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ON THE CONVERGENCE OF SERIES FOR ROWWISE SUMS
OF NEGATIVELY SUPERADDITIVE DEPENDENT RANDOM
VARIABLES

HAtwU HUANG AND QINGXIA ZHANG

ABSTRACT. In the paper, some probability convergence properties of se-
ries for rowwise sums of negatively superadditive dependent (NSD) ran-
dom variables are discussed. We establish some sharp results on these
convergence for NSD random variables under some general settings, which
generalize and improve the corresponding ones of some known literatures.

1. Introduction

Existing methods and algorithms appeared in some literatures assume that
variables are independent, but in the real world, that is not always satisfied, in
most cases they are dependent. Dependent structures play an important role in
all areas of computational and applied mathematics, such as the computational
efficiency (e.g., the convergence, stability, accuracy, ...) for solving scientific
or engineering problems. Therefore, many statisticians have proposed several
kinds of dependent structures in order to some specific practical problems, such
as negatively associated (NA) random variables, negatively orthant dependent
(NOD) random variables, extended negatively dependent (END) random vari-
ables, negatively superadditive dependent (NSD) random variables, and many
others. In the following, we will recall the concept of NSD structures, which is
weaker than NA.

Definition 1.1. A function ¢: R™ — R is called superadditive if ¢ (xVy) +
d(xAy) > ¢ (x)+ ¢ (y) for all x,y € R™, where V stands for componentwise
maximum and A stands for componentwise minimum.

Based on the class of superadditive functions introduced by Kemperman
[12], Hu [9] introduced the following concept of NSD random variables.

Definition 1.2. A random vector X = (X3, Xs,...,X,,) is said to be NSD if
(1.1) E(ﬁ(Xl,Xg,...,Xn)SE(ﬁ(Xf,X;,...,X;;),
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where X7, X5,..., X} are independent such that X and X; have the same dis-
tribution for each 7 and ¢ is a superadditive function such that the expectations
in (1.1) exist.

A sequence of random variables {X,;n > 1} is said to be NSD if for all
n > 1, (Xl,XQ, ey Xn) is NSD.

An array of random variables {X,,;;1 < i < n,n > 1} is called rowwise NSD
if forall n > 1, {X,;;1 < i <n}is NSD.

As a matter of fact, Hu [9] gave an example for illustrating that NSD does
not imply NA (introduced by Alam and Saxena [1], carefully studied by Joag-
Dev and Proschan [11]), and posed an open problem whether NA implies NSD.
Furthermore, Hu [9] provided some basic properties of NSD random variables.
Christofides and Vaggelatou [3] solved this open problem and indicated that
NA implies NSD. Therefore, NSD structure is an extension of NA structure
and sometimes more useful than the latter in probability theory and mathe-
matical statistics. Consequently, investigating the convergence properties of
NSD random variables is of much significance.

Since the concept of NSD random variables introduced by Hu [9], many
applications have been found in various aspects by many authors. Eghbal et
al. [5] for two maximal inequalities and a strong law of large numbers of qua-
dratic forms of nonnegative NSD random variables. Eghbal et al. [6] for some
Kolmogorov inequalities for quadratic forms and weighted quadratic forms of
nonnegative and uniformly bounded NSD random variables. Shen et al. [15]
for the almost sure convergence and strong stability for weighted sums of NSD
random variables. Wang et al. [18] for the complete convergence of arrays of
rowwise NSD random variables and the complete consistency for the estimator
of nonparametric regression model based on NSD errors. Naderi et al. [14] for
the rate of complete convergence for weighted sums of NSD random variables.
Wang et al. [19] for the complete convergence of NSD random variables and its
application in the EV regression model. Shen et al. [17] for some applications of
the Rosenthal-type inequality for NSD random variables, Shen et al. [16], Deng
et al. [4], Meng et al. [13] for some strong convergence properties for weighted
sums of NSD random variables. Wu et al. [22] for an exponential inequality
and the general results on the complete convergence, Wang et al. [20] for some
strong laws of large numbers of NSD random variables and the strong consis-
tency and weak consistency of the LS estimators in the EV regression model
with NSD errors, among others.

