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THE FROBENIUS PROBLEM FOR NUMERICAL
SEMIGROUPS GENERATED BY THE THABIT NUMBERS
OF THE FIRST, SECOND KIND BASE b AND THE
CUNNINGHAM NUMBERS

KYUNGHWAN SONG

ABSTRACT. The greatest integer that does not belong to a numerical
semigroup S is called the Frobenius number of S. The Frobenius problem,
which is also called the coin problem or the money changing problem, is a
mathematical problem of finding the Frobenius number. In this paper, we
introduce the Frobenius problem for two kinds of numerical semigroups
generated by the Thabit numbers of the first kind, and the second kind
base b, and by the Cunningham numbers. We provide detailed proofs for
the Thabit numbers of the second kind base b and omit the proofs for the
Thabit numbers of the first kind base b and Cunningham numbers.

1. Introduction

Let N be the set of nonnegative integers. At first, we introduce a numerical
semigroup and submonoid generated by a nonempty subset.

Definition 1.1 ([21,24]). A numerical semigroup is a subset S of N that is
closed under addition, contains 0 and for which N\S is finite.

Definition 1.2 (][21,24]). Given a nonempty subset A of a numerical semigroup
N, we will denote by <A> the submonoid of (N, +) generated by A, that is,

(A) = {Mar +--+ Xan [n € N\{0},0; € A, N €N
foralli e {1,...,n}}.
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Also, we introduce a theorem and definition directly related to the definitions
above.

Theorem 1.3 ([21,24]). Let (A) be the submonoid of (N,+) generated by a
nonempty subset A of a numerical semigroup N as in Definition 1.2. Then <A>
is a numerical semigroup if and only if ged(A) = 1.

Definition 1.4 ([21,24]). If S is a numerical semigroup and S = (A), then we
say that A is a system of generators of S. Moreover, if S # <X> for all X C A,
we say that A is a minimal system of generators of S.

The greatest integer that does not belong to a numerical semigroup S is
called the Frobenius number of S and is denoted by F(S). In other words,
the Frobenius number is the largest integer that cannot be expressed as a sum
Z?:l t;a;, where t1,to,...,t, are nonnegative integers and aq,as,...,a, are
given positive integers such that ged(ay,aso,...,a,) = 1. Finding the Frobe-
nius number is called the Frobenius problem, the coin problem or the money
changing problem. The Frobenius problem is not only interesting for pure
mathematicians but is also connected with graph theory in [10,11] and the
theory of computer science in [17], as introduced in [16]. There are explicit
formulas for calculating the Frobenius number when only two relatively prime
numbers are present [29]. Recently, semi-explicit formula [19] for the Frobe-
nius number for three relatively prime numbers are presented. An improved
semi-explicit formula was presented for this case in 2017 [31].

F. Curtis proved in [6] that the Frobenius number for three or more rel-
atively prime numbers cannot be given by a finite set of polynomials and
Ramirez-Alfonsin proved in [18] that the problem is NP-hard. Currently, only
algorithmic methods for determining the general formula for the Frobenius
number of a set that has three or more relatively prime numbers in [2, 3] exist.
Some recent studies have reported that the running time for the fastest algo-
rithm is O(aq), with the residue table in memory in [5] and O(na;) with no
additional memory requirements in [3]. In addition, research on the limiting
distribution in [28] and lower bound in [1,7] of the Frobenius number were
presented. From an algebraic viewpoint, rather than finding the general for-
mula for three or more relatively prime numbers, the formulae for special cases
were found such as the Frobenius number of a set of integers in a geometric
sequence in [15], a Pythagorean triples in [8] and three consecutive squares or
cubes in [12]. Recently, various methods for solving the Frobenius problem for
numerical semigroups have been suggested in [4,20,24,25], etc. In particular,
a method for computing the Apéry set and obtaining the Frobenius number
using the Apéry set is an efficient tool for solving the Frobenius problem of
numerical semigroups as reported in [14,24,26]. Furthermore, in recent articles
presenting the Frobenius problems for Fibonacci numerical semigroups in [13],
Mersenne numerical semigroups in [23], Thabit numerical semigroups in [21]
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and repunit numerical semigroups in [22], this method is used to obtain the
Frobenius number.

The Frobenius problem in the numerical semigroups <{3 L2t 1d €
{0,1,...}}) for n € {0,1,...} was presented in [21]. In [21], the authors re-
call the Thabit number 3 - 2" — 1 and Thabit numerical semigroups 7'(n) =
({3-2"T" —1]i € {0,1,...}}) for a nonnegative integer n and they used the
definition of the minimal system of generators for T'(n) as the smallest sub-
set of ({3-2"T" —1]i € N}) that equals T'(n). In [21], it is proved that the
minimal system of generators for T'(n) is ({3-2"** —1]i € {0,1,...,n+1}}).
The embedding dimension is the cardinality of the minimal system of gener-
ators. By the minimality of the system ({3-2"*" —1|i € {0,1,...,n+ 1}})
for T(n), the embedding dimension for T'(n) is n 4+ 2. For any set S and
x € S\{0}, the Apéry set was defined by Ap(S,z) ={s € S|s—x & S}. Let
s; = 3-2"T% — 1 for each nonnegative integer . Then, the Apéry set is defined
by Ap(T(n),s0) = {s € T(n)|s—so & T(n)} for so. In [21], Ap(T(n), sg) was
described explicitly leading to a solution to the Frobenius problem. Let R(n)
be the set of sequences (t1,...,t,+1) € {0,1,2}"! that satisfy the following
conditions:

(1) tn+1 € {0,1}7

(2) Ift; =2, thent; =0forall i < j <mn,
(3) If t,, = 2, then t, 1 =0,

(4) Iftnztn_H =1,t;,=0forall 1 <i<n.

Then [21] concludes that Ap(T'(n), so) = {t151+ - -+tn+18n+1 | (1, - Ent1) €
R(n)}. The Frobenius number of the numerical semigroups was presented
by F(S) = max(Ap(S,z)) — z in [24] and therefore the Frobenius number of
Thabit numerical semigroups is s,, + 5,41 — 89 = 9 - 22" —3-2" — 1. Also, an
extended result of [21] has been suggested in 2017 which dealt the numerical
semigroups ({(2¥ —1)-2"* —1|i € {0,1,...}}) for n € {0,1,...} and 2 <
kE < 2™ [9]. In other words, the coefficient 3 in Thabit numerical semigroups
was extended. Also, we gave on a result of the numerical semigroups. The
result is the extension of the result reported in [21], the numerical semigroup
is ({(2" 4+ 1) - 27+ — (28 — 1) |i € N}) for n € N and k € N\{0} [30].

In this paper, we aim to solve the Frobenius problem for the numerical
semigroups generated by the Thabit numbers of the first and second kind
base b defined by {(b+ 1) - 6" —1|i € {0,1,...}} for n € {0,1,...} and
{(b+1)-b"+1]i€{0,1,...}} forn € {0,1,...} with b # 1 (mod 3), and the
Cunningham numbers defined by {b"*! + 1|i € {0,1,...}} for n € {0,1,...}
with even positive integer b. To do this, we first determine the minimal sys-
tem of generators and the Apéry set of the Thabit numerical semigroups of
the second kind base b. Then, we compute the Frobenius number, genus,
pseudo-Frobenius number, and type in these numerical semigroups. The ma-
jor part of this paper has been motivated by [21], but the generalizations in
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our work require some additional tools. For example, in Theorem 3.8, we in-
troduced an inductively defined sequence related to the number of elements
in Ap(Ty2(n), sp). Also, we have to use the modular arithmetic more deeply
because the elements of Apéry set are not sorted naturally like in the case of
Thabit numerical semigroups (see Lemma 13 in [21]).

