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a b s t r a c t

This study is concerned with the investigation of the half-space albedo problem for “_In€onü-linear-
quadratic anisotropic scattering” by the usage of Modified FN method. The method is based on Case's
method. Therefore, Case's eigenfunctions and its orthogonality properties are derived for anisotropic
scattering of interest. Albedo values are calculated for various linear, quadratic and _In€onü anisotropic
scattering coefficients and tabulated in Tables.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In this study one-speed neutron transport equation is used with
_In€onü-Linear-Quadratic anisotropic scattering. The one-speed
neutron transport equation is the approximate equation of Boltz-
mann equation or Neutron transport equation in seven variables.
Three of them are space variables, other three are velocity and the
last one is time variable. This transport equation in seven variables
does not have an analytical solution. Therefore, some reasonable
approximations have to be made as follows in order to obtain
analytical solution:

- Since the neutrons in a reactor are produced via certain nuclear
reactions, it is assumed that they all have the same energy or
velocity. This approximation is known as the one-speed
approximation.

- It's assumed that the space is a planar geometry according to
plane geometry approximation.

- If the medium structure is homogeneous, then all neutron in-
teractions have the same cross sections. Therefore, the second-
ary neutron number, c, becomes a constant number.

- The fourth approximation is the “stationary state approxima-
tion”. The time variable drops from the Boltzmann equation by
this approximation.
by Elsevier Korea LLC. This is an
As a result of the above treatments, the number of variables is
reduced to two, namely, a position variable and a direction cosine
[1e3].

Case has reported a solution for one-speed, time-independent,
homogenous medium neutron transport equation, which is known
as Case's method [4,5]. The completeness of Case's eigenfunctions
allows us to write a solution as a superposition of Case's eigen-
functions which correspond discrete eigenvalues and continuous
eigenvalues.

Some semi-analytical methods such as Facile (FN) method [6,7],
Complementary (CN) method [8], Hybrid (HN) (with the other
name Modified FN) method [9] were developed in the literature.
The Placzek lemma [10] is particularly important in these methods
in terms of using the full-range orthogonality of Case's method. FN
method uses Case's orthogonality relations to find the arbitrary
expansion coefficients according to the boundary conditions. These
arbitrary expansion coefficients are used in neutron flux. The
neutron flux, which contains these coefficients, is written with N
mesh points in order to get an equation system according to the
angular variable. CN method uses the Green's function and the
boundary neutron flux definitions in order to solve the transport
equation. CN method is one of the most difficult method but it is an
elegant method. Modified FN method, originally known as HN
method, uses Case's orthogonality relations in order to find the
arbitrary expansion coefficients. Finally, the moments of the
neutron flux, which contains these arbitrary expansion coefficients
and Case's eigenfunctions, is calculated to get an equation system.
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According to the literature CN method is more convergent than FN
method, and Modified FN method (HN method) provides the
convergent results like CN method.
2. Linear-quadratic anisotropic scattering

The one-speed, plane geometry, homogenous medium and time
independent neutron transport equation is given as

m
vJðx;mÞ

vx
þJðx;mÞ¼ c

2

ð1
�1

f ðm;m0ÞJðx;m0Þdm0 (1)

where m is the direction cosine of the incident neutrons, m
0
is the

direction cosine of the scattered neutrons, f ðm;m0 Þ is the scattering
function which defines the scattering probability of neutrons,
Jðx;mÞ is the number of the neutrons at x position and m direction. c
is the secondary neutron number which is a ratio between the cross
sections. The scattering function in Eq. (1) is expanded with the
Legendre polynomials, which is entitled as Mika's scattering [11] as

f ðm;m0Þ ¼
XN
n¼0

ð2nþ1ÞfnPnðmÞPnðm0Þ (2)

where PnðmÞ and Pnðm0 Þ are Legendre polynomials and fn is the
scattering coefficient. Since the scattering function defines the
probability of each scattering, the sum of these scatterings must
equal to unity. Therefore, the definition interval of fn coefficients
must be determined for every scattering situation by physical
meaning. The first and second terms in Eq. (2) are defined as
isotropic and linear anisotropic scattering respectively. The proba-
bility of scattering is proportional to the multiplication of m and m

0
,

which are P1ðmÞ and P1ðm0 Þ. Linear anisotropic scattering has been
studied extensively with the different methods in the literature
[12e14]. The third term is defined as quadratic anisotropic scat-
tering and the probability of scattering is proportional to the
multiplication P2ðmÞ and P2ðm0 Þ. This scattering has been studied in
the literature [15e17].

