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Abstract: It is difficult to analytically derive the relationship among volumetric displacement, flowrate, torque, and 

rotation speed regarding an instantaneous position of gerotor hydraulic pumps/motors. This can be explained by the 

geometric shape of the rotors, which is highly complicated. Herein, an analytical method for the instantaneous 

torque, rotation speed, flowrate, and volumetric displacement of a pump/motor is proposed. The method is based on 

two physical concepts: energy conservation and torque equilibrium. The instantaneous torque of a pump/motor shaft 

is determined for the posture of rotors from the torque equilibrium. If the torque equilibrium is combined with the 

energy conservation between the hydraulic energy of the pump/motor and the mechanical input/output energy, the 

formula for determining the instantaneous volumetric displacement and flowrate is derived. The numerical values of 

the instantaneous volumetric displacement, torque, rotation speed, and flowrate are calculated via the MATLAB 

software programs, and they are illustrated for the case in which inner and outer rotors rotate with respect to fixed 

axes. The degrees of torque fluctuation, speed fluctuation, and flowrate fluctuation can be observed from their 

instantaneous values. The proposed formula may provide a better understanding of the design or analysis process of 

gerotor pumps/motors.
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Nomenclature

 : eccentricity between centers of inner and outer 

rotors

 : force induced by pressure distribution

  : number of outer rotor's lobes

  : coordinates of pitch point

 : instantaneous flow rate

 : radius of outer rotor's circular part

 : distance from the center of outer rotor to the 

center of circular part

 : contact force

  : load torque on a pump/motor shaft

 : volumetric displacement per revolution

Subscripts

1 : inner rotor

2 : outer rotor

1. Introduction

Gerotor gears have been used for small-sized pumps 

and high-torque hydraulic motors. They produce an 

internal contact movement and rotate at a speed that is 

inversely proportional to the number of lobes (or gears) 

of the outer rotors, thereby maintaining the centers and 
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pitch point of the inner and outer rotors fixed in space. 

Circular arc curves are generally used as lobe profiles 

of outer rotors for design and processing convenience. 

The shapes of the inner rotors are generated by the 

gear profiles of the outer rotors and exhibit a trochoid 

curve1-4).

Generally, gerotor hydraulic pumps/motors exhibit 

highly complicated geometric shapes, which complicate 

the calculation of their volumetric displacements using 

geometric methods. Previous studies5-7) have proposed 

methods for calculating the volumetric displacement by 

directly calculating the chamber volume between the 

contact points of the inner and outer rotors. The 

procedures and formulas of this method are highly 

complicated; therefore, the method is difficult to reflect 

in design. For example, the flowrate of pumps/motors 

and the torque and rotation speed of pump/motor shafts 

are difficult to calculate.

Many studies8-13) have introduced formulas for 

calculating volumetric displacement using the contact 

point lengths of inner and outer rotors (hereinafter, vane 

length). The vane length method is based on kinematic 

analysis of the inner and outer rotors’ motion, and thus, 

it is hard to understand how the pressure and contact 

forces between the rotors affect the instantaneous torque 

of the pump/motor shaft. The vane length method is 

also hard to give relations among torque, flowrate and 

volumetric displacement of the gerotor pump/motors.

This study considered a method for calculating the 

instantaneous volume change rate, rotation speed, and 

torque of pumps/motors based on two concepts: the 

torque equilibrium of the rotors and energy conservation 

between the hydraulic energy of pumps/motors and 

mechanical energy of driving shafts. The torque of the 

pump/motor is derived from the torque equilibrium, 

which may provide direct insight into the torque and 

show how the pressure and contact forces affect the 

instantaneous torque fluctuation. The formula equations 

about the instantaneous flowrate, rotor speed and 

volumetric displacement of the pump/motor are also 

derived from combining the torque equilibrium with the 

energy conservation equation. The contact points 

between the inner and outer rotors should be used in 

the calculation process of volumetric displacement. The 

calculation to obtain the contact points is also 

introduced. This study was conducted for the case of 

rotating inner and outer rotors, as shown in Fig. 1. The 

centers of the rotors, O1 and O2, and the pitch point, p, 

were assigned as spatially constant points. The 

numerical values of the instantaneous volumetric 

displacement, torque, rotation speed, and flowrate were 

calculated via MATLAB software programs, and they 

are illustrated herein for the case in which the inner 

and outer rotors rotate with respect to the fixed axes. 

The degrees of torque, speed, and flowrate fluctuations 

were observed from the instantaneous values of torque, 

speed, and flowrate, respectively.

Fig. 1 Rotation of inner and outer rotors

2. Torque, volumetric displacement, and 

flowrate 

2.1 Energy conservation

The energy conservation principle was applied 

between the hydraulic energy and the mechanical torque 

energy in the hydraulic pump/motor, as shown in Fig. 