This paper is organized as follows. In Section 2, we compute the minimal
system of generators and the embedding dimension for the Thabit numerical
semigroups of the second kind base b. In Section 3, we propose a method for
obtaining the Apéry set, the Frobenius number, and the genus for the Thabit
numerical semigroups of the second kind base b. In Section 4, we present
a method for obtaining a pseudo-Frobenius number, which is a type of the
Thabit numerical semigroup of the second kind base b. Finally, in Section 5
and 6, we summarize the results related to the Thabit numerical semigroups
of the first kind base b and the Cunningham numerical semigroups without
the proofs because their proofs are similar to those of the Thabit numerical
semigroup of the second kind base b. Some theorems and definitions essential
to understanding this paper are provided below.

Definition 1.5. A positive integer x is a Thabit number of the first kind base
bifz=(b+1)-b" —1 for some n,b € Nand b > 2.

Definition 1.6. A positive integer x is a Thabit number of the second kind
base bif x = (b+1)-b" + 1 for some n,b € N and b > 2.

Definition 1.7. A numerical semigroup S is called a Thabit numerical semi-
group of the first kind base b if there exist n,b € N and b > 2 such that
S={{(b+1)-b""" —1]|i € N}). We will denote by T} 1(n) the Thabit numer-
ical semigroup of the first kind base b ({(b+ 1) - b" ™" — 1]i € N}).
Definition 1.8. A numerical semigroup S is called a Thabit numerical semi-
group of the second kind base b if there exist n,b € N, b > 2 and b Z 1 (mod 3)
such that S = ({(b+1)-b"""+1]i € N}). We will denote by T; 2(n) the Thabit
numerical semigroup of the second kind base b ({(b+ 1) - "™ +1]i € N}).

Definition 1.9. We call a positive integer = a Cunningham numberif x = b”+1
for some n,b € N, 2.

Definition 1.10. A numerical semigroup S is called a Cunningham numerical
semigroup if there exist n,b € N and 2 | b such that S = ({b"*+1 | i € N}). We
denote by SCT(b,n) the Cunningham numerical semigroup ({b"™+1 | i € N}).
Theorem 1.11 ([24]). Every numerical semigroup admits a unique minimal
system of generators, which in addition is finite.

Definition 1.12 ([21,24]). The cardinality of a minimal system of generators
S is called the embedding dimension of S and is denoted by e(S5).

Definition 1.13 ([21,24]). We call the cardinality of N\S the genus of S and
denoted by ¢(S) for a numerical semigroup S.
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Definition 1.14 ([24]). An integer x is a pseudo-Frobenius number if x ¢ S
and x4+ s € S for all s € S\{0}. The set of pseudo-Frobenius numbers of S is
denoted by PF(S). Also, we call its cardinality the type of S and denote it by
t(S).

2. The embedding dimension for T} 2(n)

Let Tyo(n) = ({(b+1)- 0" +1|i € N}) for n,b € N, b > 2 and b # 1
(mod 3). Then T}, 2(n) is a submonoid of (N, +). Moreover we have {(b+1)-0"+
1, (b+1)-b"T 41} C Ty o(n) and if we let g = ged ((b+1)-b"+1, (b+1)-b" 1 +1),
g = ged((b+1)-b" 1 +b, (b+1)-b"F1+1) and it divides b—1. But (b+1)-b"+1 =3
(mod b — 1) implies that g divides 3 and if b Z 1 (mod 3), 3 does not divide
(b+1)-b™+ 1 and hence T} 2(n) is a numerical semigroup.

Lemma 2.1. Let A be a nonempty set of positive integers, n,b € NJb > 2, b # 1
(mod 3) and M = <A> Then the following conditions are equivalent:

(1) ba—(b—1) € M for alla € A,

(2) bm — (b—1) € M for all m € M \{0}.

The proof of the above lemma is similar to that of Lemma 1 in [21], and it
is a special case of Lemma 2 in [22].

Proposition 2.2. Forn,b e N, b>2 andb# 1 (mod 3), we have bt—(b—1) €
Tyo(n) for all t € Ty 2(n) \{0}.

The proof of the above proposition is similar to that of Proposition 2 in [21].

We need some preliminary results to find out the minimal system of generators
of T 2(n).

Lemma 2.3. Letn,b € N, b>2 andb# 1 (mod 3) and S = ({(b+1)-b"+" +
11i€{0,1,...,n+1}}). Then bt — (b—1) € S for all t € S\{0}.

Proof. The proof of the above lemma is similar to that of Lemma 3 in [21]. O

We show a conclusion for a minimal system of generators of T 2(n) in the
following theorem.

Theorem 2.4. For n,b € N, b > 2 and b # 1 (mod 3), we have ({(b+ 1) -
bt 1]ie {0,1,...,n+ 1}}> is the minimal system of generators.

Proof. Ty2(n) = ({(b+1)-b"*+1]i € {0,1,...,n+1}}) by Lemma 2.3 in this
paper and Lemma 4 in [21], and it suffices to show that the minimality holds.
Let us suppose conversely, that (b+ 1) -b*"*t +1 € ({(b+1) - 0" +1]i €
{0,1,... ,n}}> Then there exist ag, ..., a, € N such that

n n

b+1) "+ 1= a; (0+1)- 0" +1) = > (b+1ap" +) a;
7=0

Jj=0 j=0
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and consequently, >37_a; =1 mod (b+1)-b". Hence }37_ja; = 1+t-(b+1)-b"
for some t € N. In addition, it is clear that ¢ # 0 and thus Z?:o a; >
14 (b+1)-b". Combining these results, we obtain the inequality

D ai (b+1) 0" 1) > (b+1) -0 41
j=0
and similarly, we obtain
n—l1 )
D ai (b+1)- 0" 1) > (b+1) -0 4
j=0
for 0 < I < n. This completes the proof. O

By Theorem 2.4, we can identify the embedding dimension of Tj 2(n) for
all n,b € N, b > 2 and b # 1 (mod 3), which turns out that the embedding
dimension of Tj 2(n) is independent of b.

Corollary 2.5. Let n,b € N, b > 2 and b # 1 (mod 3) and let Ty 2(n) be a
Thabit numerical semigroup of the second kind base b associated with n and b.
Then we obtain that e(Tp2(n)) =n + 2.

We propose an example related to the Thabit numerical semigroup of the
second kind base b, Tp 2(n).

Example 2.6. Let b € N,b > 2 and b # 1 (mod 3). Then T;2(3) = ({(b+
D0 +1,(b4+1)-b*+1,(b0+1)-0°+1,(b+1)-b°+1,(b+1) 0" +1}) =
({b*+ 03+ 1,05 +b* + 1,65 +b°+ 1,07 + b5+ 1,b%+b7 41} ) is a Thabit numerical
semigroup of the second kind base b with embedding dimension 3 + 2 = 5.

3. The Apéry set for Ty 2(n)

Definition 3.1 ([24]). Let S be a numerical semigroup and let z € S\{0}.
Then, we have the Apéry set of z in S defined as Ap(S,z) = {s € S|s—x & S}.

From the definition above, we have the following lemma.

Lemma 3.2 ([24]). Let S be a numerical semigroup and let x € S\{0}. Then
Ap(S, x) has cardinality equal to x. Moreover Ap(S,z) = {w(0),w(1),...,w(z—
1)} where w(i) is the least element of S congruent with i modulo x for all
i€{0,...,z—1}.

Example 3.3. Let S=({7,11,13}). Then S={0,7,11,13, 14,18, 20, 21, 22, 24,
25,26,27,28,29,31,—} where the symbol — means that every integer greater
than 31 belongs to the set.

Hence Ap(S,7) = {0,11,13,22,24,26,37}.

The relation among the Frobenius number, genus and Apéry set of a numer-
ical semigroup is provided in the following lemma.
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Lemma 3.4 ([24,27]). Let S be a numerical semigroup and let x € S\{0}.
Then,

(1) F(S) = max(Ap(S,z)) — x.
(2) g(S) = %<Zw€Ap(S,m) w) - TT_l

Henceforth, we will denote by s; the elements (b + 1) - "+ + 1 for each
i1€{0,1,...,n+1}. Thus, with this notation, {so, s1,...,Sn+1} is the minimal
system of generators of T} o(n).

