized operators. Al-
though the dyadic paraproduct is a well localized operator, therefore, it follows
the conditions for well localized operators, direct proof of the necessary and suf-
ficient conditions on the weights for the boundedness of the dyadic paraproduct
are not published yet except paraproduct type operators which appeared in the

Received April 2, 2020; Accepted May 8, 2020.

2010 Mathematics Subject Classification. Primary 42A30 ; Secondary 42B20.

Key words and phrases. Two weight inequalities, Dyadic paraproduct, Carleson
Embedding.

The author was supported by Basic Science Research Program through the National
Research Foundation of Korea(NRF) funded by the Ministry of Science, ICT & Future
Planning(2015R1C1A1A02037331).

(©2020 The Youngnam Mathematical Society
(pISSN 1226-6973, eISSN 2287-2833)

377



378 D. CHUNG

two weight estimate for the Hilbert transform. In this paper, we provide direct
proof for the dyadic paraproduct. As we mentioned, we consider the bounded-
ness of the dyadic paraproduct 7, acting from L?(R,u) to L?(R,v), i.e. we will
characterize the following inequality

Imofll2y) < Clfllz2 ) (1.1)

for all f € L?(u). In what follows D denotes the dyadic intervals, h; denotes the
Haar function associated with I, and (f, g) := [ fg denotes the inner product
on L?(R). The dyadic paraproduct is defined by

mf =Y (b hi)(f)ihr,
I1eD

and the linear bound for the one weight case are obtained in [2] and the quanti-
tative two weight estimates are obtained in [3], which are more geometric since
the condition only involves the weights and not the operators, such as Carleson
conditions or bilinear embedding conditions, and As-type conditions. It is com-
mon when one consider the two-weight problem to make the change of variables
f=wf u=w""t. Then it allows us to characterize the boundedness of 7 (w-)
from L?(w) to L?(v), i.e. we need to characterize the inequality

[mo(wf)llz2) < CllfllL2(w)
instead of the inequality (1.1). We now state the main theorem.
Theorem 1.1. Let v and w be two Radon measures on R. Then
Im(wh)llLzy < Clfllez), 7@ Hll2w) < Cllfllz2w) (1.2)

if and only if for all I,J € D and I NJ # @, the following testing conditions
hold:

I Lrmp(wl)| 2y < Crlllrll 22 (w) (1.3)
11775 (vIr) | 22wy < CalllrllL2(v) (1.4)
[{(mp(wly),vl;) < C'gw(I)l/2v(J)1/2 (1.5)

In Theorem 1.1, 7} stands for the adjoint operator of the dyadic paraproduct

which is defined by
1;
mf =Y (bh)(f, h)
IeD

where 1; denotes the characteristic function of the interval I. We also use the
notation w(I) for the w-measure of an interval I, i.e. w(I) = [, wdz . Definitions
and some useful lemmas are collected in Section 2. We give the proof of the main
theorem and concluding remarks in Section 3 and in Section 4, respectively.
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2. Definitions and Useful lemmatas

In this section, we will review definitions, notations and some useful lemmas.
Throughout the paper a constant C' will be a numerical constant that may
change from line to line. The symbol A < B means there is a constant ¢ > 0
such that A < ¢B. Given a weight w and an interval I we define the weighed
Haar function associated to I as

1 w(I_)'/? B w(I+)1/2]l
w72 [w(I )2 w2 ]

where Iy and I_ denote the right and left half of I, respectively. The Haar
systems {h;}rep and {h¥};ecp are orthonormal systems in L? and L?(w) re-
spectively, where L?(w) is the collection of square integrable functions with
respect to the measure wdz and it is a Hilbert space with the weighted inner
product defined by (f, g)w = | fgwdz . Then, every function f € L?(w) can be
written as

hy (z) =

= (f,hf)why

IeD
where the sum converges almost everywhere in L?(w). Moreover,
Hf||2L2(w) = Z I(f, hfru>w|2-
IeD

For convenience, we will observe basic properties of the weighted Haar system.
First observe that (hx,h¥), could be non-zero only if I D K; moreover, for
any I D K,

(i, )] < (w) 2

For I 2 J, hY is constant on J. If we denote this constant by hY¥(J), the
weighted average (f) .. := w(J)™" [, gw can be written as follows

(Faw =D _{FhE)whf ().
I2J

Throughout the paper the following Weighted Caleson Embedding Theorem
will be used frequently. This Theorem was first stated in [6].

