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A NEW CLASS OF GENERALIZED POLYNOMIALS
ASSOCITATED WITH HERMITE-BERNOULLI POLYNOMIALS

MOULOUD GOUBI

ABSTRACT. In this paper, we introduce and investigate a new class of
generalized polynomials associated with Hermite-Bernoulli polynomials of
higher order. This generalization is a unification formula of Bernoulli num-
bers, Bernoulli polynomials, Hermite-Bernoulli polynomials of Dattoli, gen-
eralized Hermite-Bernoulli polynomials for two variables of order o and new
other families of polynomials depending on any generating function f.
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1. Introduction

The Hermite polynomials H,,(x) (see [1]) are defined by

15]
(_1)r(2x)n—2r
H,(z) =n! — 1
(z)=n ;} rl(n — 2r)! (1)
We recall that the two variables Hermite Kampé de Fériet polynomials H,(z, y)
(see [2]) sometimes called the higher order Hermite polynomials (see [10]) are
given by

L% T an—2r
_ yzx
Hn(@,y) = Z rl(n — 2r)! 2)
r=0
and generated by the function
T 2 tn
e t+yt® _ ZHn(x’y)E (3)
n>0

C.S. Ryoo (see [14]) studied differential equations arising from the generating
function (3) and gave explicit identities for these polynomials. According to the
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identities (1) and (2); the polynomials H,,(z) and H, (z,y) are connected by the
following relationship

H,(2z,-1) = H,(x).

For all real number ¢ > 0, H,(z,y) can be extended naturally to polynomials
H,(x,y;c) by considering the generating function

n
tyt?
ety :ZHn(x,y,c)
n>0

One remarks that
H,(x,y;c) = H, (xlnc,ylnc).

And for z = 0 one obtains

5 " nt2n
Cyt = Z(ln C) F
n>0
Furthermore
(%)'(1 c)Fyk if n=2k
H, (0,y5¢) = v o 4
(0,55¢) { 0, otherwise. )

It is well-known that the generalized Bernoulli polynomials B}f)(x) of order
a € C\ {0} are defined by the generating function

<eti1>a€“—ZBﬁa>(x)Z;. (5)

n>0

The generalized Hermite-Bernoulli polynomials HB,(f‘) (z,y) for two variables of
order o which were introduced and investigated by Pathan [12], are given by

t * 2 tn
(et1> =y B () (6)

n>0

These polynomials are a generalization of Bernoulli numbers, Bernoulli polyno-
mials, Hermite polynomials and Hermite-Bernoulli polynomials introduced and
studied by Dattoli and al. [4]; which are given by the generating function

t xr
<et_) =3 Bu(ey) (7)
n>0

different of degenerate Hermite-Bernoulli polynomials studied by H. Haroon and
A. K. Waseem (see [9]), and Hermite-Bernoulli Polynomials attached to a Dirich-
let character studied by A. Serkan and al. in [15].

Otherwise let the generating function f(t) =3_, 5, bn 1;,, with f(0) = by # 0.

Then F(t) = f(t)t_bo is a generating function too and generates numbers B,(Lf )
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ie,

But we have
(f(t) —bo) F(t) =

)
and then by using the Cauchy product (for more details about this product we
refer to [7]) we conclude that B( ) = =b!

i() wBY =0, n>2 (9)

k=0

and

For by = 1; —F(t)/t can be seen as a special case of the notion of generating
function of the function f (z = 1 and |f(¢)| < 1) introduced in Definition 3.1
and Example 3.1 of our recent work [8]. Since B(()f) # 0; F*(t) is a generating

function too, and generates numbers Bﬁbf )

<f( —50> ZBM)t

n>0

. Then we have

We did everything to introduce a new generalization of Hermite-Bernoulli
polynomials and other related polynomials.

Definition 1.1. The generalized Hermite-Bernoulli polynomials HBff’a) (x,y;¢)

depending on real number ¢ > 0 and the function f are given in means of the
generating function

¢ © sty ) "
=S uBY: o). 1
(fi =) @ = S B (10)

n>0
The family of polynomials HB,(Lf ) (z,y; ¢) includes the family of generalized
Bernoulli polynomials introduced by Pathan and Khan (see [13, Definition 2.2
p.56]) which are defined in means of generating function

t @ 2 tm
(t bt) =3 B (@ yia.be) . a# be >0

a = n>0
just taking f(t) = a® — bt + 1.