Lemma 3.5. Letn,b €N, b>2 and b# 1 (mod 3). Then:
(1) fo<i<j<n+1, then s; +bsj =bs;—1 + sj41.
(2) If0 <i<n+1, then
Si +bspt1 = (bn+2 —b" —b— 1)50 + bn7181 + bs;_1.

Proof. (1) The proof is similar to that of (1) of Lemma 9 in [21].
(2) It can be derived directly since s; + bs,r1 = bs;—1 + Spyo and sp190 =
(bn+2 — b —b— ].)So + bnilsl. O

In Lemma 3.5, we can consider the set of coefficients (¢1,...,t,4+1) such
that the expressions Z?:ll tjs; represent all elements in Ap(T3.2(n),so). We
follow a step-by-step approach to establish the set of coefficients (¢1,...,tn41)-
First, we obtain the set of coefficients (¢1,. .., t,+1) such that Z;;l tjs;, which
contains all elements that are in Ap(Tp2(n), so), but that might not be equal.
We obtain the set by the following lemma.

Lemma 3.6. Let Ap2(n) be the set of (t1,...,tns1) € {0,1,...,6}" ! such
that if t; = b, then t; =0 for all i < j. Then

n+1
Ap(Ty2(n),50) € {>_tisi | (t, .- tug1) € Apa(n)}.
j=1

Proof. The overall proof is the same as that of Lemma 10 in [21]. g

We define Ry 2(n) for b> 2 and b # 1 (mod 3), as follows:
Definition 3.7. Let b > 2 and b £ 1 (mod 3). Then

Rb)g(n) = {(tl,tg, o ,tn+1) ‘ti S {O, 1,..., b}}
is defined by

(1) Ift, =b,t; =0forall 1 <j <.

(2) tpy1 <b—1.

(3) Iftpy41 =b—1, thent, <b—1andif (t,,tnt1) =(b—1,b—1),t; <2
and all t; =0 fori+# 1,n,n+ 1.

Then we obtain the following theorem:
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Theorem 3.8. Let n,b>2 and b# 1 (mod 3). Then we obtain

n+1

Ap(Ty2(n), s0) = {Z tisi | (b1, tny1) € Rb,Q(n)} .

Proof. We obtain the number of nonzero elements in

n+1
{Ztisi | (tl, - 7tn+1) S Rb,g(n)}
i=1

in the following manner:

(1) The number of ¢; # 0 is b since 0 < t; <.

(2) a; = (The number of (t1,...,t;) # (0,...,0)) for ¢ < n+ 1 can be
defined inductively by the formula a; = ba;_1 + b in three parts:
(a) If ¢; = 0, the number of the cases is a;_;.
(b) If t; = j, where 1 < j < b— 1, the number of the cases is a;—1 + 1

for each j.
(c) If t; = b, the number of the case is 1.
Hence, we obtain a, = bnbtll_ b The number of all elements satisfying thy1 <
b—2is
bt —b
(1+b1> (b—1) =" —1

and note that the difference of sy and v”t! — 1 is b” + 2. Also, we obtain
Ap—1 = H and the number of all elements satisfying ¢, < b — 2 for fixed

tn_;,_l:b—lis
(1+b _b>(b—1)=b"—1

b—1
and note that the difference of b™ 4+ 2 and b™ — 1 is 3. Hence the number of the
elements in the set {Z?:ll tisi| (t1,-..,tny1) € Rpo (n)} is equal to sg.

Notice that all elements in Ry 2(n) were chosen in Ay 2(n) by the smallest
elements in Ay 2(n) (see Lemma 3.6). Hence the remaining part is to show that

{E;:ll tisi| (t1, ... tnt1) € Rbg(n)} is a complete system of residues modulo
so by Lemma 3.2. It can be shown as follows:

(1) 0,81,...,b81=0,—(b—1),...,—b(b—1) (mod sp).

(2) For (tl,t2,07 . ,0) S ‘Rb’z(?’b)7 t151 +1289 = —(b+ 1)([)— 1), ceey —(b2 +

b)(b—1) (mod sg) for ty # 0.
(3) For (tl,tg,tg, o,..., 0) S Rbg(n), t181 +tass +1t383 = —(b2 +b+ 1)(b —
1),...,—(®+ 0> +b)(b—1) (mod sg) for t3 # 0.
And so on, finally 2s; +(b—1)sp, + (b—1)sp11 = —2(b—1)— (b—1)(b" = 1) —
(b—1)(" —1) = (=" —b")(b—1) =b—1 (mod sg). Since (b—1,s09) =1
if b# 1 (mod 3), {0,—(b—1),...,(=b"Tt —b")(b — 1)} is a complete system
of residues modulo sy and it completes the proof. (I
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In a similar way, we obtain the explicit form of the Apéry set of Thabit
numerical semigroups of the second kind base b for n = 0 and n = 1 and we
obtain the genus of Thabit numerical semigroups of the second kind base b for
n=0andn=1.

Theorem 3.9. (1) Forn =0 and b # 1 (mod 3), we obtain
Ap(Tb72(0)780) = {t131 ‘tl € {0, ]., - ,b+ 1}}
={b4+2,0* +b+1,...,b° +2b* +2b+ 1}

since s1 = —(b—1) (mod b+ 2) and {0,—(b—1),...,—(b+1)(b—1)} is a
complete system of residues modulo b+ 2. Hence, we obtain

b+1

Z t131 = stl
k=1

(t1)€Rp,2(0)
1
=b+2) (2(b+ D +b+ 1))

and g(Ty2(0)) = L(b+ 1)(0? + b+ 1) — bl = D226%4b,
(2) Forn=1 and b# 1 (mod 3), we obtain

Ap(Tb’2(1)7 So) = {t181 + to52 |t1 S {0, 1,..., b},tz S {0, 1,...,b— 1}} U{bSQ}

={0,51,...,b81,82,81 + S2,...,bs1 + S2,...,
(b—1)s2,81 4+ (b—1)s2,...,bs1 + (b — 1)s2,bs2 }
since s1 = —(b—1) (mod b*> +b+1) and {0,—(b—1),...,—(b*>+b)(b—1)} is
a complete system of residues modulo b*> + b+ 1. Hence, we obtain
b b—1
Z (t1$1 +t282) = bZkS1 + (b—|—1)Zk82+b82
(tl,tQ)ERbg(l) k=1 k=1

1
:§(b2+b+1)(b5+b4+b3+b)

and g(Ty2(1)) = $(0° +b* + 1% + b) — @ — %

We obtain the maximal element in the Apéry set of Thabit numerical semi-
group of the second kind base b and the Frobenius number of this semigroup
is obtained immediately as follows:

Corollary 3.10. (1) Ifn =0, Ap(T,2(0), so) = {t1s1]t1 € {0,1,...,b+1}} =
{b+2,62+b+1,...,0% + 20> + 2b + 1} implies that max(Ap(T,2(0),s0)) =
(b+1)s1 =b3+2b+2b+1 and F(Tp2(0)) = (b+1)s; —so = b3 +2b> +b— 1.
Ifn =1, Ap(Tb72(1),50) = {tlsl + 1259 ‘tl S {0, 1,.. .,b},tg € {O, 1,...,b—
13} U{bsa} implies that max(Ap(Ty2(1), s0)) = bs1+(b—1)sy = b5 +b*+2b—1
and F(Tbg(l)) = b81 + (b — 1)52 — S0 = b5 + b4 — b2 + b—2.
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(2) If n > 2, Ap(Tp 2(n), so) = {Z”H tisi| (1, ... tnt1) € Rb,g(n)} implies
that

max(Ap(Ty 2(n), so)) = 2s1 + (b—1)sp, + (b — 1)sp41 and
F(Tp2(n)) =281+ (b—1)s, + (b — 1)Sn+1 — So
— b2n+3 4 b2n+2 _ b2n+1 _ b2n 4 2bn+2 4 2bn+1 4 2b2

Finally, we obtain the genus of Thabit numerical semigroups of the second
kind base b for n > 2.