The scattering function in this study is written as a linear
combination of _In€onü’s scattering [18,19]. Thus the scattering
function, which is called as linear-quadratic anisotropic scatterings,
is

f ðm;m0Þ ¼ a½1þ3f1mm
0 þ5f2P2ðmÞP2ðm0Þ�þbdðm�m0Þþd dðmþm0Þ

¼ a f[qðm;m0Þþb dðm�m0Þþddðmþm0Þ
(3)

where b is the forward scattering coefficient and d is the backward
scattering coefficient. If b has a nonzero value then d is zero, and if d
has a nonzero value then b is zero. The coefficient a obeys the rule
of the sum of probabilities, i.e. aþ bþ d ¼ 1. If b and d are equal to
zero together in Eq. (3) and f1;2s0, then the scatting is linear-
quadratic anisotropic scattering.

_In€onü’s scattering function is known as the synthetic kernel in
the literature. This scattering function defines the forward scat-
tering and backward scattering of neutrons, and moreover, _In€onü
showed that the solution of the one-speed neutron transport
equation with this scattering function can be written by Case's
eigenfunctions by using of the transformations which were
described by _In€onü. The _In€onü’s scattering function is used for lots
of studies [20e26]. The combination of _In€onü’s scattering function
and linear anisotropic scattering was defined as strong anisotropic
scattering in the literature [27e29].

Case's method is a powerful method to solve the one-speed
neutron transport equation. Mika's anisotropic scattering function
can be applied to Case's method. Similarly, _In€onü’s scattering
function also can be applied to Case's method. Furthermore, both of
them can be applied to Case's method simultaneously. The aim of
this study is to investigate the effect of these scattering functions
over Albedo values, in the Case's of simultaneous application of the
both.
3. The solution for the anisotropic scattering

If Eq. (3) is used in Eq. (1), then the one-speed neutron transport
equation could be written as

m
vJIlqðx;mÞ

vx
þJIlqðx;mÞ

¼ ac
2

ð1
�1

flqðm;m0ÞJIlqðx;m0Þdm0 þ cbJIlqðx;mÞ þ cdJIlqðx; �mÞ

(4)

where the subscript Ilq indicates _In€onü-linear-quadratic aniso-
tropic scattering. If the following variables, which were redefined
by _In€onü, are used

c0 ¼ ac
1� bc� dc

; q¼
h
ð1� bcÞ2 � b2c2

i1=2
(5-a)

x0 ¼ qx; n0 ¼ qn (5-b)

A¼1
2

"
1þ

�
1� bc� dc
1� bcþ dc

�1=2
#
; B¼1

2

"
1�

�
1� bc� dc
1� bcþ dc

�1=2
#

(5-c)

where q, A and B are the factors which come from the trans-
formation, and n corresponds to the eigenvalue. Then the solution
of Eq. (4) is written as

JIlqðx;mÞ¼AJlqðx0;mÞ þ BJlqðx0; �mÞ (6-a)

JIlqðx; �mÞ¼AJlqðx0; �mÞ þ BJlqðx0;mÞ (6-b)

where the lq subscript indicates the linear-quadratic anisotropic
scattering. Thus the solution, which includes _In€onü-linear-
quadratic anisotropic scattering is written in Eq. (6). The neutron
flux for the linear-quadratic anisotropic scattering, Jlqðx0; ±mÞ, is
the solution of the one-speed neutron transport equation for a ¼ 1;
b ¼ 0 and d ¼ 0; but, f1s0 and f2s0.

The linear-quadratic anisotropic scattering was investigated in
Refs. [30e33]. The solution of the neutron transport equation with
the linear-quadratic anisotropic scattering,

Jlqðx;mÞ¼ a0þflqðn0;mÞe�x=n0 þ a0�flqð�n0;mÞex=n0

þ
ð1
0

AðnÞflqðn;mÞe�x=ndnþ
ð1
0

Að�nÞflqð�n;mÞex=ndn
(7)

where Case's eigenfunctions and the orthogonality relations are
given as

fð±n0;mÞ¼
cn0
2

1� h0±wn0mþ 3h0m
2

n0Hm
(8-a)
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fðn;mÞ¼ cn
2
P
1� hþwnmþ 3hm2

n� m
þ lðnÞdðn�mÞ (8-b)

where P symbol correspond Cauchy Principal Value. The constants
w, h0 and h are defined as

w¼3f1ð1� cÞ (8-c)

h0 ≡ hðn0Þ¼
5f2
4

h
3n20ð1� cÞð1� cf1Þ�1

i
(8-d)

h≡ hðnÞ¼5f2
4

h
3n2ð1� cÞð1� cf1Þ�1

i
(8-e)