For a triangular array of rowwise random variables {X,;;1 <i <mn,n > 1},
let {an;n > 1} be a sequence of positive real numbers with a, 1 co. Suppose
that {¢,(t),n > 1} is a sequence of nonnegative even functions such that

Pu () . (it
K Ik

(1.2) 1 an 1 as|t|?

for some 1 < g < p.
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Introduced the assumptions as follows

(1.3) EX,; =0, 1<i<mn, n>1,
B (Xy)
1.4 — < 00,
( ) 7;1 i=1 1/% (an)
oo n E|an|7* S
1.5 _
" 2 (Z az ) -

where 0 < r <2 and s > 0.

Based on the above conditions (1.2)-(1.5), there are some articles for in-
vestigating the convergence properties for independent and dependent random
variables. For example, Hu and Taylor [10], Wu [21], Wu and Zhu [23], among
others. Especially, Gan and Chen [7] established some complete convergence
results for weighted sums of NA random variables under the cases 1 < p < 2
and p > 2 with ¢ = 1.

In this paper, our main purpose is to investigate the convergence properties
of series for rowwise sums of NSD random variables. We establish some sharp
results of the complete convergence, the complete moment convergence and the
mean convergence of series for rowwise sums of NSD random variables under
some mild conditions. Compared with the corresponding ones of Gan and Chen
[7], it is worthy pointing out that the conditions in this paper are more general
and the results obtained are stronger.

Throughout this paper, let I (A) be the indicator function of the set A. C
denotes a generic positive constant, whose value may be different in various
places, and a,, = O (b,,) stands for a,, < Cb,,. [z] stands for the integer part of
x.

2. Main results

The concept of complete convergence was firstly introduced by Hsu and
Robbins [8] as follows: A sequence of random variables {X,,;n > 1} is said
to converge completely to a constant A if .o, P (| X, — \| > ¢) < oo for all
€ > 0. In view of the Borel-Cantelli lemma, this implies that X,, — A almost
surely (a.s.). The complete convergence plays an important role in establishing
almost sure convergence of random variables.

Subsequently, Chow [2] generalized this notion by showing the following
concept of complete moment convergence: Let {Z,;n > 1} be a sequence of
random variables, and a,, > 0, b, >0, ¢ > 0. If > a, E (b;* |Z,| — E)i <
oo for all e > 0, then {Z,;n > 1} is said to be in the sense of complete moment
convergence. It is well known that the complete moment convergence implies
the complete convergence.

In these five theorems, suppose that {X,;;1 <i<mn,n > 1} is an array of
rowwise NSD random variables. Let {a,;n > 1} be a sequence of positive real
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numbers with a, 1 oo, and let {u,(¢),n > 1} be a sequence of nonnegative
even functions such that (1.2) for some ¢ and p to be specified in each theorem
separately (of course, ¢ < p). The main results are presented in this section,
and the proofs will be detailed in next section.

Theorem 2.1. If 1 < g < p <2, then assumptions (1.3) and (1.4) imply

L) J
(2.1) Z_:l P <1glja<xn Z; Xi

Theorem 2.2. If1 < ¢ < p and p > 2, then assumptions (1.3), (1.4) and (1.5)
imply (2.1).

> 6an> < oo forVe>D0.

Theorem 2.3. If 1 < g < p <2, then assumptions (1.3) and (1.4) imply

i=1

Theorem 2.4. If1 < ¢ < p and p > 2, then assumptions (1.3), (1.4) and (1.5)
imply (2.2).

q
- 5an> < oo forVe>0.
+

0o e

Theorem 2.5. Let 1 < g < p.
(1) If 1 < p <2, then assumption

n

Ei (Xni)

(2.3) ——— =0 asn—o0
; ’(/)i (an)

implies

1 d L
(2.4) o max ;Xn =40.

(2) If p > 2, then assumptions (2.3) and
- E an "

(2.5) ZQ%O asn — oo, where 0 <r <2

a’
i=1 n

imply (2.4).