Theorem 3.11. Let n,b € N and n,b > 2. Then
V(b3 + 02 —b—1) +b" (B*(n+1) — (n+3))

9(Ty2(n)) = 3b+ 3

Proof. First, we consider

Z (t151+ -+ tnt15n+1)
(t1,--stnt1)ERp2(N)

b—1 b—1
_ 3 kst > fesn—1
k=1 (t1,...,tn41)ERp,2(n) 1=k k=1 (t1,tnt1)€Rp,2(n),tn—1=k
b—2
, S ket Y e
k=1 (t1,...;tn4+1)ERp 2(n) tn=Fk (t1,stn41)ERp 2(n),tn=b-1
b—2
5 S Y R D DI G e
k=1 (t1,....tn41)ERp,2(n),tni1=k (t15tn+1)€Rp,2(n) bn41=b=1
+ Z b51 + -+ Z bs"'
(t1,estnt1)ERp 2(n),t1=b (t1,tn1)ERp 2(n) tn=b
We obtain that
Z (tisi+ - +tntiSnt1)
(150 stnt1)ERp 2(n)
n—1

=S b )@ T =0T (04 1) b 1) 43 (b + 1) b 1)

i=1
+ (b72)2(b71) . (b"btll—b A((b+1) B2 1)+ b"+1—1 (b 1) b2t +1))
(b” +2)(b—1)- ((b+1)- (b*" +>"T1) +2)

+Z DO" T ((b4+1) 0"+ 1) + (b= )b ((b+1) - b*" +1)

=% ((b+1) - 2552 (= Dy (0 = )b+ 12! — L)
3(b+1)- 0" +1)
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2 (" =) (0+ 1) -0+ 1)+ " = 1) (b+1) - b +1))
" +2)(b—1)- ((b+1) (™ +>1) +2)

+ -1+ 1)(n—1)p*"+ b+ 10" —b)+ (b—1b((b+1)-b*" +1)
=1(b+1)-b"+1)

(6b — b*" b — P 22 2 ES L p R (g 4 1) — b (n + 2)) .

Hence,

+
+

g(TbQ(n)) — % (6b _ b2n + bn+1 _ b2n+1 + b2n+2 + b2n+3
2 (4 1) — b (n+ 2)) — D

_ 3p4 b2"(b3+b2—b—l)+b2"(bQ(n+1)—(n+3))' 0

We summarize all of our results by suggesting an example.
Example 3.12. Let b = 3 and n = 2. Then we obtain
({4-3°Y"+1]ieN}) = ({4-3°"" +1]i€{0,1,2,3}})
=({4-3%+1,4-3*+1,4-3" +1,4-3° +1})
= (37,109,325,973).
Hence, the embedding dimension is e(T52(2)) = 242 = 4 and the Apery set is
Ap(T52(2),37)
= {0, 81,251, 381, 82, 81 + 52,281 + S2,381 + S2, 289, 81 + 282,281 + 259,
351 + 259,389, 83,51 + S3,281 + 83,351 + 83,82 + 83,51 + S2 + S3,
281 + s + S3,351 + S2 + S3,2S2 + S3, 51 + 252 + S3,251 + 259 + S3,
3s1 + 259 + s3,382 + s3,283, 81 + 253,281 + 283,351 + 283, 52 + 253,
S$1 4+ S2 + 253,251 + So + 283,351 + s + 283,259 + 283, 51 + 259 + 253,
281 + 282 + 283}
= {0,109, 218, 327, 325, 434, 543, 652, 650, 759, 868, 977,975,973, 1082,
1191, 1300, 1298, 1407, 1516, 1625, 1623, 1732, 1841, 1950, 1948, 1946, 2055,
2164, 2273, 2271, 2380, 2489, 2598, 2596, 2705, 2814},
where s; = 4-32% + 1. Notice that #Ap(T32(2)) = 37 = s¢ and we obtain the

Frobenius number F(T52(2)) = 2814 — 37 = 2777 and the genus ¢(T32(2)) =
1404.

4. Pseudo-Frobenius numbers and type of Tj 2(n)

Let us recall the definition of Pseudo-Frobenius numbers (Definition 1.14)
and we give a definition of an order relation, maximal element of the Apéry
set and a lemma which is a connection of pseudo-Frobenius numbers and the
Apéry set.
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Definition 4.1. (1) The order relation <g is defined as follows: a <g b if
b—a € S [21]. In [24] it is proved that <g is an order relation.

(2) [21] Let S be a numerical semigroup. Then maximal elements in the
Apery set of S is defined as follows: maximals<,(Ap(S,z)) = {w € Ap(S, ) |
w' —w & Ap(S,2)\{0} for all w’ € Ap(S,z)}.

Lemma 4.2 ([24]). Let S be a numerical semigroup and let x be a nonzero
element of S. Then

PF(S) ={w — z|w € mazimals<s(Ap(S,z))}}.

Let n be an integer greater than or equal to 3. Notice that maximal elements
in Ry 2(n) are as follows:

{ {251 +(b—1)sp+ (b—1)Sp41}

U{bsi—i— E”: (b—1)8k+(b—2)sn+1|i€{1,...,n—2}}

k=i+1

n—1
U{bsi—i— Z (b—1)8k+(b—2)sn—|—(b—1)sn+1|iE{1,2,...,71—2}}

k=i+1

U{bsnfl +(b—2)s, + (b— 1)sn+1}}.

Also, ;41 =bs; — (b—1) for all s € {0,1,...,n} leads to

n—1
{bsi—&- Z b—1)sp+(b—2)spn+ (b—1)spy1]i € {1,2,...,71—2}}

k=i+1
U{bsn_l +(b—=2)sp+(b—1)Sp41}

n—1
= {b51 + Z(b —D)sp 4+ (b—2)s, + (b — 1)sp41,
k=2
bsy Jrni(bf Dsp+(b—2)sp, +(b—1)spe1 —(b—1),...,
k=2
n—1
bsy + Z(b —1sg+(b—=2)sp + (b—1D)spi1 — (n—3)(b—1),
k=2

bs1 + ni(b —1)sp+(b—2)sp +(b—1)spt1 — (n—2)(b— 1)}
k=2



THE FROBENIUS PROBLEM FOR NUMERICAL SEMIGROUPS 635

and

{bsi—i- i (b—1)8i+(b—2)8n+1|i€{1,2,...,71—2}}

k=i+1

= {b81 +) (b= 1)si + (b—2)sn41,
=2
bsi+ Y (b= 1)si+(b—2)snp1 — (b—1),...,
1=2

bsy + i(b —1)si +(b—2)sp41 — (n—3)(b— 1)}
i=2

Hence we obtain the following lemma.

Lemma 4.3. Letn,be N, n>3,b>2 and b# 1 (mod 3). Then

mazimals<r, , ) (Ap(Th2(n), 50))

= mazimals<t, ,(n) {231 +(b—=1s,+ (b—1)8p+1,

n—1

bsi+ Y (b= 1)sk + (b—2)sp + (b—1)sp1,
k=2

n—1

bsy + Z(b — s+ (b—=2)sp+ (b—1D)spy1 — (b—1),...,
k=2
n—1

bs1 + Z(b —1sg+(b—=2)s8p, + (b—Dspi1 — (n—2)(b—1),
k=2

bsi+ Y _(b—1)s; + (b—2)snp1,
=2

bsi+ Y (b= 1)si+ (b—2)spp1 — (b—1),...,
1=2

bs1 + i(b —1)si+(b—2)sp+1 — (n—3)(b— 1)}

As a consequence, we show the theorem related to Pseudo-Frobenius num-
bers of Tj 2.