The normalization integral of the continuous Case's eigenfunc-
tions gives

lðnÞ¼
�
1þwcn2 þ3hcn2

�
� cn

�
1�hþwn2 þ3hn2

�
arctan hðnÞ:

(8-f)

The orthogonality relations are

ð1
�1

mflqð±n0;mÞflqð±n0;mÞdm¼Nlqð±n0Þ andNlqð�n0Þ¼ � Nlqðn0Þ

(8-g)

ð1
�1

mflqð±n0;mÞ
�

flqðn;mÞdm
flqðHn0;mÞdm ¼

�
0
0 (8-h)

ð1
�1

mflqðn;mÞflqðn0;mÞdm¼NlqðnÞdðn� n0Þ and Nlqð�nÞ¼ � NlqðnÞ

(8-i)

where
Nlqðn0Þ¼
�cn0
2

�2( 2n0
n20 � 1

h
ð1� h0Þ2 þ2ð1�h0Þwþ

�
6h0ð1� h0Þþw2n20

�

þ 6wh0 þ9h20
i
�
h
ð1� h0Þ2 þ4ð1�h0Þwn20 þ3n20

�
6h0ð1� h0Þþw2n20

�

þ 24wh0n
4
0 þ 45h2n40

i 2
cn0

1þwcn20 þ 3hcn20
1� h0 þwn20 þ 3h0n20

þ8ð1� h0Þwn0 þ6n0
�
6h0ð1� h0Þþw2n20

�
þ 48wh0n

3
0

þ 16wh0n0 þ 90h20n
3
0 þ30h20n0

o
(8-j)

NlqðnÞ¼ n
h�

1þwcn2 þ 3hcn2
�
� cn

�
1� hþwn2 þ 3hn2

�
arctan hðnÞ

i2 þ c2p2n3

4

�
1� hþwn2 þ 3hn2

�2
(8-k)
4. Albedo problem

It is well known that albedo is the ratio from a surface between
the net outgoing and the net incoming neutron (or any neutral
particle). The surface is located at x ¼ 0. The right side of this
surface is the medium which consists of moderator material, and
the left side of this surface is vacuum. The neutron flux which is
given in Eq. (6) must be convergent to zero when x goes to infinity.
Therefore, the arbitrary expansion coefficients, which are the co-
efficients of the positive exponential terms, must be selected equal
to zero, a00� ¼ 0 and Að� n0Þ ¼ 0.

JIlqðx; �mÞ¼A

2
4a00þflq

�� n00;m
�
exp

 

� x0

n00

!
þ
ð1
0

Aðn0Þflqð�n0;mÞexp
�

� x0

n0
�
dn0
3
5þB

2
4a00þflq

�
n00;m

�
exp

 

� x0

n00

!
þ
ð1
0

Aðn0Þflqðn0;mÞexp
�
� x0

n0
�
dn0
3
5; m2½�1;1� (9)

The suggested neutron flux definitions over the surface are
given by power series as

JIlqð0;mÞ¼mg; g¼0;1;2; ::: (10-a)

JIlqð0; �mÞ¼
XN
[¼0

a[m[ (10-b)

Thus, the albedo relation is found by using Eq. (10)

b¼

ð1
0
mJð0;�mÞdmð1
0
mJð0;mÞdm

¼ðgþ2Þ
XN
[¼0

a[
[þ 2

(11)

Therefore, if a[ coefficients are found as numerical, then the
albedo values can be calculated by using Eq. (11).
The first stage is to find a relationship for the arbitrary expan-
sion coefficients, a00þ and Aðn0Þ, by using the neutron flux definitions
over the surface which are given in Eq. (10) and Case's orthogo-
nality relations. If Eq. (9) is written by taking x ¼ 0 and it is
multiplied by mflqð�n00;mÞ and mflqð�n0;mÞ respectively and inte-
grating over m2½ � 1;1�, then arbitrary expansion coefficients are
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found as

a00þ ¼ cn00
2

1
A

1
Nlq
�
n00
�
"
Bg
�
n00
�� XN

[

a[A[

�
n00
�#

(12)