Remark 2.1. Since the class of NSD random variables contains independent
random variables and NA random variables, these obtained theorems also hold
for independent random variables and NA random variables. Taking ¢ =1 in
(1.2), the conditions of Theorem 2.1 or 2.2 are the same as those of Gan and
Chen [7]. In addition, the result (2.2) of Theorem 2.3 or 2.4 is more stronger
than the corresponding (2.1) of Theorem 2.1 or 2.2 under the same conditions.
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3. Proofs
To prove the main results, we need the following important lemmas.

Lemmas 3.1 ([9]). If (X1, Xs,...,X,) is NSD and f1, fa, ..., fn are all non-
decreasing functions, then f1(X1), f2 (X2),..., fn (Xn) are NSD.

Lemmas 3.2 ([9,15]). Let M > 1, {X,;n > 1} be a sequence of NSD random
variables with E|Xn|M < oo for eachn > 1. Then for alln > 1,

. M
J n
3—M M
(3.1) E | max Z;Xi <2 ZEDQ\ forl< M <2,
i M
(3.2) E | max Z;Xi

M n n M/2
15M BIX|" + (Y Ex? for M > 2
2 . B .

Proof of Theorem 2.1. For fixed n > 1 and all 1 < ¢ < n, define Y,,; =
*anI (Xn7 < *an) + Xn7[(|Xn1| < an) +anI (an > an)a va = Xn1 - Ynz It
is easily seen that for Ve > 0,

> ean>

P ( max
1<j<n
P <<1I£1Ja<xn > 6an> U (U (| Xnil > an ))

J

ZXm'

=1

J

Z Yni

IN

J

<P (lrg]agn Z; (Yoi = EYui)| > can — max ; EYpi )
(U | X il > an > .
Firstly, one will prove that
. — EY,:l — — 0.
(3.3) o 1r£1]a<xn Z as n — 0o

Note that |Z,;| < |Xni| I (| Xni] > ay) for fixed n > 1 and all 1 <4 < n. By
(1.3), (1.4) and g > 1, one has that

Z EYy;

— max
an1<j<n

= — max
an1<j<n

i=1
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<CZ E| X I( |Xm|>an)

q
< Cz E| X0 (| X0i] > an)

q
a
i=1 n

(3.4) <Ccy —

Hence for n large enough,

P | max >cea, | < P max
1<j<n 1<j<n 1
i=

J

ZX’I’Li
i=1

To prove (2.1), it suffices to show that

00 J

(3.6) I =Y ") P (Xl > an) < oo.
n=11:=1

For I, it follows that {Y,,; — EY,;;1 < ¢ <n,n > 1} is still an array of rowwise
NSD random variables with zero mean by Lemma 3.1. Note that |Y,;| < a,

s.. For 1 < ¢ < p <2, by the Markov inequality (for 1 < p < M < 2), (3.1)
and (1.4), one has that

. M
[e'e] 1 J
I, <C Z B | max Z (Vi — EYy;)
n =1

1<j<n |4

<CZ ZED/}M* n1|



ON THE CONVERGENCE OF SERIES FOR ROWWISE SUMS

For I5, by some standard computations and ¢ > 1, one has

oo

n
12 = Z ZEI(|XIL1| > an)

n=1 =1

<c i z”: B\ X | (| X0i| > an)

q
n=1 i=1

(3.8) <C ZZ sz ’;i) < 0.

n=1i=1

The proof of Theorem 2.1 is completed.