Theorem 4.4. Let n,b €N, n>3,b>2 and b# 1 (mod 3). Then

mazimals<r, ,(n) (Ap(Tp,2(n), s0))
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n—1
= {281—|— (b= D)sn+ (b—1)spp1,bs1+ Y (b= Dspt (b= 2)sn+ (b— 1)snp1,

k=2
n—1
bs1 + Z(b — s+ (b—=2)sp+ (b—1D)spy1 — (b—1),...,
k=2
n—1
bsi+ Y (b= 1)sp+ (b—2)sn + (b— 1)sn1 — (n—2)(b— 1),
k=2

bsi+ > (b—1)s;i+ (b— 2)sn+1}.
=2

Proof. At first, note that

(1) <b51 + i(b — D+ (b—2)s, + (b— 1)sn+1>
k=2
- <b51 + zn:(b —1)s;+ (b— 2)sn+1>
= Sn4+1 — Sn )

:(b_l)sn_(b_l)

and hence

<b81 + ni(b —Dsg+(b—=2)8p+(b—1)sp41 — (i —1)(b— 1))

k=2
_ <b31 + Z(b —1)si +(b—2)spy1 —i(b— 1)) =(b-1)s,
i=2
for all 1 <1i<mn—2. It implies that

bsi+ Y (b—1)s; + (b—2)sp1 —i(b— 1)
i=2
¢ maximals<t, ,(n)(AD(Th2(n), $0))
for all 1 < ¢ < n — 2. Therefore, we have
mazrimals<r, ,(n) (Ap(Tp2(n), s0))
= mam’mal8<Tb’2(n){2sl +(b—1)sn + (b—1D)spt1,
n—1

bsi+ Y (b= 1)sp+ (b—2)sn + (b— 1)spi1,
k=2
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n—1
bsi+ Y (b= 1D)sp+ (b—2)sp + (b— D)spir — (b—1),...,
k=2

n—1

bsy + Z(b —Dsp+(b—2)sp, + (b—1)spt1 — (n—2)(b—1),
k=2

bs1 + Z(b —1)s; +(b— 2)sn+1}.
i=2

And we will show that
n—1
bsy+ (b= 1)sg+ (b—2)sn + (b— 1)sn1 —i(b—1)
k=2
S mazimalsSTbyz(n)(Ap(TbQ (n),s0))

for all 1 <7 <n — 2. Note that
251 — 50 <251+ (b—1)sp, + (b— 1)sp41

- <b51 + ni:(b —1)sp +(b—2)s, + (b—1)spq1 —i(b— 1))
k=2
=251 —(n—1—-14)(b—1) < 2s3.

Assume that
n—1
bsy+ (b= 1)s+ (b—2)sn + (b— 1)spq —i(b—1)
k=2
¢ maximals<t, ,n)(AP(Th2(n), 50))
for some ¢. Then

251+ (b—1)sp + (b —1)sp11

- <b31 + z_:(b —1)sg+(b—=2)sp +(b—1)sp41 —i(b— 1)) =189 + Yy$1

k=2
and we classify the cases to get x,y which satisfy this equation.

(1) If y = 0,251 — so < @sp < 2s1 and we obtain 3 < 2 < 241 and since
b—1< 2t <bwegetz=2(b—1)or2(b—1)+1
(a) ez =20b-1), 251 —(n—1—4)(b—1) = 2(b — 1)sg and by
observing with taking modulo b — 1 to both sides, we get 6 = 0
(mod b — 1) and since b # 1 (mod 3) implies that b = 2 or 3 but
2(s1—(b—1)sg) =2(so—(b—1))>(n—1—4)(b—1) for b <3
implies that z = 2(b — 1) is not a solution.
M) fae=2b-1)+1,259—(n—-1-49)(b—1) = (2(b—1)+1) s0
and by observing with taking modulo b — 1 to both sides, we get
6 =3 (mod b—1) and since b Z 1 (mod 3) implies that b = 2 but
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s0—2(b—1) > (n—1—14)(b—1) for b = 2 implies that x = 2(b—1)+1
is not a solution.

(2) If y = 1,81 — so < 8o < 51 and we obtain z < ££ < 2+ 1 and since
b—1< le) < b, we get x = b — 1. Then the equation 2s; — (n — 1 —
i)(b—1) = (b—1)sg + 51 is simplified as so— (b—1) = (n—1—14)(b—1)
but the left-hand side is always larger than the right-hand side implies
that there is no solution when y = 1.

Also, by Equation (1), we conclude that
<bsl + Z(b —1)s; +(b— 2)sn+1>
i=2

- (bsl + ni(b —1)sp +(b—2)s, + (b —1)sp41 —i(b— 1)> Z Tpo.

k=2
Hence,
n—1
bsi+ > (0= 1)sp+ (b—2)sn + (b— 1)spp1 —i(b— 1)
k=2
€ maximals<t, ,n)(AP(Th2(n), 50))
foralll1 <i<n-—2.
Finally, we will show that

bsy + Z(b —1)s; + (b — 2)sn11 € mazimals<t, ,(n) (Ap(Th2(n), s0))-
i=2

By Equation (1),

<b31 + Ti(b —Dsp+(b—2)s, +(b—1)spr1 — i(b— 1)>

k=2
- <b51 + i(b —1)s; + (b— 2)sn+1> =0b-1)8, —(E+1)(b—-1)
=2

and we obtain
(b—1)sp—so<(b—1)sp, —(1+1)(b—1) < (b—1)sp.
But there is no element of the form (b —1)s, — (i + 1)(b — 1) which is in T} o,
and between (b — 1)s, — so and (b — 1)s,, since (b —1)s,, = (b —2)s, + (b —
Dsp—1+--+(b—1s14+(s1 — (n—1)(b—1)) and hence
(b—1)sp, —(+1)(b—1)
=0b-=2s,+(b—1)sp_1+--+b—1)s1+(s1 —(n+i)(b—1)).
Note that s1 — (n +i)(b — 1) & T} 5 since if it is in T}, its form should be
(b—1)sp but s1 — (b—1)sg = (n+¢)(b — 1) cannot be satisfied.
Hence, it completes the proof. (I
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Finally, we get this main theorem for pseudo-Frobenius numbers and type
of T, 2(n).

Theorem 4.5. Let n,b € N, b>2 and b# 1 (mod 3). Then

PF(Ty) = {F(Ty2)}J {b51 + i(b —1)sp + (b—2)s, + (b—1)s,11
k=2

—i(b—l)—so|i€{0,1,2,...,n—2}}

U {bSl + Z(b — 1)82‘ + (b - 2)Sn+1 — 80}
i=2

and hence t(Ty2) =n + 1.

Proof. Tt is directly derived from Lemma 4.2 and Theorem 4.4.

And we show some examples related to Pseudo-Frobenius numbers.
Example 4.6. Let b =3 and n = 2. Then

T55(2) = {4-3°T" +1|i € N} = (37,109, 325,973) and
PF(Ts2(2)) = {2814,2598,1950} — 37 = {2777, 2561, 1913}
= {281+ 289+ 285 — S0, 381 + S2 + 283 — S0, 351 + 282 + S3 — So }-
Note that

n—1

PF(T52(n)) = {2s1 + 25y, + 2Sp41 — S0,351 + Z 28; 4+ Sn + 28741 — So,

=2
n—1

382+225i+5n+25n+1 — 80,5
=3

337172 + 237171 + sn + 28n+1 — S0, 337171 + Sp + 25n+17

381 + Z 281 + Sp+1 — So}.
i=2
Example 4.7. Let b =5 and n = 3. Then

Ts2(3) = {6-5°T" +1]i € N}
=(6-5°+1(="751),6 -5 + 1,6 - 5° + 1,
6-5°+1,6-5"+1,6-5°+1) and
PF(Ts2(3)) = {2257510, 2250016, 2250012, 1875016} — 751
= {2256759, 2249265, 2249261, 1874265}
= {251 + 453 + 454 — s0, 581 + 4s2 + 353 + 454 — o,
589 + 3s3 + 484 — S0, 581 + 489 + 483 + 384 — Sp }-
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Note that
n—1
PF(T52(n)) = {251 + 4sp, + 4Sn+1 — S0, 551 + Z 4s; + 38y + 4Sp41 — So,
i=2

n—1
582+Z4Si—|—35n+48n+1 — S0y,
=3
58p—2 +48p_1+ 35, + 48511 — 50,98,1 + 35, + 45,41 — S0,

581 + 2481 + 35n+1 — 80}.
i=2
As stated in the Introduction, we give the embedding dimension, the Apery set,
the Frobenius number, genus, the Pseudo-Frobenius number and type related
to the numerical semigroup generated by Thabit number of the first kind base
b ((b+1) - —1) in Section 5 and the Cunningham numbers (b"+¢ + 1) in
Section 6 without the proofs.