Aðn0Þ ¼ cn0

2
1
A

1
Nlqðn0Þ

"
Bgðn0Þ �

XN
[

a[A[ðn0Þ
#

(13)

where AnðxÞ and BgðxÞ are defined as

AnðxÞ¼ 2
cx

ð1
0

mnþ1flqðx; �mÞdm (14)

and

BnðxÞ¼ 2
cx

ð1
0

mnþ1flqðx;mÞdm (15)
XN
[¼0

a[

"
1

mþ [þ2
þ
�
c0n00
2

�2A[

�
n00
�
Am
�
n00
�

Nlq
�
n00
� þB

A

�
c0n00
2

�2A[

�
n00
�
Bm
�
n00
�

Nlq
�
n00
�

þ
ð1
0

�c0n0
2

�2A[ðn0ÞAmðn0Þ
Nlqðn0Þ

dn0 þB
A

ð1
0

�c0n0
2

�2A[ðn0ÞBmðn0Þ
Nlqðn0Þ

dn0
3
5¼�c0n00

2

�2Bg
�
n00
�
Am
�
n00
�

Nlq
�
n00
� þB

A

�
c0n00
2

�2Bg
�
n00
�
Bm
�
n00
�

Nlq
�
n00
� þ

ð1
0

�c0n0
2

�2Bgðn0ÞAmðn0Þ
Nlqðn0Þ

dn0

þ B
A

ð1
0

�c0n0
2

�2Bgðn0ÞBmðn0Þ
Nlqðn0Þ

dn0

(20)
and n ðor gÞ corresponds to the integer numbers according to N
number in Eq. (10) which is the approximation number. x corre-
spond to n00 and n0 for discrete and the continuous eigenvalues
respectively. These integrals have separately recurrence relations:

AnðxÞ¼
1� hx
nþ 1

� wx

nþ 2
þ 3hx
nþ 3

� xAn�1ðxÞ (16)

A0ðxÞ¼1�hx �
wxð1� 2xÞ

2
þhx

2

�
2�3xþ6x2

�
� x
�
1�hx þwx2 þ3hxx

2
�
ln
�
1þ1

x

�
(17)

BnðxÞ¼ xBn�1ðxÞ�
1� hx
nþ 1

� wx

nþ 2
� 3hx
nþ 3

(18)

B0ðxÞ¼
2
c

�
1þ cwx2 þ3chxx

2
�
�ð1�hxÞ�

wxð1þ 2xÞ
2

� hx
2

�
2þ3xþ6x2

�
� x
�
1�hx þwx2 þ3hxx

2
�
ln
�
1þ1

x

�
(19)

where hx is related to the kind of eigenvalue. h0 is related to the
discrete eigenvalues and h is related to the continuous eigenvalues.
If a0þ0 and Aðn0Þ coefficients, which are found in Eqs. 12 and 13, are
put into Eq. (9) and this relation is written in the interval m2 ½0;1�,
then the relation defines the outgoing neutron flux from the
surface.

JIlqð0; �mÞ¼A

2
4a00þflq

�� n00;m
�þ ð1

0

Aðn0Þflqð�n0;mÞdn0
3
5

þB

2
4a00þflq

�
n00;m

�þ ð1
0

Aðn0Þflqðn0;mÞdn0
3
5; m2½0;1�

(9a)

In FN method to get a system of linear equations, Eq. (9a) is
written with Nþ1 mesh points for the angular variable. The N
represents the number of meshes. In Modified FN method to get a
system of linear equations, Eq. (9a) is multiplied with mmþ1 and
integrated over m2½0;1�. Thus, Eq. (20) is written by replacing the
expansion coefficients Eq.12 and 13 and by using Eqs. 14 and 15 in
this integrated equation.
Eq. (20) can be rewritten as

X
[¼0

a[Tm[ ¼Umg (21)

m and [ indices change together from zero to N, thus we get a
square matrix. a[ coefficients are calculated by using ordinary
matrix operations.

A¼ T�1,U (22)

where the elements of A matrix are a[ coefficients. T�1 is the in-
verse matrix of T , and its elements are Tm[. U matrix is the column
matrix and its elements are Umg. Finally a[ coefficients are used in
Eq. (11) and so the albedo values are found. Here Tm[ is