613

O

Proof of Theorem 2.2. In view of the proof of Theorem 2.1, following the same
notation, (3.3) and I < oo hold. It suffices to show that Iy < co for 1 < g < p
and p > 2. Note that |Y,;| < |X,;| and |Yy;] < a, as.. Take 0 < r < 2 and
s > 0. By the Markov inequality (for M = p > 2 and p > 2s), (3.2), the ¢,

inequality, (1.4) and (1.5),

e} 1 J
L <C —F | max
t= Zlafl <1<3<71
n—=

p)
oo 1 n n p/2
2
<CY = | D Eai— EYul” + (Z E(Yi — EYyi) )
=1 =1

n=1 i=1 n=1 \i=1 n
/
oo n E,an o0 n E|X7”|T P
<oy Bl oy (3
n=1 i=1 n=1 \i=1 n
o P/28
(3.9) gCZZEd’Z ni) C( (Z Lii”"' ) ) < 0.
n=1i=1 n=1 \i=1 n

The proof of Theorem 2.2 is completed.
Proof of Theorem 2.3. For Ve > 0 and all ¢ > 0, noting that

q
- )
+

—&a, > tl/q> dt

ani
= li=1

J

i=1

I
M8
SQA

o\
8
~
7~
=
N5

> ea, + tl/q> dt

I
(]2
IS
S|
i)
o\
:D-D
Y
C\
A
A8
A
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oo 00 n
+ E a,? P | max E Xni
a1 \155<n |4
n=1 n =1

> Ean>

> ean + tl/q> dt

> tl/q> dt
(3.10) = I3+ Iy

According to the proof of Theorem 2.1, the result I3 < oo holds. To prove (2.2),
it needs only to show that Iy < co. For fixedn > 1,1 <i<mnandallt >0,
define !, = —t1/91 (Xp; < —t17) 4+ Xpid (| X0 < 1) 42191 (X, > t1/9),
Zt, = X — Y} Tt easily follows that

> tl/q>

> tl/Q> +P (0 (|Xm-| > tl/q)>

i=1

tl/q> + ZP (\Xm| > tl/Q),

< —q * 1/q
< Zan /q P (112%){71 >t ) dt
(3.12) Z a9 Z/ |Xm| > tl/q) dt =I5 + I.

For Ig, by some standard computations and (1.4),
I < C’Za_q Z/ (1Kl (Xl > ) > /1) d

< CZa_q ZE|Xm|qI(|Xm| > ay)
n=1 =1

Ev; (X
ERD I e) ) QEcAdACT .
== Yilan)
By an argument similar to that in the proof of (3.3), one has

ZE

i=1

J

Xni

v
—
ie
IAS
3
[~

i=1

Y!

IN
o)
4
INE
A5
3
M~

i=1

M“‘

(3.11) <P ( max

1<j<n

@
Il
-

which implies

J

> Y

i=1

(3.14) as n — 00.

t>aq tl/q 1<]<n
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ZE

i < t12/ ® holds uniformly for all
i=
t > al, which implies

J Y J t tl/q
q
Z: >t 1r<nja<xn Z - EY,; - |

For I, let d,, = [a,] + 1. By (3.15), the Markov inequality, (3.1) and the ¢,
inequality, one has that for 1 < g <p < 2,

Hence for n is sufficiently large, max
] n

(3.15) P < max

1<j<n

3 ~ ! t1/a
_ \ )
I5 < ;anq/az P <1I£Ja<xn ; (Y — EY} ) > 2) dt
- —2
< C'nz::l anq/a% t~2/aF 1r£13a<xn 722; (Yil — EYii) dt
= sza;q/ E|Y$i|2f2/th
n=11i=1 ag,

=CY > a," | EX2I(|Xni| < dn)t™/4dt

+cy Za;q/ EX2,1 (dn <Xl < tl/‘I) 214y

n=111=1 n
n [e%s)
+CZZa;q/ P(\Xm»|>t1/q) dt
n=1i=1 an
(3.16) = I51 + Iso + I53.