Theorem 2.1 (Weighted Carleson Embedding Theorem). Let {a;} be a non-
negative sequence such that for all dyadic intervals I,

Z ay < Cw(l).
JeD(I)
Then for all f € L*(w),
Z ar () <ACIFIIZz ) -
JeD

We also use the following lemmas in the proof of Theorem 1.1.
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Lemma 2.2. For any weights w and v satisfying the testing condition (1.5)
and weighted Haar functions hY and hY, the following estimate holds:
[(my(why'), vhi)| < 4C3,

Proof. Using the definition of the weighted Haar function and the well localized
property of 7, we have that

[(mp (wh'), vhi)|

- \/w< ooty [ (1))
+\/ (T (o | (1) o)
+\/( ((1;);;((1;_)1))( [(me (wlr_),vlr, )|
+¢ AT
ey [ 1) et [ s [ (1) e )
S\ a e m wn) ”MW\/i’ ot et
< 4Cy.

d

Lemma 2.3. For any weights w and v satisfying the testing conditions (1.3)
and (1 4), the following estimates hold with a fixed dyadic interval Iy:

‘EIGD (o) (T (W{fs Y ) wh i), v(9) 10,0 110) | S C2ll fllL2(w) 19N 22 (0) 5

2) | senii (A imwm(wliy), vlg, B5)hs)| S Cullfllzalgllzze),
<3> )t (w110, (9 1,0 L] S CallFll a2 9l 220

Proof. For the estimate (1), we use the linearity of m,, the Cauchy-Schwarz
inequality, and the testing condition (1.4). Then we have

ST mwlf )bt ), o9 s

I1eD(Io)

<UD rowl D Hm(w(f,hY)uh?) vlg)|

IeD(Iy)
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§|<g>107v| <7Tb w Z <f>hqlu>wh? 7U]lfo>

I1€D(Io)

:|<g>107v| <wl/2 Z <f,h?>w ?ﬂwl/Qlfoﬂ—Z(vlfo)>

I1eD(Io)

<UDnol|| D (FR)uhf L1675 (VL16)l 2 ()
IeD(Io) L2(w)

1 1/2 1/2
<C ZRY 2 / v w 1 v
< Cogs (L) ([ 0) " alaoo Iz Lo

= C2Hg||L2(v)||fHL2(w)

Similarly to the estimate (1) one can immediately get the estimates (2) and
(3). O

3. Proof of Theorem 1.1

First we will assume that f and g are finite linear combinations of charac-
teristic functions 1; with 27"|Iy| < |[I| < |Ip| for some dyadic interval Iy and
n > 0. Since we will get the estimates independent of Iy and d, by the density
of the simple function in L?(w), we can get the result for general f and g. Then
our considering function f and g are compactly supported on a dyadic interval
Iy €D.

Since

my(hr) = Y (b, hy)(hr)shy and m; (hy) = (b, h1>%7
JCI
the dyadic paraproduct and its adjoint operator are both well localized. There-
fore we will consider functions f and g compactly supported on a dyadic interval
Ip € D. Then we can write

[= Z <fa h}u>wh}u + <f>lo,w]]-fo y 9= Z <g’h1])>vh7; + <g>fo7v]lfo :
IeD(Io) 1eD(Io)
For the necessary condition for boundedness of 7, and 7} can be easily obtained
by replacing f =g = 1;in (1.2) and f = 1; and g = 1, in the following duality
argument (3.1) for I, J € D. For the sufficient condition, by duality, it is enough
to prove:

(my(fw), gv) < CllgllL2ll fll 22 (w) - (3.1)

We start the proof of (3.1) by splitting the left-hand side of the inequality (3.1)
into several sums.