2. For the convenience of interpretation, we assumed 

that the efficiency was ideally 100%, the pressure of 

the high-pressure section was  , and that of the 

low-pressure section was 0.

Based on these assumptions, we derived the energy 

conservation equation with respect to the rotation of the 

pump/motor shaft by  , as follows:

∙  ∙                        (1)

where   is the load torque on the pump/motor 
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shaft,   the volumetric displacement or supply 

volume of fluid with respect to the rotation by  , 

and   the supply pressure.

a) pump             b) motor

Fig. 2 Hydraulic energy and shaft torque energy 

of pump/motors

2.2 Torque equilibrium

The load torque,  , can be obtained as a function 

of the pressure,  , from the torque equilibrium 

equation with respect to the free-body diagram of the 

inner and outer rotors, as shown in Figs. 3 and 4. 

Although a slight difference existed according to 

whether the driving axis of the pump/motor is 

connected to the inner rotor or to the outer rotor, we 

assumed that the driving axis was connected to the 

inner rotor because of its similarity to the development 

process of interpretation.

In Fig. 3 and 4,  is the force on the contact 

point, , of the inner and outer rotors, and  is the 

hydraulic force by the pressure,  . The contact and 

hydraulic forces, which act on the inner and outer 

rotors, respectively, establish the relationship between 

the force and reaction force, creating a pair; hence, 

although their action points and sizes are identical, they 

act in opposite directions from the inner and outer 

rotors. The effect of hydraulic force on the cross 

section is dependent on the projected area of the cross 

section and is independent of the shape of the cross 

section; it can be expressed as follows:

   for     ⋯           (2)

  


   
         (3)

where  is the distance between the adjacent 

contact points  and  , b is the thickness of the 

inner and outer rotors,   is number of the outer 

rotor’s lobes, and subscript  means the th chamber.

Fig. 3 Free-body diagram of the inner rotor

Fig. 4 Free-body diagram of the outer rotor

As shown in Fig. 5, the effect of torque by the 

hydraulic force between  and   can be expressed 

with respect to the centers, O1 and O2, respectively, as 

follows: 

  




 


 
  


 





  (4)

  




 


 
  


 





  (5)

In equation (5), the first “–” represents the opposite 

direction from that of the torque acting on the inner 

rotor.   and   represent the 

hydraulic force components in the x- and y- directions, 

respectively; 

  and 

   are the 
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coordinates of the centers of the hydraulic force;  




  and 


  are the 

lengths of the moment arm with respect to the rotation 

centers of the inner and outer rotors, respectively.

Fig. 5 Volume of a chamber between two 

contact points  and   and 

In the free-body diagram shown in Fig. 3, the 

horizontal and vertical components of the contact force, 

, and the hydraulic force, , achieve equilibrium 

with the support force of the bearing. However, in this 

case, the bearing force can be disregarded because it is 

not a parameter of interest. The moment equilibrium 

equation with respect to the center of the inner rotor, 

O1, is expressed in the form of equilibrium between the 

load torque   and the sum of the torque effect of the 

hydraulic force , ∑, and that of the contact 

force  of the lobes of the outer rotor, ∑, is 

expressed as follows:

  
 



  
 



                  (6)

where   is the number of chambers of the 

high-pressure section on which the pressure,  , of the 

high-pressure section acts.

Because the load torque,  , does not act on the 

torque equilibrium of the outer rotor, as shown in the 

free-body diagram in Fig. 4, the torque effect of the 

hydraulic force enters equilibrium with that of the 

contact force; that is, the reaction torque transferred 

through the contact points from the inner rotor, 

∑, has the same magnitude as that of the 

hydraulic force, ∑.


 



  
 



                       (7)

The torque generated from the outer rotor, ∑ , 

is transferred to the inner rotor in the proportion of the 

pitch radius of the inner rotor,  , to the pitch radius 

of the outer rotor,  . Additionally, the proportion of   

to   is proportional to the number of lobes of the 

inner and outer rotors.