5. Results related to the T} 1(n)

If n,b € Nand b > 2, then Tj1(n) is a submonoid of (N, +). Moreover we
have {(b+1)-b"—1,(b+1)-0""1 -1} C T, 1(n) and ged((b+1)-b" -1, (b+1)-
b —1) = ged((b+1) 5"+ —b, (b+1) 5" —1) |b—1. But (b+1)-b"—1 =1
(mod b — 1) implies that if we let (b+1)-b" —1 = ga = h(b—1) + 1 where
g=ged((b+1)-b" —1,(b+1)-b""1 —1)|b—1and h € N then g |1 and hence
ged(Ty.1(n)) = 1 and T 1(n) is a numerical semigroup.

5.1. Embedding dimension for T} 1 (n)

Theorem 5.1. Ifn,b € N and b > 2, then ({(b+1)-b"T" —1]i € {0,1,...,n+
1}}> is a minimal system of generators.

By Theorem 5.1, we can identify the embedding dimension of Ty 1 (n) for all
n,b e Nand b > 2.

Corollary 5.2. Let n,b € N and b > 2 and let Ty 1(n) be a Thabit numerical
semigroup of the first kind base b associated with n and b. Then e(Ty1(n)) =
n+ 2.

5.2. The Apéry set for Ty 1(n)
Lemma 5.3. Let Ap1(n) be the set of (t1,...,tnt+1) € {0,1,...,6}" ! such
that t,41 € {0,1,...,b— 1} and if t; = b, then t; = 0 for all i < j. Then
Ap(Ty,1(n), 50) € {2524 tys5 | (b1, tnga) € Apa(n)}.
Let Ry 1(n) be the set of the sequences (¢1,...,tn1+1) € Ap1(n) that if ¢, =

b — 1, it satisfies the following conditions:

(1) t, <b-1.

2) Ity =b—1,t; = =t,_1 =0.
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Then, we obtain the following lemma:

Lemma 5.4.

n+1
Ap(Toa(n)ys0) = § > ts; | (1, tns1) € Rya(n)
j=1

Theorem 5.5.
F(Tyi(n)) = (0> + 6> —b—1) - > — (b4 1) - b" — 2b + 3.
Example 5.6. Let b = 2. Then we obtain
F(Ty1(n)=9-2>"—3-2" — 1.
It is the Frobenius number of Thabit numerical semigroups suggested in [21].

To obtain the genus of the numerical semigroups generated by Thabit num-
ber of the first kind base b, we have to check the number of elements in Ry, 1(n)
when one element ¢; is fixed.

Lemma 5.7. Let i € {1,2,...,n+ 1} where n > 2 be an integer. Then,

B2 —1)- "1 ifie {1,...,n—1},
#{(tl,...,tn+1)GRbyl(Tl)|t¢:b}: b—1 zfz=n,
0 ifi=n+1.

Lemma 5.8. Leti € {1,2,...,n — 1} where n > 2 be an integer. Then,
#{(t1, - tn1) € Rpa(n) [t =k} = (b+ )" ="'
for each k € {1,...,b—1}.

Lemma 5.9. Let n > 2 be an integer. Then,
prtl —p
#{(tl, . 7tn+1) e Rb,l(n) |tn = k} = [)_71
for each k € {1,...,b—2}.
Lemma 5.10. Let n > 2 be an integer. Then,
#{(th c. ,tn+1) S Rb,l(n) | ty, = b— 1} ="

Lemma 5.11. Let n > 2 be an integer. Then,
pntl — 1

#{(th' .. 7tn+1) S RbJ(ﬂ) ‘tn-&-l = /{:} = ﬁ

foreach k € {1,...,b—2}.
Lemma 5.12. Let n > 2 be an integer. Then,
#{(t1, ... tny1) € Rpi(n) [tnyr =b—1} = 0"

By combining the above lemmas, we obtain the genus of T3 1 (n).
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Theorem 5.13. Let n,b € N, n,b > 2 and T, 1(n) be the Thabit numerical
semigroup of the first kind base b associated to n. Then,
b+ b2 —b—1)b?" + {(n—1)(b* — 1) — 2}b" —2b+ 4
ATy — & =) 1) =2) |
We summarize all of our results by suggesting an example.

Example 5.14. In the case of n =1, T 1 (1) = <so, 51,52> = <b2 +b0—1,0%+
b2 — 1,04+ 0% — 1> and we obtain

AAI)(T})J(:[)7 50) = {0, S1yee-y bSl, $2,81 + S92,y b51 + S92,

289,81 + 289,...,bs1 + 2s9, ...,
(b — 1)82, S1 + (b — 1)52, ey (b — 1)81 + (b — 1)32}.

Note that #Ap(Tp1(1),80) = (b+ 1)+ (b—1)(b+1) =1 =02 +b—1 = sp,
max(Ap(Ty1(1)), s0) = (b—1)s1+(b—1)se and F(Tp1(1)) = (b—1)s1+(b—1)s2—
s = (b—1)(b*+203+b2—2)— (b2 +b—1) = (b3+b*>—b—1)b*>— (b+1)b' —2b+3 and
9(Ty1(1)) = b()+b47b327b2’2b+4. Let b = 3. Then we obtain the more detailed
example as follows:

(1) T5,1(1) = (11,35,107). Note that e(T51(1)) =3 =1+2.

(2) Ap(T?),l(l)) SO) = {07 S1, 2517 381a 52,51 + 52, 251 + 52, 331 + 52, 282a S1 +

252, 281 + 252} Note that #éAAp(Tvgvl(l)7 50) =11= S0-
(3) max(Ap(75,1(1)),s0) = 2-35+2-107 = 284 and hence F(T31(1)) =
max(Ap(T51(1)), so) — so = 284 — 11 = 273.
(4) g(Ts,(1)) = EH3=8-87-2344 _ 143,

5.3. Pseudo-Frobenius numbers and type of Ty 1(n)

Lemma 5.15. Let n,b € N, n,b > 2 and Tp1(n) be the Thabit numerical
semigroup of the first kind base b associated to n. Then,

mazimals<r, | (n)(Ap(Tp,1(n)))

= mazimals<r, | (n) ({(b —1)8p+ (b—1)spy1 — so}

U{bsi—f— Z (b—2)sk+(b—1)sn+1|i€{1,...,n—1}}

k=i+1

U{bsi—i— i (b—l)sk+(b—2)sn+1|i€{L...,n—l}}).

k=it+1
Finally, we get this main theorem for pseudo-Frobenius numbers and type
of Ty 1(n).

Theorem 5.16. Let n,b € N, n,b > 2 and T, 1(n) be the Thabit numerical
semigroup of the first kind base b associated to n. Then,

PF(Ty1(n)) = {Fya(n) —i(b—1)]i € {0,1,...,n—1}}
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U {bsl + i(b —1)8; + (b—2)sp41 — so}
i=2

and hence t(Tp 1) =n+ 1.