Tm[ ¼ 1
mþ [þ 2

þ
�
c0n00
2

�2A[

�
n00
�
Am
�
n00
�

Nlq
�
n00
� þ B

A

�
c0n00
2

�2

A[

�
n00
�
Bm
�
n00
�

Nlq
�
n00
� þ

ð1
0

�c0n0
2

�2A[ðn0ÞAmðn0Þ
Nlqðn0Þ

dn0

þ B
A

ð1
0

�c0n0
2

�2A[ðn0ÞBmðn0Þ
Nlqðn0Þ

dn0

and Umg is
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Umg ¼
�
c0n00
2

�2Bg
�
n00
�
Am
�
n00
�

Nlq
�
n00
� þ B

A

�
c0n00
2

�2Bg
�
n00
�
Bm
�
n00
�

Nlq
�
n00
�

þ
ð1
0

�c0n0
2

�2Bgðn0ÞAmðn0Þ
Nlqðn0Þ

dn0 þ B
A

ð1
0

�c0n0
2

�2Bgðn0ÞBmðn0Þ
Nlqðn0Þ

dn0

5. Numerical results

Case's eigenfunction is normalized to 1. The discrete eigenvalue
corresponds to n;½�1;1� and represented as n0. By using the
normalization condition of the discrete eigenfunction we get a
distribution which is a transedental equation.

L
�
n00
�¼ ln

 
1þ 1

	
n00

1� 1
	
n00

!
� 2
cn00

1þwcn020 þ 3h0cn
02
0

1� h0 þwn020 þ 3h0n020
¼0 (23)
Table 1
The quadratic anisotropic scattering coefficients and the corresponding discrete eigenva

f1 ¼ 0:1

f22½ � 0:14;0:06�
b or d c0 f2 ±n00

0:2 0.7619047619048 � 0:14 1.3503367489803
0:4 0.7058823529412 1.2419111919982
0:6 0.6153846153846 1.1291274965985
0:8 0.4444444444444 1.0262359306891

0:2 0.7619047619048 � 0:12 1.3521486330776
0:4 0.7058823529412 1.2438736414053
0:6 0.6153846153846 1.1312089296472
0:8 0.4444444444444 1.0278887618233

0:2 0.7619047619048 � 0:1 1.3540147671943
0:4 0.7058823529412 1.2458903282655
0:6 0.6153846153846 1.1333393250400
0:8 0.4444444444444 1.0295808620024

0:2 0.7619047619048 0:06 1.3712190807226
0:4 0.7058823529412 1.2642676247910
0:6 0.6153846153846 1.1523638009773
0:8 0.4444444444444 1.0445661970991

Table 2
The albedo values for c ¼ 0:8, f1 ¼ 0:1, g ¼ 0 varying f2, forward and backward.

f2 ¼ � 0:14

N d ¼ 0

b ¼ 0:2 b ¼ 0:4 b ¼ 0:6 b ¼ 0:8

1 0.2875967 0.2434477 0.1873575 0.1118563
2 0.2868021 0.2428643 0.1870181 0.1117550
3 0.2867814 0.2428470 0.1870063 0.1117507
4 0.2867802 0.2428459 0.1870055 0.1117503
5 0.2867801 0.2428458 0.1870054 0.1117503
6 0.2867800 0.2428458 0.1870054 0.1117502
7 0.2867800 0.2428458 0.1870054 0.1117502

f2 ¼ 0:06

d ¼ 0

b ¼ 0:2 b ¼ 0:4 b ¼ 0:6 b ¼ 0:8

1 0.2896088 0.2456510 0.1897130 0.1140646
2 0.2888531 0.2451073 0.1894057 0.1139769
3 0.2888233 0.2450826 0.1893890 0.1139709
4 0.2888215 0.2450810 0.1893877 0.1139703
5 0.2888213 0.2450808 0.1893876 0.1139703
6 0.2888213 0.2450807 0.1893876 0.1139702
7 0.2888213 0.2450807 0.1893875 0.1139702
The numerical solution of this equation gives the discrete ei-
genvalues, ±n0.

The Mika's part of the scattering function is

f ðm;m0Þ ¼1þ3f1mm
0 þ 5f2P2ðmÞP2ðm0Þ (24)

where f12½�1 =3;1 =3� for pure-linearly anisotropic scattering, f2 ¼
0, and also f22½�0:2;0:4� for pure-quadratic anisotropic scattering,
f1 ¼ 0 . The maximum and the minimum values of the direction
cosines are þ1 and �1 respectively. If f2 equal to zero, i.e. the
scattering is pure-linear anisotropic scattering, then the scattering
function is

f ðm;m0Þ ¼1þ 3f1mm
0: (25)