 



  

 
 



 
 

 



     (8)

Rearranging equations (7) and (8) and substituting 

into equation (6) yields

  
 



 
  

 



            (9)  

Substituting equations (4) and (5) into equation (9) 

yields

 









 



 











 









 



 










 (10)

Many contact points equal to the number of lobes of 

the outer rotor emerge between the inner and outer 

rotors, as shown in Fig. 3 and 4. Assuming that the 

chambers emerging from the contact points from   to 

  are high-pressure chambers, the torque effect of all 

high-pressure chambers, ∑, can be expressed using 

only the initial and final contact points of the 

high-pressure section,   and  , respectively. This is 

because the  coordinate of a high-pressure chamber 

corresponds to  of the next high-pressure chamber, 

and they offset each other. Equation (10) simplifies this 

as follows: 
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 




maxmin
maxmin


maxmin

maxmin















maxmin
maxmin


maxmin

maxmin







(11)

where max  max  is the farthest contact point 

from the pitch point,  ; min  min  is the 

nearest contact point,  ;   is the number of 

high-pressure chambers;   is equal to   if the 

number of lobes of the outer rotor,  , is an even 

number. By contrast, if   is an odd number, it can be 

expressed as a function of the rotation of the inner 

rotor,  , as follows:

 











 for 


≤  ≤





 for


≤  ≤



for      ⋯                      (12)

2.3 Volumetric displacement and flowrate of 

pump/motors

By substituting equation (11) into equation (1), the 

volume change rate of fluid with respect to the rotation 

by  ,  , can be obtained as follows:




 




maxmin
maxmin


maxmin

maxmin















maxmin
maxmin


maxmin

maxmin







(13)

The volume change rate,  , represents the 

instantaneous volume change rate with respect to the 

instantaneous rotation angle of the rotor. 

The average value of the volume change rates of all 

high-pressure chambers,   , is obtained by 

integrating equation (13) for the range of angles in 

equation (12) and dividing the integrated values by the 

corresponding angles.




 








  



∙



 



maxmin
maxmin


maxmin

maxmin









 



maxmin
maxmin


maxmin

maxmin







(14)

In addition, the volumetric displacement per rotation, 

 , is obtained by multiplying Formula (14) by one 

rotation, 2π rad.

 


∙  

∙



 



maxmin
maxmin


maxmin

maxmin









 



maxmin
maxmin


maxmin

maxmin







(15)

The instantaneous flowrate,  , can be expressed as 

follows:

  lim
→












maxmin
maxmin


maxmin

maxmin















maxmin
maxmin


maxmin

maxmin







(16)

where   is the angular velocity of the inner rotor 

and  is the time.

The average flowrate,  , can be expressed as 

follows:
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 


                             (17)

3. Contact points of the inner and outer 

rotors

The motion of the rotors comprises the rotation of 

the inner rotor,  , and that of the outer rotor,  , as 

shown in Fig. 1. The instantaneous displacement of the 

pitch point,  , at the center of the inner rotor,  , 

coincides with the displacement at the center of the 

outer rotor,  .

                                   (18)

Because the proportion of   to   is proportional to 

the number of lobes of the inner and outer rotors,

 

                              (19)

The contact points at these respective lobes are the 

points at which the line connecting the center of the 

circular arc gear profile of the outer rotor to the pitch 

point meets the circular arc gear profile curve, as 

shown in Fig. 1. The center coordinate of the circular 

part of the outer rotor,  , varies with the rotation 

angle,  , and can be expressed as follows:

 




 cos

  sin


 

     (20)

where   and   are the unit vectors in the horizontal 

axial and vertical axial directions, respectively.   is the 

distance from the axis,   of the outer rotor to the 

center of the circular part.

The coordinates of the pitch points, which are fixed 

points, are

                                 (21)

where   is the eccentricity between the centers of the 

inner and outer rotors. The   linear equation 

connecting the pitch point to the center coordinate of 

the circular part of the outer rotor,   is as follows:







cos




sin





              (22)

The circular equation of the outer rotor with  as 

the center is as follows:

  
   

  
                  (23)

where  is the radius of the outer rotor’s circular 

part. 

The intersection points of equations (22) and (23) 

become the contact points, .

4. Numeric examples

Based on equations (11)–(23), the instantaneous 

volume change rate, flowrate, torque, and rotation speed 

were calculated via a MATLAB program code. The 

gerotor considered in the numeric example was the case 

in which the inner and outer rotors rotated with respect 

to the fixed axes.

Table 1 lists the basic specifications of the gerotor 

pump/motor used for the numerical analysis, and Fig. 6 

shows the profiles of the inner and outer rotors of the 

basic specifications. Additionally, Fig. 6 shows the 

states of the inner and outer rotors at the rotation angle 

of  in the inner rotor. Fig. 7 shows the flowchart of 

the MATLAB program.

Table 1 Specifications of gerotor pump/motor 

used in numerical analysis

Item Data (mm)

Number of outer rotor lobes 4

Number of inner rotor lobes 3

Eccentricity (e) 2.5

Radius of circular part of outer rotor () 6.5

Distance of O2 – Sk ( ) 16.5

Rotor thickness (b) 1.5
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Fig. 6 Profiles of the inner and outer rotors used 

in the analysis

Fig. 7 Flowchart to calculate numeric values

Fig. 8 illustrates a graph of the volume change rate 

based on equation (13) in Section 2.3. The data values 

on the horizontal axis are the rotation angles of the 

inner rotor,  , and at the point where   is ±0.5818 

rad, the volume change rate is identical to the average 

volume change rate of 69.74 mm3/rad. The value 

multiplied by   is the volumetric displacement per 

revolution, which is calculated to be 438.19 

mm3/revolution.