Example 5.17. (1) If b =3 and n = 4; PF(T5,1(4)) ={209625, 209623, 209621,
209619,157131} = {284 + 285 — 80,383 + S4 + 285 — 80,352 + 283 + 4 + 25 +
5,381 + 289 + 283 + 84 + 285,351 + 282 + 283 + 284 + S5}

(2) If b =4 and n = 3; PF(T41(3)) = {306875,306872, 306869, 245429} =
{353 + 354 — 80,452 + 283 + 354 — S0,481 + 352 + 283 + 354 — S0,481 + 3s2 +
383 4+ 284 — So}-

6. Results related to the SCT (b, n)

If n,b € N and 2|b, then SCT(b,n) is a submonoid of (N,+). Moreover,
we have {b" + 1,07 + 1} C SC*(b,n) and g = ged(d™ + 1,0"T + 1) =
ged(0" +1,b—1) |b—1. However, b +1 =2 (mod b— 1) implies that ¢ |2 and
if 2|b, 210"+ 1 and SC*(b,n) is a numerical semigroup.

6.1. Embedding dimension for SC* (b, n)

Theorem 6.1. Ifn,b €N, 2|b, andn # 0, then ({b"T"+1 |i € {0,1,...,n}})
is a minimal system of generators.

By Theorem 6.1, we can identify the embedding dimension of SC* (b, n) for
all n,b € N and 2|b.

Corollary 6.2. Letn,b € N, 2|b, and let SC*(b,n) be a Cunningham numer-
ical semigroup associated with n and b. Then e(SCT(b,n)) =n + 1.

6.2. The Apéry set for SCt (b, n)

Lemma 6.3. Let Ay(n) be the set of (t1,...,t,) € {0,1,...,b}" such that if
t;j =0, thent;, =0 for alli < j. Then

Ap(SCT(b,n), s0) C thsj | (t1,...,tn) € Ap(n)
j=1

We define Ry(n) for b,n > 2 and 2|b as follows.

Definition 6.4. Let b,n > 2 and 2|b. Then Ry(n) = {(t1,t2,...,tn)|t; €
{0,1,...,b}} is defined by:

(1) if t; = b, t; =0 forall 1 < j < s

(2) tn S b— ]-;

(3) ift, =b—1, then t; <1 and all t; =0 for i # 1,n.

Then we obtain the following lemma that defines the explicit form of the
Apéry set of SCT(b,n).
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Lemma 6.5. Let b,n > 2 and 2|b. Then we obtain

Ap(SO+(b,7’L),SQ) = {thSZ | (tl, . ,tn) S Rb(n)} .

Theorem 6.6. We obtain the maximal element in the Apéry set of Cunning-
ham numerical semigroups and the Frobenius number of this semigroup is ob-
tained immediately as follows.

(1) Ifn =0, max(Ap(SC*(b,0),50)) =b+1 and F(SC*(b,0)) = (b+1)—

So = b—1.

(2) If n = 1, max(Ap(SCT(b,1),50)) = b3 + b and F(SCT(b,1)) = bs; —
So = b3 — 1.

(3) [f n > 27 Ap(50+(b’ ’ﬂ),So) = {Z?:l t;8; | (t17' s 7tn) € Rb(n)} im-
plies that

max(Ap(SCT(b,n), s9) = s1 + (b —1)s,, and
F(SCT(b,n)) = s1 4 (b—1)s, — s = (b— 1)(b>" +b" 4 1).
To obtain the genus of the numerical semigroups generated by Cunningham

numbers, we must check the number of elements in Ry(n) when one element ¢;
is fixed.

Lemma 6.7. Let ¢ € {1,2,...,n} where n > 2 is an integer. Then,
o =D fie {1, n—1},
#{(tl,...,tn)GRb(n)|tz_b}_{ 0 ifi—n.
Lemma 6.8. Let n > 2 be an integer. Then,

pr—l —pr—iml 41 fi=1and k=1,
it e miln = ={ Ty

otherwise,
foreach k€ {1,...,b—1}.
Lemma 6.9. Let n > 2 be an integer. Then,
b —1
#{(t1, o tn) € By(n) [t = b} = 7—

for each k € {1,...,b—2}.
Lemma 6.10. Let n > 2 be an integer. Then,
#{(t1,...,tn) € Rp(n) |t, =b—1} =2.

Finally, we obtain the genus of a Cunningham numerical semigroup for n >
2.
Theorem 6.11. Let n,b € N and n,b > 2 where 2|b. Then
b2 (b —1) +b"(bn —n — 1
o(SCT (b)) = b =D+ a (bn=n-1)

We summarize our results by suggesting an example.
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Example 6.12. Let b =4 and n = 2. Then we obtain

({7 +1]ieN}) = ({427 +1]ie{0,1,2}})
({42 41,4 +1,4* +1})
(17,65, 257).

Hence, the Apery set is
Ap(SC™(4,2),17) = {s0, 51,251, 351,451, 82,51 + 852,281 + 52,
351 + So2,481 + S9,289, 51 + 283, 251 + 253,
3s1 + 289,451 + 252,382, 81 + 3s2}
= {0, 65,130, 195, 260, 257, 322, 387, 452,
517,514, 579, 644, 709, 774, 771, 836},

where s; = 42" + 1 and we obtain the Frobenius number F(SC™(4,2)) =
836 — 17 = 819.

6.3. Pseudo-Frobenius numbers and type of SC*(b,n)
Lemma 6.13. Letn,b € N, n>3,b>2 and 2|b. Then

mazimals<gc+ v,y (Ap(SCT (b,n), 50))

n—1
= maximalsgscﬂbm){sl + (b—1)s,,bs1 + Z(b —1)sg + (b —2)sp,
k=2
n—1
bs1 +Z(b—1)sk—|—(b—2)sn— b—-1),...,
k=2
n—1
bsi + Z(b —Dsp+ (b—2)s, — (n—2)(b— 1)}
k=2

As a consequence, we show a theorem related to pseudo-Frobenius numbers
of SC*(b,n).

Theorem 6.14. Let n,be N, n>3,b> 2, and 2|b. Then
mazimals<gc+(p,n) (Ap(SCT(b,n), 50))

n—1 n—1
= {51 + (b—1)s,,bs1 + Z(b —1)sg + (b —2)sy,,bs1 + Z(b —1)sg

k=2 k=2
F(b—2)sn—(b—1),....bsi+ nZ(b_ Dsp+ (b—2)sn— (n— 2)(b— 1)}.
k=2

Finally, we obtain the following main theorem for pseudo-Frobenius numbers
and type of SCT(b,n).
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Theorem 6.15. Let n,b € N, n >3, b>2, and 2|b. Then

PF(SC*(b,n))

= {F(SC*(b,n))}

n—1

USbsi+> (b= D)se+(b—2)sp—i(b—1)—so | i € {0,1,2,...,n — 2}
k=2

and, hence, t(SCT(b,n)) = n.

Finally, we show two simple examples related to pseudo-Frobenius numbers.
Example 6.16. (1) Let b = 4 and n = 2. Then SCT(4,2) = {427 +1 |
i € N} = (17,65,257) and PF(SC*(4,2)) = {836,774} — 17 = {819,757} =
{51+ 3s2 — s0,481 + 289 — S0}

(2) Let b = 4 and n = 3. Then SC*+(4,3) = {43*" +1 | i € N} =

(65,257,1025,4097) and PF(SC™ (4, 3)) ={12548, 12297, 12294} — 65 = {12483,
12232,12229} = {s1 + 3s3 — S0, 451 + 382 + 285 — S0, 482 + 283 — S0}

[1]

2]
3]

(4]

[5]

[7]

(8]

(10]
(11]

(12]

(13]

References

I. M. Aliev and P. M. Gruber, An optimal lower bound for the Frobenius problem, J.
Number Theory 123 (2007), no. 1, 71-79. https://doi.org/10.1016/j.jnt.2006.05.
020

D. Beihoffer, J. Hendry, A. Nijenhuis, and S. Wagon, Faster algorithms for Frobenius
numbers, Electron. J. Combin. 12 (2005), Research Paper 27, 38 pp.

