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NOTES ON THE PARAMETRIC POLY-TANGENT
POLYNOMIALS'

BURAK KURT

ABSTRACT. Recently, M. Masjed-Jamai et al. in ([6]-[7]) and Srivastava et
al. in ([15]-[16]) considered the parametric type of the Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi polynomials. They proved some the-
orems and gave some identities and relations for these polynomials.

In this work, we define the parametric poly-tangent numbers and poly-
nomials. We give some relations and identities for the parametric poly-
tangent polynomials.
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1. Introduction

It is well known that Bernoulli polynomials B, (z), Tangent polynomials

T, (z), Apostol-Bernoulli polynomials Br([l) (z;A), poly-Bernoulli polynomials

(k;e)

ng) (z) and poly-Tangent polynomials Ty, "’ (z) are fundamental importance
in several parts of analysis and have applications in various other fields such as

combinatorics, numerical analysis and so on.

The Bernoulli polynomials By, (x) are usually defined ([5], [13]) by means of

the generating function

o T
E Bn(a:)—n!fet_le .t < 2m
n=0
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and the Bernoulli number B,, := B, (0) by the corresponding equation

o0
t" t

E B,—=——, |t|] < 2m.
nl  et—1

n=0

The B,, are rational numbers. We have in particular
1

1
B():l, 312—5,32:6anngkH:Ofork:l, 27 HRN

1 1
By (x) =1, Bl(x):m—E,Bg(x):xQ—m—i—g,

The following properties are well known:

By (z) = zn: (Z) By 2"k,

k=0

B, (z) = nBy_1 ()
and
n—1
n n—1
Z(k)Bk(x)—nx ,m=2 3.
k=0

These polynomials have been extensively studied by many mathematicians
([3-[7], [13]-[16]).

The generalized Apostol-Bernoulli polynomials B\ (z;\) of order o were
defined by Luo and Srivastava by means of the following generating functions
(see [5], [13], [14])

() . _ Tt
REZO B (x; M) o (/\ext — 1) e’ (2)

A€ C, |t| < 2w, when A =1; |t] < |logA| when X # 1.

The Stirling numbers of the second kind are defined by the following gener-
ating function

Z 52(n7m)ﬁ - Q_ (3)

n! m!

The tangent polynomials T;,(x) in ([8], [11]) are defined by the generating
function:

— t" 2 ot

For z = 0, we define the tangent numbers T;, := T,(0).
T,.(x) are polynomials of degree n. Here is the list of the first tangent’s
polynomials:

To(z) =1, Th(z) =2 — 1, Tao(z) = 2% — 22, Tz(2) = 2 — 32® +2, ---.
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The classical k-th polylogarithm function Liy (z) ([1], [2], [3], [10]) is defined
the generating function

: — 2"
Liy (2) = ZOJ, keZ.
This function is convergent for |z| < 1. When k = 1, we get
Liy (z) = —log(1 — 2). (5)
Hamahata in [1] defined the poly-Euler polynomials by
= t"  2Li, (1 —e7?)
(k}) i k— xt 6
> el = et (0

For k =1, by (5), we write as

Z 8(1 tn 2Lll (1 — 67t)€zt

t(et+1)
2te™ - "
= — = E’I’L T .
t(et+1) ;} (z) n!

From here, we get ET(LI)(.T) = E,(z), where E,(z) are Euler polynomials.

Definition 1. A new definition the poly-tangent polynomials Tr(tk’a) (z) of order
a are the following generating functions:

S gtk (g (2Lik (L= e\
nz::OTnk ()n!_< t(e?t +1) ) ' (7)

For « =11in (7) and k = 1 in (5), we get T,(ll’l)(x) = T, (z). This definition is
different Ryoo’s definition [12].
Srivastava et al. ([15], [16]) defined two parametric kind of special cases of

the Apostol-Bernoulli polynomials Bl (x,y; A) and Bl (x,y; A) of order «;

oo n t «
(a,c) . M o xt
> 6l (g = ( Aet—1> et cos(yt) ®
and
B (min) = () et singu). ©)
~ n Tl det — 1