For I5;, one has

hE

n [e%e)
I = O S antBX2T (X < dy) / 12/ gy

1

Il
—

n (3

EXvQLi (|Xm‘ < dn)

2
ay

A
hgE
Ms

i=1

3
Il
-
-
Il

EX%JOXM‘ <ay)
ap

CH}
]2
M:

1—1
N EX2T (an < | Xpi| < dp)
> "

1 — n

3
I
I
83

+C

=1

M8

<C
= ag

i E|Xni|pl<‘Xni| < an)
i=1

n=1
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co n 2—q q
+1 E|X | T (an < |Xni| < dn
+CZZ(“ ) Xl < Xl < )

n=11=1 n
= ~ E 1 E X’n,l qI XTL’L n
Z :/)/f + c Z Z | X i (a|q | > an)
v n=1i=1 "

oo n
Evy; (X,
(3.17) <20 Z M < oo0.
For I55, note that

ZZG_Q/ EX2, d <|Xm|<t1/‘1)t_2/th—0

n=11:=1
Taking ¢t = 9. By the condition (1.4) and 1 < ¢ < 2,

© n [eS) m+1

la 03 Yt 3 [ X 0y < Xl < ) S
n=1 i=1 m=d,, m
< Ciia;q i EXiiI(dn <|Xni| <m+ 1)mq_3
n=111=1 m=d,,
<O Yt Y e ZE (<[ Xul <j+1)
n=11i=1 m=d,,

Scizazq iaq 2EX2I(j < | Xl <j+1)
j=dn

n=1 i=1

C i f: a;, 1B X i |'T (| X pi| > d)

<
n=11i=1
o~ N B X T (| Xni| > an)
<C
<0) T
n=1i=1
o B (X
(3as) <oy Y E)
n=1i=1 wl (an)

By an argument similar to the proof of I < oo, one has that Is3 < oo.
Hence, the desired result Iz < oo is proved for 1 < ¢ < p < 2. The proof of

Theorem 2.3 is completed.

Proof of Theorem 2.4. Similarly, by the proofs of Theorems 2.2 and 2.3, the
corresponding results of Is < 0o, I < 0o, (3.14) and (3.15) hold. To prove the
desired result (2.2), it needs only to show that I5 < oo for 1 < g < pandp > 2.

By the Markov inequality, (3.2) and the ¢, inequality,

0 o5}
I; < E a,? P | max
<" Jar o \1Sisn

n—

J

Z ~ EY})

tl/q
dt
2 >



ON THE CONVERGENCE OF SERIES FOR ROWWISE SUMS 617

00 0o p

< C;a;q /a,% tP/E (121%){71 ) dt
0 oo n n p/2

<Cy a;Q/ (S B+ (Z E|eri|2> dt
n—1 az i=1 i—1

<CY a,"y /Oo BV |"tP/at
n—=1 i—17an

o oo n p/2
+C Z a;q/ +—Pla (Z E(Y,fi)2> dt

n=1 a i=1

J

> (V- EYY)
i=1

(3.19) = I + Is.

For Iz, by 1 <g<pandp>2 let d, =[a,] + 1,
L=CY a; Z/ B X PP/ (| X o] < )t
n=1 i—17an

+CY Z/ E| X't P11 (dn < | X < tl/q) dt
i=17ah

n=1
2> zarnd [P (Xl > ) a
n=1 i=1"an

(3.20) = I + Iro + Ins.

By the argument similar to the proofs of I5; < oo, I52 < 0o and I3 < o0
(replacing the exponent 2 by p), Ir < oo can be also proved.
For Iy, since p > 2,

oo 0o n p/2
=CY" a;'I/ vl (Z E(Y,fi)2> dt
n=1 a i=1

Ln

[e'e] jo%s) n p/2
<Cy a;‘l/ t~Pla (Z EX2I (| X < an)> dt
n=1 #

n i=1

e 0o n p/2
+CY a, / ¢/ <Z EXZI (an < |Xu| < tl/q)> dt
n=1 ah 1

n 1=

0o 0o n P/2
+Cza;q/ (ZP(|XM| > tl/q)> dt
n—=1 an  \i=1

(3.21) = Iy + Iso+ Iss.
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For Ig;, by 1 < ¢ <p, p>2,p>2sand (1.5),

p/2
EX A (| Xni] <an
oy (3 B 2o
= (& BN (Xl <)) )
ni ni| S Qn
<oy (Al <))o

n=1 \i=1

The proof of Igs < 0o is proceeded with the following two cases of 1 < g < 2
and 2 < g < p.
(a) For 1 < ¢ <2 and p > 2. By (1.4) and the ¢, inequality,