(m(fw),gv) = Y (m(w(f,hf)whi), vig, h)oh)

1,J€D(Iy)
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+ 3 (m(wlf, B whd), v(g) 0 ln,)

IeD(Iy)
+ > (D pwm(wly), vlg, k) ohY)
JeD(Ip)
+ <<f>[0,w7Tb(1U]1[0),U<g>107v110>
=1+ Yo+ X3+ Yy
By Lemma 2.3, we get the following for the last three sums:
|Z2] + [Zs] + [Z4] S (C1 + Co)Ifllz2 ) 9]l 2 w)

Thus it is enough to consider the first sum ;. We will also split 3; into several
sums as follows.

Sil=] Y (mlw(fhY)uhi) vlg, k) ohY)

1,J€D(Io)

IA

Z <7Tb(UJ<f7 h?)>wh?))vv<g7hlj>vh§>

1,JeD(Io)
JoI

+1Y D (mw(f b )why),vig, hY)uhY)

1,7eD(I)
1DJ

+ 0 (mw(f, kY )why), vig, hY)oh})

1€D(1o)
= |Zs] + [Xe] + [X7].

We use Lemma 2.2 for ¥7. Then we have

S7l =1 D (mw(f,hf)uht), vig, h)uh})

IeD(Iy)

=| > (B )wlg, hi)y (mo(whi), vhi)

IeD(Iy)
1/2 1/2
< sup [(mp(why), R [ Y (f,hP)2 > (g2
I€D(1o) IeD(Ip) I€D(Io)

< AGCs| fllL2 e llgll L2 )

Since Y5 and X4 are symmetric, one can get the estimate of g similar to Xs.
Now we only have X5 to finish the proof.
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Stopping intervals: In order to get the estimate for ¥5 we will use the
stopping time argument. We follow the standard construction of stopping in-
tervals appeared in [8] to construct collection & C D of stopping intervals. For
a interval .J, let S(.J) be the collection of maximal intervals I € D(J) such that

<g>J,v > 2<g>J,'u .

Let S := Ujegpy I, and let R(J) := D(J) \ Ugeg P(K). Then we see im-
mediately that the collection of stopping intervals S(.J) satisfies the following
properties:

(1) For any I € R(J) we have (g)1., < 2(¢9)

(2) v(G())) < o).
In order to construct the collection S of stopping intervals, consider all maximal
I € D(J) with |I| < 2K where K is a fixed large integer. Then collection of these
maximal intervals will be the first generation 51 of stopping intervals. We get the
second generation of stopping intervals for each I € 81, construct the collection
S(I) of stopping intervals and define the second generation S, = J €8, S(I).
We define recursively a sequence of next generations

n+1 U S

I€S,

and the collection of stopping intervals S := {J, 5, S,. Property (2) gives us
the following Carleson embedding condition, for all J € D.

> w(I) <20(J).

I1eSND(J)

For every interval I € D(Iy), we define the stopping parent and the projection
as follows

P(I) :=min{J € S|J DI},

I:P(I)=J I:P(I)=J

Then we can write f =3, s Py f and g =) ;.5 P4g. Furthermore, we have

Ss= 3 (m(Ph(wf),vPYg)

1,JeS
=Y (m(PY(wf),vPlg) + > (m(PY (wf),vPYg)
IeS 1,Je8

::ES+E9-
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3.1. Estimating Xg

For the sum Xg, we have

Ss = 3 (m(PY (wf), vPyg)

IeSs

_Z Z < ( <f7hK> ) <gth> h7i>

IeS KCLeD(I)
P(K)=P(L)=I

=> Z< wlf, B )0 Y <g,hz>vhz>

18 KeD(I) L:KCLED(I)
P(K)=I P(L)=I
=Y Y (mwlfihg)whi) v (9)kolx = (9)r011)
Ies KED(I)
P(K)=I
= > mwlf hwhi), vlg) L)
1€S KeD(I)
P(K)=I
- Z Z w(f, kg )whi), vig)rlr) -
Ies KeD( )
P(K)=

Then we get

Sl <D0 D0 (mo(w(f,h)whi), v{g) kLK)

I1€S KeD(I)
P(K)=I

Z Z w(f, W )whi), v(g)rv1l1)

1€S KeD(I)
P(K)=I

= [Z10| + [Z11]-

It is good to remind the stopping condition which is (g) k., < (g)1,». Using this
fact, we have the followings

|210|_ Z Z fvhw> h%)’v<g>K7v]lK>

I€S KeD( )
P(K)=

<3SN U)ol lmp(w(f, ) whi), vlk)]