Eq. (25) is defined in interval ½0;1� according to the rule of the
sum of probabilities. In other words, the summation equals one.
The minimum value of m,m0 is � 1, and the maximum value is þ 1.
Thus, the definition interval is determined for f1 which is
f12½�1 =3;1 =3� . If f1 equals zero in Eq. (24) which corresponds to
lues according to f1 for fixed secondary neutron number.c ¼ 0:8

f1 ¼ 0:2 f1 ¼ 0:3

f22½ � 0:08;0:12� f22½ � 0:02;0:18�
f2 ±n00 f2 ±n00

� 0:08 1.41334586878385 � 0:01 1.4867844987356
1.29509510276002 1.3567170391812
1.16975744761954 1.2166527676182
1.04702282933634 1.0723781218970

� 0:01 1.42066290480843 0:05 1.4938635927823
1.30288836413616 1.3641417225914
1.17784635913769 1.2242044885072
1.05374548049964 1.0786818616781

0:1 1.43395481263645 0:1 1.5003196844828
1.31687706972736 1.3708625968616
1.19206935333486 1.2309538595848
1.06525719311210 1.0842024211896

0:12 1.43664749310913 0:18 1.5118821198339
1.31968466887168 1.3827801177440
1.19487937971909 1.2427251544163
1.06748354209275 1.0935813926334

b ¼ 0

d ¼ 0:2 d ¼ 0:4 d ¼ 0:6 d ¼ 0:8

0.3597839 0.3920832 0.4227940 0.4553374
0.3588239 0.3912132 0.4221210 0.4549991
0.3588000 0.3911897 0.4221006 0.4549872
0.3587987 0.3911883 0.4220993 0.4549863
0.3587985 0.3911881 0.4220991 0.4549862
0.3587985 0.3911881 0.4220991 0.4549862
0.3587985 0.3911880 0.4220991 0.4549862

b ¼ 0

d ¼ 0:2 d ¼ 0:4 d ¼ 0:6 d ¼ 0:8

0.3616931 0.3940646 0.4247977 0.4571087
0.3608007 0.3932910 0.4242337 0.4568503
0.3607663 0.3932572 0.4242047 0.4568335
0.3607643 0.3932552 0.4242027 0.4568322
0.3607641 0.3932549 0.4242025 0.4568321
0.3607641 0.3932549 0.4242025 0.4568320
0.3607641 0.3932549 0.4242024 0.4568320



Table 3
The albedo values for c ¼ 0:8, f1 ¼ 0:2, g ¼ 0 varying f2, forward and backward.

f2 ¼ � 0:08

N d ¼ 0 b ¼ 0

b ¼ 0:2 b ¼ 0:4 b ¼ 0:6 b ¼ 0:8 d ¼ 0:2 d ¼ 0:4 d ¼ 0:6 d ¼ 0:8

1 0.2691058 0.2262191 0.1724083 0.1013803 0.3422094 0.3765424 0.4100238 0.4468974
2 0.2682567 0.2256016 0.1720538 0.1012768 0.3411726 0.3756014 0.4092971 0.4465348
3 0.2682329 0.2255817 0.1720403 0.1012718 0.3411448 0.3755736 0.4092727 0.4465202
4 0.2682315 0.2255804 0.1720393 0.1012713 0.3411432 0.3755720 0.4092711 0.4465191
5 0.2682314 0.2255803 0.1720392 0.1012713 0.3411431 0.3755718 0.4092709 0.4465190
6 0.2682313 0.2255803 0.1720392 0.1012713 0.3411430 0.3755718 0.4092709 0.4465190
7 0.2682313 0.2255802 0.1720391 0.1012712 0.3411430 0.3755718 0.4092709 0.4465190

f2 ¼ 0:12

d ¼ 0 b ¼ 0

b ¼ 0:2 b ¼ 0:4 b ¼ 0:6 b ¼ 0:8 d ¼ 0:2 d ¼ 0:4 d ¼ 0:6 d ¼ 0:8

1 0.2713509 0.2286496 0.1749641 0.1037134 0.3443460 0.3787399 0.4122137 0.4487824
2 0.2705373 0.2280691 0.1746399 0.1036226 0.3433772 0.3779003 0.4116034 0.4485049
3 0.2705032 0.2280409 0.1746208 0.1036156 0.3433375 0.3778608 0.4115689 0.4484846
4 0.2705012 0.2280391 0.1746194 0.1036151 0.3433352 0.3778585 0.4115667 0.4484830
5 0.2705010 0.2280388 0.1746192 0.1036150 0.3433350 0.3778582 0.4115665 0.4484829
6 0.2705010 0.2280388 0.1746192 0.1036150 0.3433350 0.3778582 0.4115664 0.4484828
7 0.2705010 0.2280388 0.1746192 0.1036150 0.3433349 0.3778582 0.4115664 0.4484828
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the pure-quadratic anisotropic scattering, then the scattering
function is

f ðm;m0Þ ¼1þ 5f2P2ðmÞP2ðm0Þ (26)