i 00 n p/2
ISZSCZ(],;L(]/ <tlean|qI (an<|Xni|<t1/q)> gt
n=1 ag i=1
i n P2
S Cza;q (ZEan|qI(|XnZ > an)> / t—P/2dt

n=1 =1 n
<C 3 i E| Xl "I (| Xni] > an) o
- n=1 1=1 a%

. 1 7/1 (an
(b) For 2 < ¢ < p. By (1.4) and the ¢, inequality again,

p/2
Iy < C’Za q (Z E|Xm\ I (| Xl > an)> / —plag;
= ag

co n p/2
(322) <C(Y > W) < 0.

n /2
B X0 T (| Xoi] > an) )"
>

=1

. /2
(z B Xl (X > >>

q

n=1 =1 On

oo P/2
(3.23) < C(Z > Efj(( n’;)> < 00.

n=1 i=1

IN

n=1
ey
n=1
)

IN

C

For Igs, it follows from (2.1) that ;(|t]) T as |t| T. By (1.3),

sup ZP<|X il > tl/q) < iP(|Xm| > ay)

t>ad i=1

(3.24) < Z EZZZ me\ —0 asn— oo
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Hence for sufficiently large n, Y ., P (|Xm| >t/ q) < 1 holds uniformly for all
t > a%. Similarly to the proof of (3.13), Is3 < oo holds. The proof of Theorem
2.4 is completed. (I

Proof of Theorem 2.5. Following those notations in the proof of Theorem 2.3.
Firstly, one will prove (2.4) for 1 < p < 2. Noting that

J a B 1 %) J \a
<alrér1ja<x7 Zl > = E ; P(lr%aécn i:Zle >t )dt
1 eal J
e (s S s )

> tl/‘I> dt

<e+— P | max ,fl > tHa ) dt
af Jea \15i5n |4
1
+ ZP<|X \>t1/q)d
n Ea"l 1
(325) = 13 —|— Ig + IlO-

Without loss of generality, assume that 0 < € < 1. For Ijg, by the ¢,
inequality and (2.3),

Io < C’Z / \Xm|I (ea? < |Xni| < an) > tl/q) dt
+cz / (Xl (Xl > ) > 1/) d

< CZ EE\XM-V)I (eal < | X, < an)/ tP/ay

cad

+OZ / (10 T (1 Xl > an) > /) at

< Cel=(p/a) Z EIX,”\I’[(|XM| < ay)

ab
=1 n

"1
+ C,Z EE|Xm\qI (1 X pi| > an)

(3.26) < CZ qu)l —0 asn— oo.
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By EX,; =0, (2.3) and (1.2), one has that

max -
t>eal t /q 1<J<

e
3 e,

max -
t>eal t /q 1<J<

IN

1/q
Cmax tl/ Z E Xl (\Xm| >t )

_ E|X N1 (| X | > an)
1/ ni ni n
< Ce qZ al
i=1
" E|X'm|pl (El/qan < |an| < an)
Ce—Pla =
+ Ce ; o
E 1 77/7/
(3.27) <C ( —ta 4 s_”/q) Z w —0 asn— .
Hence for sufficiently large n , tl% ma<xn ZZ EY}
t>ceal.
Let d,, = [a,] + 1, by the Markov inequality, (3.1) and the ¢, inequality,

Ihy<C 2B (Y — YY) dt
9 = Z an /Ean nz)
< c; i /Eant YIRX2.T (| Xpi| < dy)dt

+ CZ E/ q t21px2 T (dn < | X| < tl/q) dt

+CZ / |Xm\>t1/Q) dt

(3.28) = Ig1 + 192 + Io3.

By the similar argument as those in the proofs of I5; < oo, Iss < oo and
I0 — 0, one can have that Ig; — 0, Igs — 0 and Ig3 — 0.

The proof of (2.4) for 1 < g < p and p > 2 is similar to that of Theorem 2.4,
here omits the detail. The proof of Theorem 2.5 is completed. O
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