Fig. 8 Plot of volume change rate

The maximum value of the volume change rate is 

75.0 mm3/rad when the rotation angle of the inner 

rotor,  , is zero. The minimum volume change rate is 

56.25 mm3/rad at   of 1.047 rad. The maximum 

fluctuation from the average value is 7.54 %, whereas 

the minimum fluctuation is 19.34 %.

The instantaneous flowrate discharged from a pump 

can be calculated from equation (16). Figs. 9 and 10 

illustrate the flowrates for two cases: when the pump 

driving shaft speeds are 183.26 rad/s (or 1750 rpm) and 

122.52 rad/s (or 1170 rpm). Figs. 9 and 10 show plots 

of the instantaneous pump flowrate with respect to the 

rotation angle of the inner rotor   and time, 

respectively. These figures are similar to Fig. 8. All the 

fluctuation ratios of the instantaneous pump flowrate are 

the same as that of the volume change ratio, which is 

shown in Fig. 8.

Fig. 9 Plots of pump flowrates with respect to 

rotation angle of inner rotor
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Fig. 10 Plots of pump flowrates with respect to 

time

Equation (16) may be used to calculate the 

instantaneous rotation speed of a gerotor-type motor. 

Hydraulic fluid was assumed to be incompressible and 

the pressure in a relief valve was set much higher than 

the normal range of working pressure of the gerotor 

motor, that is, the inertia load pressure was negligibly 

small. The flowrate supplied into the motor was 

assumed to be constant. Under these assumptions, the 

instantaneous speed of the motor can be expressed as 

follows:

  


 


                   (24)

Figs. 11 and 12 show plots of the instantaneous 

motor rotation speed with respect to the rotation angle 

of the inner rotor,   and time, respectively. Figs. 11 

and 12 illustrate the flowrates for two cases: when the 

motor flowrates are 3.33×   m3/s (or 20 lpm) and 

1.67×   m3/s (or 10 lpm). The shape of the motor 

speed fluctuation resembles a upside down shape of 

Fig. (8)–(10). This is because the motor speed is 

inversely proportional to the volume change rate, 

 .

The output torque of a motor can be calculated from 

equation (11). Figs. 13 and 14 illustrate the load 

torques acting on a motor shaft for two cases: when the 

supply pressures to the motor are 100×105 N/m2 (or 

100 bar) and 70×105 N/m2 (or 70 bar). 

Fig. 11 Plots of motor rotation speed with 

respect to rotation angle of inner rotor

Fig. 12 Plots of motor rotation speed with 

respect to time

Figs. 13 and 14 show plots of instantaneous motor 

torques with respect to the rotation angle of the inner 

rotor,   and time, respectively. The main features of 

these figures are similar to those of Fig. 8–10.

If equation (11) is transformed to the following 

equation (25), the equation may be applicable to 

calculate the instantaneous outlet pressure of a 

gerotor-type pump when the input torque is assumed to 

be constant.

  


                         (25)

where the volume change rate   is given as 

equation (13). Equation (25) is a static relation and the 

pump should rotate at a low speed such that equation 

(25) can be used reasonably. 
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Fig. 13 Plots of motor output torque with respect 

to rotation angle of inner rotor

Fig. 14 Plots of motor output torque with respect 

to time

However, typical pumps are operated at high speeds 

and the outlet pressure should be set dynamically based 

on the flow continuity of the outlet volume, pumping 

flowrate fluctuation, fluid compressibility, etc. Therefore, 

equation (25) may be meaningless when real pumps are 

used.

5. Conclusion

This study proposed a method for calculating the 

instantaneous volume change rate, flowrate, rotation 

speed, and torque of pumps/motors based on two basic 

concepts: the torque equilibrium of rotors and the 

energy conservation between the hydraulic energy of 

pumps/motors and mechanical energy of driving shafts. 

The contact points between the inner and outer rotors 

should be calculated in the calculation process of the 

volume change rate, rotation speed, and torque of the 

pump/motor. A series of responses of the instantaneous 

volume change rate, rotation speed, and torque of 

pumps/motors was illustrated for specific geometric 

parameters of a gerotor shape. However, those 

calculated responses may show some errors from real 

responses because the inertia of the pump/motors and 

compliance effect of oil are not considered in those 

torque equilibrium and energy conservation equations.
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