In this work, we give the explicit formula of HBflf ) (z,y;¢) and apply the
result to some special case of the function f. Which goes alone to obtain an

improvement of [13, Theorem 2.7, p. 57] and other important results.
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2. Main results

For any complex number « the extended binomial coefficient is given by

(5) = % i =t ) k).

k K
If o € N we obtain the standard binomial coefficient
k) 0, otherwise.

And the multinomial coefficients of order n are defined by

N
ki--kn)  Rale k!

where k1 + - -+ + k,, = k. Which is identical with binomial coefficient for n = 2.

Theorem 2.1. Let « € C\ {0} and the set

(k) = {(k1, - kp) €N\ Ky + -+ Ky =k, ki + 2ka + - - + nky, = n}

then we have

B (2, y;¢)
n!

S NP VRN ) [ Rl L

k=0 (k1 k) € ()

. 1 Inc
n i bj+1Hi—j (7%’ ,yT)

Xi:l j=0 G+ DG —5)!

Corollary 2.2.

B(faa) n —Q k 41 b

Y o ——

i DR N G [ R H( i)
k=0 (ky, ,kn)€Emy (k)

BT(Lf) n & 1—k i+1 b

s 0 e T ()
k=0 (k1, kn)Emn (k)

(12)

(13)

2.1. Proof of main results. Let h(t) = > ., a,t" be a generating function

with ag # 0. Then h®(t) is a generating function too. Denoting h™(n, )

(see

[11]) the numbers generated by h®(t) then their explicit formula is given by the

following lemma.

Lemma 2.3. We have h®(0,a) = af and

« k Kk kyn a—k
BT O

JEn)Emy

(14)
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Proof. We consider the auxiliary function g(t) = ¢ then g o h(t) = h%(t) is a
generating function. Since
) =Y hA(n,a)t"

n>0

we deduce that
d"he(t)
dtm
But from the Faa di Bruno formula (see [5]) we have (g o h)(o) (t) = goh(t) and

(goh)™ (1)

= Z Z |n7'kn| (9% 0 h(v)) f[ (h(i;(t)yi L n>1.

0 (ke ko ) Emn (k) ! i=

im0 = h™(n, a)n!.

—_

Furthermore
(goh)™ (t)

- n! (i) ki
- Y sl () ez

kq!
k=0 (ky, - k) Emn (k) © " i=1

which means that

R D S A 8
=0 (k1 kn)Emn(k) T

Finally h2(0, ) = (g0 1) (0) = ag and

n

1 k
e =3 & 2 (a)xagFal - alr, > 1.
k! ) kl . kn

k=0 " (k1, kn)emn(k

2.2. Proof of Theorem.2.1. For a € C\ {0} we have

¢ : oty _ () = bo —zlney ylney -
() == (™ |

But
T2 Y bty
n>0
and | | N
—zlncy ylney2 zinc ylne t
e N )m
n>0

The Cauchy product of the last two functions conducts to

n bk-‘rlHn k( “(iw,—iyl;’c)
tn

f(t)_b _wt_ylnc
e -3y S

n>0 k=0
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Let us h(t) = @6_%“%’52, then we remark that ap = b; # 0 and for
n>1,

n bpyp1Hp g (*7361“67 *Llnc)

« «

(k+1)(n—k)!

Ay =
k=0

Substituting these values in the identity (14) Lemma 2.3 we obtain the identity
(11) Theorem 2.1.

2.3. Proof of Corollary 2.2. One takes 2 =y = 0 in the identity (11) Theo-
rem 2.1 to deduce the identity (12) Corollary 2.2.

For the second identity (16) Corollary 2.2 we take z = y = 0 and « = 1 in the
identity (11) Theorem 2.1 and we use the fact that (_kl) = (—1)* to conclude.

3. Applications

3.1. Exponential function. In the special case f(t) = e' and ¢ = e, the
sequence b, is constant and equal 1. We have already proved the following
formula for generalized Hermite-Bernoulli polynomials (the proof is left as an
exercise).

Theorem 3.1.

1B (z,y)
n!

n —« k n i H;_; 75’,%
= S0 T pmrerai () A ) T (S 25858 ) 09)

This identity conducts directly to explicit formula of well-known Bernoulli
numbers BY and B,.

Corollary 3.2.