S. Bocker and Z. Liptdk, A fast and simple algorithm for the money changing problem,
Algorithmica 48 (2007), no. 4, 413-432. https://doi.org/10.1007/s00453-007-0162-8
M. Bras-Amords, Bounds on the number of numerical semigroups of a given genus, J.
Pure Appl. Algebra 213 (2009), no. 6, 997-1001. https://doi.org/10.1016/j. jpaa.
2008.11.012

A. Brauer and J. E. Shockley, On a problem of Frobenius, J. Reine Angew. Math. 211
(1962), 215-220.

F. Curtis, On formulas for the Frobenius number of a mnumerical semigroup, Math.
Scand. 67 (1990), no. 2, 190-192. https://doi.org/10.7146/math.scand.a-12330

L. G. Fel, On Frobenius numbers for symmetric (not complete intersection) semigroups
generated by four elements, Semigroup Forum 93 (2016), no. 2, 423-426. https://doi.
org/10.1007/s00233-015-9751~-2

B. K. Gil et al., Frobenius numbers of Pythagorean triples, Int. J. Number Theory 11
(2015), no. 2, 613-619. https://doi.org/10.1142/S1793042115500323

Z. Gu and X. Tang, The Frobenius problem for a class of numerical semigroups,
Int. J. Number Theory 13 (2017), no. 5, 1335-1347. https://doi.org/10.1142/
S1793042117500749

B. R. Heap and M. S. Lynn, On a linear Diophantine problem of Frobenius: An improved
algorithm, Numer. Math. 7 (1965), 226—231. https://doi.org/10.1007/BF01436078
M. Hujter and B. Vizvari, The exact solutions to the Frobenius problem with three
variables, J. Ramanujan Math. Soc. 2 (1987), no. 2, 117-143.

M. Lepilov, J. O’Rourke, and 1. Swanson, Frobenius numbers of numerical semigroups
generated by three consecutive squares or cubes, Semigroup Forum 91 (2015), no. 1,
238-259. https://doi.org/10.1007/s00233-014-9687-8

J. M. Marin, J. L. Ramirez Alfonsin, and M. P. Revuelta, On the Frobenius number of
Fibonacci numerical semigroups, Integers 7 (2007), A14, 7 pp.


https://doi.org/10.1016/j.jnt.2006.05.020
https://doi.org/10.1016/j.jnt.2006.05.020
https://doi.org/10.1007/s00453-007-0162-8
https://doi.org/10.1016/j.jpaa.2008.11.012
https://doi.org/10.1016/j.jpaa.2008.11.012
https://doi.org/10.7146/math.scand.a-12330
https://doi.org/10.1007/s00233-015-9751-z
https://doi.org/10.1007/s00233-015-9751-z
https://doi.org/10.1142/S1793042115500323
https://doi.org/10.1142/S1793042117500749
https://doi.org/10.1142/S1793042117500749
https://doi.org/10.1007/BF01436078
https://doi.org/10.1007/s00233-014-9687-8

THE FROBENIUS PROBLEM FOR NUMERICAL SEMIGROUPS 647

[14] G. Mérquez-Campos, I. Ojeda, and J. M. Tornero, On the computation of the Apéry
set of numerical monoids and affine semigroups, Semigroup Forum 91 (2015), no. 1,
139-158. https://doi.org/10.1007/500233-014-9631-y

[15] D. C. Ong and V. Ponomarenko, The Frobenius number of geometric sequences, Integers
8 (2008), A33, 3 pp.

[16] R. W. Owens, An algorithm to solve the Frobenius problem, Math. Mag. 76 (2003),
no. 4, 264-275. https://doi.org/10.2307/3219081

[17] M. Raczunas and P. Chrzastowski-Wachtel, A Diophantine problem of Frobenius in
terms of the least common multiple, Discrete Math. 150 (1996), no. 1-3, 347-357. https:
//doi.org/10.1016/0012-365X(95)00199-7

[18] J. L. Ramirez-Alfonsin, Complexity of the Frobenius problem, Combinatorica 16 (1996),
no. 1, 143-147. https://doi.org/10.1007/BF01300131

[19] A. M. Robles-Pérez and J. C. Rosales, The Frobenius problem for numerical semigroups
with embedding dimension equal to three, Math. Comp. 81 (2012), no. 279, 1609-1617.
https://doi.org/10.1090/S0025-5718-2011-02561-5

[20] J. C. Rosales, Numerical semigroups with Apéry sets of unique expression, J. Algebra
226 (2000), no. 1, 479-487. https://doi.org/10.1006/ jabr.1999.8202

[21] J. C. Rosales, M. B. Branco, and D. Torrdao, The Frobenius problem for Thabit numerical
semigroups, J. Number Theory 155 (2015), 85-99. https://doi.org/10.1016/j.jnt.
2015.03.006

, The Frobenius problem for repunit numerical semigroups, Ramanujan J. 40

(2016), no. 2, 323-334. https://doi.org/10.1007/s11139-015-9719-3

, The Frobenius problem for Mersenne numerical semigroups, Math. Z. 286
(2017), no. 1-2, 741-749. https://doi.org/10.1007/s00209-016-1781-z

[24] J. C. Rosales and P. A. Garcia-Sdnchez, Numerical semigroups, Developments in Math-
ematics, 20, Springer, New York, 2009. https://doi.org/10.1007/978-1-4419-0160-6

[25] J. C. Rosales, P. A. Garcia-Sancheza, J. I. Garcia-Garcia, and J. A. Jiménez Madridb,
Fundamental gaps in numerical semigroups, J. Pure Appl. Algebra 189 (2004), no. 1-3,
301-313. https://doi.org/10.1016/j.jpaa.2003.10.024

[26] J. L. Ramirez Alfonsin and @. J. Rgdseth, Numerical semigroups: Apéry sets and Hilbert
series, Semigroup Forum 79 (2009), no. 2, 323-340. https://doi.org/10.1007/s00233-
009-9133-5

[27] E. S. Selmer, On the linear Diophantine problem of Frobenius, J. Reine Angew. Math.
293(294) (1977), 1-17. https://doi.org/10.1515/cr1l.1977.293-294.1

[28] V. Shchur, Ya. Sinai, and A. Ustinov, Limiting distribution of Frobenius numbers for
n =3, J. Number Theory 129 (2009), no. 11, 2778-2789. https://doi.org/10.1016/j.
jnt.2009.04.019

[29] J. J. Sylvester, Problem 7382, The Educational Times, and Journal of College Of Pre-
ceptors, New Series 36 (1883), no. 266, 177.

[30] K. H. Song, The Frobenius problem for extended Thabit numerical semigroups, Preprint.

[31] A. Tripathi, Formulae for the Frobenius number in three variables, J. Number Theory
170 (2017), 368-389. https://doi.org/10.1016/j.jnt.2016.05.027

[22]

23]

KYUNGHWAN SONG

INSTITUTE OF MATHEMATICAL SCIENCES
EwHA WOMANS UNIVERSITY

SEOUL 03760, KOREA

Email address: khsong0118@ewha.ac.kr


https://doi.org/10.1007/s00233-014-9631-y
https://doi.org/10.2307/3219081
https://doi.org/10.1016/0012-365X(95)00199-7
https://doi.org/10.1016/0012-365X(95)00199-7
https://doi.org/10.1007/BF01300131
https://doi.org/10.1090/S0025-5718-2011-02561-5
https://doi.org/10.1006/jabr.1999.8202
https://doi.org/10.1016/j.jnt.2015.03.006
https://doi.org/10.1016/j.jnt.2015.03.006
https://doi.org/10.1007/s11139-015-9719-3
https://doi.org/10.1007/s00209-016-1781-z
https://doi.org/10.1007/978-1-4419-0160-6
https://doi.org/10.1016/j.jpaa.2003.10.024
https://doi.org/10.1007/s00233-009-9133-5
https://doi.org/10.1007/s00233-009-9133-5
https://doi.org/10.1515/crll.1977.293-294.1
https://doi.org/10.1016/j.jnt.2009.04.019
https://doi.org/10.1016/j.jnt.2009.04.019
https://doi.org/10.1016/j.jnt.2016.05.027