The definition interval f2 is determined as f22½�0:2;0:4� by
using the same rule. But, there is a linear dependent relation be-
tween f1 and f2 in the presence of both of the scatterings. This linear
dependent relation is determined as

3f1 � 1
5

� f2 � 3f1
5

(27)

by using the same rule and taking the set of intersections between
f1 and f2. This interval was written for f1 because the linear aniso-
tropic scattering is more dominant scattering than the quadratic
anisotropic scattering. Mathematica software v.12.0 [34] was used
Table 4
The albedo values for c ¼ 0:8, f1 ¼ 0:3, g ¼ 0 varying f2, forward and backward.

f2 ¼ � 0:02

N d ¼ 0

b ¼ 0:2 b ¼ 0:4 b ¼ 0:6 b ¼ 0:8

1 0.2486893 0.2073941 0.1563186 0.0903775
2 0.2477801 0.2067398 0.1559487 0.0902720
3 0.2477530 0.2067172 0.1559333 0.0902664
4 0.2477514 0.2067158 0.1559322 0.0902659
5 0.2477513 0.2067156 0.1559321 0.0902658
6 0.2477512 0.2067156 0.1559321 0.0902658
7 0.2477512 0.2067156 0.1559321 0.0902658

f2 ¼ 0:18

d ¼ 0

b ¼ 0:2 b ¼ 0:4 b ¼ 0:6 b ¼ 0:8

1 0.2512097 0.2100882 0.1591012 0.0928463
2 0.2503296 0.2094663 0.1587584 0.0927522
3 0.2502911 0.2094345 0.1587370 0.0927445
4 0.2502889 0.2094325 0.1587355 0.0927439
5 0.2502886 0.2094322 0.1587353 0.0927438
6 0.2502886 0.2094322 0.1587353 0.0927438
7 0.2502886 0.2094322 0.1587353 0.0927438
in all calculations. Table 1 represents the discrete eigenvalues for
varying f1, f2, b and d.

Tables 2e4 represent the albedo values which are calculated by
Eq. (11) for c ¼ 0:8f1 ¼ 0:1, g ¼ 0 and varying selected f2 values.
Table 5 represents the albedo values for varying g values.

6. Conclusion

In this study; one-speed, homogeneous medium, plane geom-
etry and time-independent neutron transport equation for half-
space albedo has been investigated for the anisotropic scattering
which contains _In€onü’s scattering, linear and quadratic anisotropic
scatterings in Mika's anisotropic scattering function. To write the
solution, Case's eigenfunctions and the orthogonality properties
should be written for the scattering function of interest. There is
also a linear dependent relation in order to determine the
b ¼ 0

d ¼ 0:2 d ¼ 0:4 d ¼ 0:6 d ¼ 0:8

0.3227452 0.3594641 0.3961745 0.4379663
0.3216204 0.3584413 0.3953859 0.4375763
0.3215883 0.3584089 0.3953569 0.4375585
0.3215866 0.3584070 0.3953551 0.4375573
0.3215864 0.3584068 0.3953549 0.4375571
0.3215864 0.3584068 0.3953549 0.4375571
0.3215864 0.3584068 0.3953549 0.4375571

b ¼ 0

d ¼ 0:2 d ¼ 0:4 d ¼ 0:6 d ¼ 0:8

0.3251515 0.3619145 0.3985774 0.4399763
0.3240933 0.3609976 0.3979131 0.4396769
0.3240477 0.3609517 0.3978725 0.4396525
0.3240452 0.3609491 0.3978700 0.4396508
0.3240450 0.3609489 0.3978698 0.4396506
0.3240449 0.3609488 0.3978697 0.4396506
0.3240449 0.3609488 0.3978697 0.4396506



Table 5
The albedo values for c ¼ 0:8, f1 ¼ 0:1, f2 ¼ � 0:14, forward and backward for varying.g

c ¼ 0:8 f1 ¼ 0:1, f2 ¼ � 0:14

b ¼ 0:2 and d ¼ 0 ðforwardÞ
N g ¼ 0 g ¼ 1 g ¼ 2 g ¼ 3 g ¼ 4 g ¼ 5 g ¼ 6 g ¼ 7 g ¼ 8 g ¼ 9