For z, y € R, it was proved in ([7], [16]) that the Taylor expansions of the
two functions e cos(yt) and e®!sin(yt) are given, respectively, by

€™ cos(yt) = ZC’ (x y (10)
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and
e“ sin(yt) = Z Sn(x,y)a, (11)
n=0
where
1%] o
Culan) = 3 (0" (51 )"0t
2k
k=0
and

n—1

2 n .
Sn(l‘7y) — Z (_1)kr (2k+ 1)1, 2k 1y2k+1-

k=0
By motions, we define the following generalized parametric cosine-poly-tangent
; [k,a] L
polynomials ¢Ty "™ (z,y) of order a and parametric sine-poly-tangent polyno-
. [k,a] .
mials g7y (x,y) of order « as, respectively;

> t" 2Lij (1 —e 1)\
} { [k, @] — k xt oo
P CTn (.I‘, y) n! - ( t (egt ¥ 1) > € COS(yt) (12)

and

t(e?t+1)

For k = a =1, y = 0 in relation (12) reduces the classical tangent polynomi-
als.

= tn 2Lij (1 — e~ )\ *
Z STJLk’a](x,y)E = (Zk(e)) e sin(yt). (13)

n=0

2. Explicit Relations For The Parametric Tangent Numbers and
Polynomials

In this section, we show some properties of the parametric tangent numbers
and polynomials. By applying a similar technique, other ones can be determined.
We can deduce some interesting relations between the parametric tangent num-
bers and polynomials, the Stirling numbers of the second kind.

By using (10) and (11) in (12) and (13), respectively, we have

n

n «a
Tl = Y- ()75 0.0 Gl

m=0

and
= (") 7l 0 5
Tk => T,% (0,0) S ().
Stn (‘r’y) Pt (m> n—m( ’ ) (x,y)

Theorem 2.1. Forn € Z*, we have

- n
Tl = 3 (1) e

m=0



Notes On The Parametric Poly-Tangent Polynomials 305

and
= ka]
sty = 30 (1) ST 0
m=0

Proof. By (12), we write

> t" 2Ly, (1 — e 1)\
T[k,a] — k xt
nEZO clp (x,y)*n! (t 1) cos(yt)e

_f: kel (g, L i ot
T 2.t KT m
m=0

By using Cauchy product and comparing the coefficients of & =7, we have first

equation.
The proof of second equation is similar to first equation proof, we omit it. [J

Theorem 2.2. The following equations hold true:

n

TN+ zy) =) (:1) T ()",

m=0

NE

st an = 30 (1) stz
m

m=0
d [k, o] [k.a]

% CTn ’ (377y) =N CTn71 ((E,y)
and

d ikl [k.o]

g ST @) = ST i@ y).
Proof. The proof of the equations in this theorem obtain from (12) and (13),
easily. O

Theorem 2.3. The parametric poly-tangent polynomials satisfy the following
relation

n

{(”“)C L) Z( ) (m+1) T, y) (1)

=0
—(1+2) cTFYa,y) +y sTE! ](af,y)}

En:( ) { p+1) T2, y) - zp: (;;) (m+1) TE (@, y) (—1)P™

p=0 m=0

—(1+2) T (a,y) +y sTF(w,y) 2
= =2 CT7[L]€)1] (xvy) (14)

_|_
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Proof. For o = 1, by differentiating the equation (12) with respect to ¢ and
thereafter comparing the coefficients of similar powers of ¢ in the result equation
gives the equation (14). O

Theorem 2.4. The following relations hold true:
ko1 - L ptl
n ey =Y kZ( ) e, a9
p=0 ( +1
Proof. By using (12) and for o = 1, we write as

= t"  2Lip(1—et)
Z CT7[L]€,1] (I”y)ﬁ = We t COS(yt)
n=0

oo )P+1 9et

%,
ZTL cTn ; p—l—l (2 + 1)