1eS KeD(I)
P(K)=I
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<> o)

IeS KeD(I)

P(K)=I

< Z ‘<g>1,v| Z ||<f7hqllé>w

I,v| Z |(w

(f i )whic; my (V1))

Kz )llm (VL) | 2 (w)

IeS KeD(I)
P(K)=I
<CY ol Yo IR whll 2wVl L2 w)
IeS KeD(I)
P(K)=I
1/2 1/2
<SCod Hghrol | D I RR whE T ) > w(K)
Ies KeD(I) KeD(I)
P(K)=I P(K)=I
<Co Y g rolv(D PV f1l L2 ()
IeS
Then for the sum X1; we have
[X11| = Z Z w(f, hig)whi) v(g)rolr)

I€S KGD(I)
P(K)=I

< Z |<g>I,v|

IeS

<D U9l

IeS

<> o)l

Ies

<> o)

IeS

<C2Z|

Ies

g)r

> (mo(w(f, b )wh), vl1)
KeD(I)
P(K)=I

<m, “
<w

2

KeD(I)
P(K)=I

(fihig)whi ,v]lz>

)

Z (f, Wi )whie, Lymy (vly)
KeD(I)
P(K)=1

1o llIPF fll 2wy 1Ly (011) [ 2 w)

ol VY2 IPY £l L2 (w)
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Combining the estimates for 319 and ;7 and using the Carleson Embedding
Theorem, we have

Xs| < O Z [{g) 10 l0(D)2IPY £l 2 w)
Ies

1/2
< Coll fllz2(w) (Zl (9)1.0/%0( )) < Collfllz2yllglizz () -

IeS

For the sum Xy, using the localized property of 7, i.e. m(wPY (wf)) = Limy(wPy (wf)
and (g)1,01r = 11 3 ;5,(9; hi)vhj we have that

L9= Y (m(Pf(wf)vPhe) =) <7fb(]P1 wf)),o Y Py >

I,J€S Ies JeS,JI
JoI

=> "> m(PY(wf)), vl (g, ) ohic)

IeS K2QI

=S (@) 1.0 (M (P (wf)), v1r)

IeS
Thus, we get the last estimate
120l <D U9 10 (m(PF (wf)), w1 <Y [(9) 10 (PY (wf), Lymy (v1))]
IeS IeS

< K9 rol IPY (W)l 2 oy 113 (VL) 2 )
IeS

1/2
< Coll fllz2w) <Z| )10l 0 ) < Col| fllz2w)llgllpzo) -

Ies

Once again we use the Carleson Embedding Theorem for the last inequality.
Since the sum Y4 is symmetric to X5, by the estimates for the sums X7, ¥g, 39,
310, and Y11, we get the estimate for the sum ¥, as follows

X1 < Cllfllzzeyllglzz ) »
where C < C1 + Cs + C3 and this indeed finished the proof.

4. Concluding Remarks

As we mentioned in the beginning, the authors in [3] obtained the quantita-
tive estimate for the dyadic paraproduct. They prove the following Theorem.

Theorem 4.1. Let (u,v) be a pair of measurable functions on R such that v
and u~?, the reciprocal of u, are weights on R and such that
(i) (u,v) € A%, that is |u, 0] 44 1= Supep my(u=t)mv < cc.
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(i) there is a constant Dy, , > 0 such that
Z |Aro2 T mp(u™t) < Dy pv(J) for all J € D,
I1€D(J)
where Arv == mp v —my_v.

Assume that b € Carl, ,, that is b € L}, .(R) and there is a constant By, > 0
such that

b, h)|?
> 166, )7 < Bu,u ' (J)  forallJeD.
mrv
IeD(J)

Then 7y, the dyadic paraproduct associated to b, is bounded from L*(u) into
L?(v). Moreover, there exists a constant C > 0 such that for all f € L*(u)

I llz2) < CyfTus vl agBu (/s 0]ag + v ) I 2
where my f := 3 cpmif (b, hr) hy.

Also, they provide a necessary condition for boundedness of 7,. However,
there are no results connecting Theorem 1.1 and Theorem 4.1 yet. This might
be a very challenging and interesting problem.
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