1 0.2875967 0.2692079 0.2590674 0.2526693 0.2482730 0.2450691 0.2426318 0.2407158 0.2391704 0.2378977
2 0.2868021 0.2684446 0.2583050 0.2519013 0.2474983 0.2442881 0.2418450 0.2399240 0.2383743 0.2370977
3 0.2867814 0.2684337 0.2582982 0.2518968 0.2474951 0.2442858 0.2418435 0.2399231 0.2383737 0.2370976
4 0.2867802 0.2684335 0.2582984 0.2518971 0.2474956 0.2442863 0.2418440 0.2399236 0.2383743 0.2370982
5 0.2867801 0.2684335 0.2582985 0.2518972 0.2474957 0.2442864 0.2418441 0.2399237 0.2383744 0.2370983
6 0.2867800 0.2684335 0.2582985 0.2518972 0.2474957 0.2442865 0.2418442 0.2399238 0.2383745 0.2370983
7 0.2867800 0.2684336 0.2582985 0.2518972 0.2474957 0.2442865 0.2418442 0.2399238 0.2383745 0.2370983

b ¼ 0 and d ¼ 0:2 ðbackwardÞ
N g ¼ 0 g ¼ 1 g ¼ 2 g ¼ 3 g ¼ 4 g ¼ 5 g ¼ 6 g ¼ 7 g ¼ 8 g ¼ 9

1 0.3597839 0.3413852 0.3312436 0.3248465 0.3204515 0.3172490 0.3148129 0.3128981 0.3113536 0.3100818
2 0.3588239 0.3410050 0.3311891 0.3250012 0.3207524 0.3176579 0.3153048 0.3134558 0.3119649 0.3107375
3 0.3588000 0.3409927 0.3311512 0.3249313 0.3206515 0.3175291 0.3151516 0.3132811 0.3117714 0.3105274
4 0.3587987 0.3409926 0.3311515 0.3249341 0.3206586 0.3175411 0.3151687 0.3133034 0.3117987 0.3105595
5 0.3587985 0.3409926 0.3311515 0.3249342 0.3206584 0.3175404 0.3151672 0.3133010 0.3117952 0.3105548
6 0.3587985 0.3409927 0.3311516 0.3249343 0.3206584 0.3175405 0.3151674 0.3133013 0.3117957 0.3105555
7 0.3587985 0.3409927 0.3311516 0.3249343 0.3206584 0.3175405 0.3151674 0.3133012 0.3117956 0.3105554
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scattering coefficients, f1 and f2. This linear dependent relation is
found by taking the set of intersections for f1 and f2. The solution is
written according to the _In€onü’s results.

Case's method is a powerful method in order to write the so-
lution for the one-speed neutron transport equation. Moreover,
Case's method is well defined for Mika's scattering function,
_In€onü’s scattering function and the linear combination of these
scattering functions. This is an important result.

Albedo definitions are written for the selected surface neutron
distributions. Calculations have been performedwith HN (Modified
FN) method and the convergent results are obtained like CN
method results in the earlier different problems. The method also
gives convergent numerical results for this study.

According to the tabulated values:

1 Since the net incoming neutron flux decreases by the increasing
g, the albedo values decrease by the increasing g number. This
expectation seems true according to Table 5.

2 Albedo values decrease by increasing linear anisotropic scat-
tering coefficient. This decline is fast for the increasing b, and
slowly for increasing d.

3 Albedo values decrease by increasing forward scattering in the
case of certain f1 and f2. This is an expected result because the
increasing forward scattering gives attribute to incoming flux.
While albedo values increase by increasing backward scattering
in the case of certain f1 and f2. This is an expected result because
the increasing backward scattering gives attribute to outgoing
flux.

4 The albedo values for the backward scattering is bigger than
forward anisotropic scattering in the case of certain f1 and f2
because the effect of backward scattering gives the attribute to
the outgoing neutron flux.

According to the results, _In€onü’s scattering or forward-
backward scattering becomes the dominant scattering. The varia-
tion of the albedo values for the certain forward or backward
scattering is changed more quickly than the variation of linear-
quadratic anisotropic scattering. The linear anisotropic scattering
is more dominant scattering than the quadratic anisotropic scat-
tering for the certain forward or backward scattering. This is an
expected result because the linear anisotropic scattering is pro-
portional to the multiplication of P1ðmÞ and P1ðm0Þ, and the
quadratic anisotropic scattering is proportional to the multiplica-
tion of P2ðmÞ and P2ðm0Þ.
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