:ii k%( > T (@ — i, y)tn

n:Op:O( +1

cos(yt)

Comparing the both sides of this equation, we have (15). O
Corollary 2.5. Forn € Z*, we have
- p+1 D+ 1
n Ty = ) ( ) O ST - i)
p=0

Theorem 2.6. There is the following relation between the Bernoulli numbers
and the parametric tangent polynomials as:

TP = 3 (1 )m T o) B (16)

m=0

Proof. By using (12), for a = 1;

t 2
Z TR (2 ) - = t(ie” cos(yt) Liy, (1 —e™")

o e?t+1)
= k1] 7/ / / dy---dy.
nzzzocn o) o) w1
(k—2) times
For k =2,

tm+1

ZCT“]wy ZCT[Ql]xy /

By using Cauchy product and comparing the coeﬁiments, we have (16). O
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Theorem 2.7. There is the following relation the parametric tangent polyno-
mials and the Stirling numbers of the second kind as

T (2,) = ZZ( )82 oTEDrn @y D

where <x>p =z(x+1)---(x+p-1), (p>1) with (x), = 1.
Proof. By (12),
> T a) o = (2“1_))) (1= (1=e7)) ™" cos(yt)

2
o t(e?t +1

p=0

_ i": @, (et —1)? <2Lik (1— eﬂ)“ e cos(yt)

p! t(e?t+1)

n=0

n

=), 380 1y 3 oI y%

n=0
By using Cauchy product and comparing the coefficients of & &5, we have (17).
d

Corollary 2.8. The following relation holds true:

ST (a,y) ZZ( )2 ST p0) o),

p=0 i=p

Theorem 2.9. There is the following the other relation between the parametric
tangent polynomials and the Stirling numbers of the second kind as:

Ty, y) = ZZ() S2 (ip) TI(0,y). (18)

p=0i=p

Proof. Using (12);

Z CT [k a] tn (mk(le)t))a ((6t _ 1) 4 1)ﬂt cos(yt)

t(e?t+1
2Lik(1—e_t)>a Rl (x) . »
=|—F—= e" — 1) cos(yt
(o) 2 (5) -0 eoton
o0 o0 t"
=Z 252 (n,p) Z cT(0,9) .
= = 'n 0 ’

By using Cauchy product and comparing the coefficients of L, we have (18). O

o
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Corollary 2.10. The following relation holds true:

ST (@, y) ZZ( ) » S2(ip) STYT(0,y).

p=0 i=p

Theorem 2.11. There is the following relation between the Bernoulli numbers
and Stirling numbers of the second kind and the parametric tangent polynomials:

T (z Z ;) )nip(”;”)B“ T (2,y). (19)

p:[) T =0

Proof. Using the parametric tangent polynomials Definition’s;

o0

o t" et —1 o
> T ](Ly)a:( . S ( ) Z Tk ]xy

n=0
) )t

n=0 n=0

:Z_%(Z p+r Sa(p+r,r) Z(n p)B(T) Tr[lkz] ;(z, y)) %

By comparing the coefficients of &5, we have (19). O

Corollary 2.12. The following relation holds true:

n n n—p
o n—p k,a
stia) =3 g salp ) 3 (7)) 1 o)

p:0 r i=0

3. Conclusion

Hamahata [1], Kim et al. ([2], [3]) considered the poly-Bernoulli polynomials
and the poly-Genocchi polynomials. Srivastava et al. ([13], [14]) introduced and
investigated Bernoulli polynomials, Euler polynomials and related polynomials.
Srivastava et al. ([14], [15]) considered parametric type of Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi polynomials. Ryoo et al. ([8]-[12]) intro-
duced the tangent numbers and polynomials, ¢g-poly-tangent polynomials. Ryoo
gave some identities and relations for these polynomials.

In this work, we define the parametric poly-tangent numbers and polynomials.
We give some identities and recurrence relations for the parametric poly-tangent
polynomials.
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