D o> v0 [ FEO0) (E o T

k=0 (k1, kn)€mn (k)

% - i - <k)(_1)k (kl k kn) ﬁ ((Hll)')k ' {17)

k=0 (k1, ,kn)Emn i=1

The proof consists to take = y = 0 and remark that H;_;(0,0) = 1 for j =1
and zero otherwise. The identity (17) is an advanced expression of B,, which
help us to compute directly the Bernoulli numbers without using the well-known
recurrence formula of these numbers.
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3.2. Geometric function. We consider for example the generating function
1
)= —— = t"|t 1
f) == <
n>0

_t

then f(t) — 1 = & furthermore 7m—7 = 1 —t which means that Béf) =1,
(f

B%f) = —1 and By ) — 0 for n > 1. In means of the identity (14) Lemma 2.3 we

conclude that
(f(t)t—1>a =0-0"=2 (i) (—1)"e,

n>0

Furthermore by using Cauchy product [7, 6] we obtain

t “ wttyt? - (a) k n

—— | c = (—=1)*Hp—k (zlne,ylne)t
(F=r) =S 2 (b
and then
B(faa) (.’L' . ) n
HDn , Yy C - (6% k
T R kzzo <k> (=1)*Hp—k (xlne,ylne).

According to the identity (11) Theorem 2.1, we have already proved the following
theorem.

Theorem 3.3.

(Z) (=1)*H,_i (zlnc,ylnc)
k=0

n
—a k
_ 1
<k>(k1’fn> 1
k=0 (k1, kn)Emy (k)

n i Hifj (_%’_%) ki
<IT (> =

i=1 \ j=0

Furthermore for ¢ = e we obtain the following result

Corollary 3.4.

ki
n —a k > n 7 HZ_] ( z’ Z)
’;)(khm,gem(k) < k >(k1 hin 11;[1 ;0 (i = j)!
= Z (Z)(_l)ank (x,y). (19)
k=0
and if z =y = 0 we get
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Corollary 3.5.

() - (_Wg (5 (20)

This identity shows that (Z‘) is a linear combination of numbers (_k“) for

1 < k < n. And gives for example (_nl) = (—1)™. Furthermore if n > 2 we obtain
the identity

(kh . 7kn)€7"n(k)

ki_o(_l)k Z <k1 k kn) =0.

(k1 kn)Emn (k)

4. Generalized Bernoulli polynomials

The generalized Bernoulli polynomials Bﬁla)(x,y;a,b, ¢) introduced by MA.
Pathan and WA. Khan (see [13]) admit the following explicit formula

Theorem 4.1.

B (z,y;a,b,¢)
n!

n —a k a\ —a—k
>N (k)(kk> ()
k=0 (k1,-- ,kn)€Emn (k)

n 3 ((lna)j+1 _ (lnb>j+1) Hifj (_zlnc _ylnec

gilps G+ DI —))!

j=

) . (21)

Proof. To get the proof, just take f(t) = a® — b* + 1 and then
tTL
—1+Z Ina)” lnb))—'

n>1

thus by = 1 and b,, = (Ina)™ — (Inb)" for n > 0. Furthermore B,(La)(z,y; a,b,c) =
B,(lf’a)(r,y;c). O

We have

(G + D)3 — 5)!

7=0
i ((Ina)=~9+1 — (Inb)*~9+1) H; (_z$c7_y$c)
(i =7+ 1!

Jj=0
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, then as a consequence of the identity (21) Theorem 4.1 and the expression (4)
of H,(0,y;c) we obtain

B (0,y;a,b,¢)
n!

N v [

k=0 (ky1, kn)Emn
1)
22 ((Ina) =%+ — (Inb)=2+1) (Inc)d (—y)?

<1112 (i—2j + 1)ljlad

i=1 \ j=0

which is an improvement of the identity
" 7 B )
«@ . _ E : k [e k
Bn (anaavbv C) - ~ k:'(n _ 2k)'(ln C) Bn—2k(a7b)y

showed in the work [13].

5. Conclusion

In this work we introduced a new family of polynomials attached to a any gen-
erating function f not vanishing on zero. This family is a unification formula of
Bernoulli numbers, Bernoulli polynomials, Hermite-Bernoulli polynomials, gen-
eralized Hermite-Bernoulli polynomials for two variables of higher order.

In section 2, we studied the family HB,(If ) (z,y; c) and stated its explicit for-

mula (Theorem 2.1). Furthermore explicit formula for numbers BY* and B
are deduced (Corollary 2.2).

In section 3 we apply this result to some special cases in order to give a

closed formula for the polynomials HBSf‘) (x,y). Which goes alone to give a new
reformulation of Bernoulli numbers B,, without using their recurrence formula
(Corollary 3.2); based on a special partition of the number n.

Finally, in the last section we revisit polynomials B,ga)(x, y; a, b, ¢) introduced
by MA. Pathan and WA. Khan and get their explicit formula; which includes
an improvement of [13, Theorem 2.7, p.57].
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