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Abstract 

 
In the design of production system, buffer capacity allocation is a major step. Through 
polymorphism analysis of production capacity and production capability, this paper 
investigates a buffer allocation optimization problem aiming at the multi-stage production 
line including unreliable machines, which is concerned with maximizing the system 
theoretical production rate and minimizing the system state entropy for a certain amount of 
buffers simultaneously. Stochastic process analysis is employed to establish Markov models 
for repairable modular machines. Considering the complex structure, an improved vector 
UGF (Universal Generating Function) technique and composition operators are introduced to 
construct the system model. Then the measures to assess the system’s multi-state reliability 
and structural complexity are given. Based on system theoretical production rate and system 
state entropy, mathematical model for buffer capacity optimization is built and optimized by 
a specific genetic algorithm. The feasibility and effectiveness of the proposed method is 
verified by an application of an engine head production line.  
 
 
Keywords: Multi-state reliability; structural complexity; repairable production system; 
buffer allocation 
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1. Introduction 

1.1 Research motivation 

For a production system, there are various uncertainties that will seriously affect the normal 
operation of themselves [1]. Although flexibility of a production system itself sometimes 
compensates for some certain uncertainties, it has a limited effect. In most cases, the 
relationships between production uncertainties and flexibility are balanced by arranging a 
certain number of buffers between workstations [2]. The problem that how to make the 
buffer stations have enough space to store the WIP (Work in Process), and minimize the 
equipment cost and maintenance cost brought by the intermediate buffers, while avoiding 
time waste and logistics interruption due to excessive travel of WIP in intermediate buffers, 
and maintaining the reliable, controllable and stable operations has always been a key issue 
in the design of production systems [3-10]. Among them, system modeling and analysis are 
the basis for the buffer capacity distribution problem, and the optimization method is the 
means to obtain reasonable allocation solutions [11, 12]. Therefore, based on the analysis of 
multi-state reliability and structural complexity, it is of great significance to study the 
allocation planning method and optimization algorithm of buffer capacity for production 
system design. 

1.2 Literature review 

1.2.1. System reliability research 
Reliability is an extremely important indicator for performance measure of production 

systems. The complexity of reliability depends on the rather complex relationship between 
all machine and equipment events that happen asynchronously on discrete time. As well as 
machine failures, we also need to consider machine congestion, lack of materials and 
reduced operation [13]. Therefore, with the continuous expansion of the scale of production 
system and the complexity of the structure, reliability becomes more and more important 
[14, 15]. 

The reliability model is a mathematical model used to describe the logical relationships 
of failures between production systems and equipment, and it is an essential part of 
reliability assessment. In recent years, with the rapid development of reliability modeling 
technology, the reliability modeling methods for complex systems have also matured [16-20]. 
In binary reliability structure, there are only two states for a component: complete 
performance and complete failure, that is, only "yes" and "no" binary values are used to 
describe whether a system can perform the specified functions. However, in a production 
system, the system or equipment tends to present multiple states which are distributed from 
optimal operation to complete failure. In different states, a system or equipment has different 
performance levels, that is, both the system and the equipment can be called multi-state 
system [21]. The reliability analysis theory provides a new train of thought for the research 
of multi-state production system [22, 23]. Unlike the traditional analysis methods, the 
recently proposed UGF is more time-saving and more efficient. It is an important approach 
in modern discrete mathematics, which allows algebraic methods to replace combination 
operations to calculate the performance distributions of multi-state systems. So this approach 
is a powerful tool for large-scale multi-state production system reliability modeling [24-27]. 
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1.2.2 System complexity research 
In the study of advanced production systems, system complexity is a very prominent 

problem. Traditionally, complexity can be classified into two types, namely static 
complexity which is also called structural complexity and dynamic complexity which is also 
called operational complexity. As an inherent characteristic of engineered system, structural 
complexity is time-independent. As a characteristic concerned with the operational behaviors 
of engineered system, dynamic complexity is time-dependent [28]. How to survey the 
complexity of production systems and effectively control and manage it has important 
practical significance for the design, analysis and operation control of production systems. It 
has also become one of the hot issues in the field of advanced manufacturing in recent years 
[29, 30]. The structural complexity of a production system is the amount of information 
needed to describe the states that each production resource under static states is expected to 
have, while information entropy is an effective way to quantitatively evaluate the 
uncertainties of a production system.  

Manufacturing Systems Group at Oxford University first applied information theory to 
complexity assessment of production systems. Since then, Frizelle et al. proposed two kinds 
of models to measure the complexity of production systems after analyzing their dynamic 
queuing behaviors [31, 32]. Efstathiou et al. demonstrated that the system entropy is equal to 
the complexity of the production system and divided it into three categories, namely 
structural complexity, dynamic complexity and decision-making complexity [33]. 
EIMaraghy et al. used the information entropy to evaluate the production systems’ 
complexity by analyzing the main elements such as machining equipment, intermediate 
buffers, logistics equipment, and their interconnection and interdependencies [34-37]. 
Modeling and optimizing of model assembly line system with serial, parallel and hybrid 
configurations are studied by Hu et al. These configurations can be applied to product 
assembly sequence planning and configuration selection of assembly systems [38-41]. Some 
other scholars have also used different methods to measure the complexity of production 
systems from different perspectives such as operational complexity [42] or dynamic 
complexity [43].  

Most of the literatures on production system complexity just referred to individual 
resources. Almost modeling methods are based on the assumption of state independence and 
the system complexity is usually obtained by simple superposition of resource complexity. 
But in fact, our concern is the complexity of the entire system rather than that of individual 
resources. Therefore, modeling and measuring the production system complexity in the mass 
not only helps us understand and grasp the uncertainty on system level, but also seems more 
reasonable. In addition, system resources are related and interact with each other, in fact, the 
assumption that mentioned above is not always true, and sometimes there will be some 
coupling between resource states. For example, in machining production lines, the buffer 
states will affect the machining equipment. Therefore, the complexity of the entire system is 
not a simple superposition of the amount of information on each resource. Furthermore, 
almost existing studies focus on theoretical research and ignores the applications in practice. 
How to apply complexity theory to production practice has become an important issue. 

1.2.3 Buffer allocation research 
The buffer capacity allocation problem of production systems mainly includes two 

categories: one is to solve the minimum total capacity when the system productivity is 
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determined, and the other is to maximize the system productivity by optimal allocation when 
the total buffer capacity is determined [44]. It is important and complex in production line 
designing. As a result, it has been studied for more than fifty years with lots of research 
publications in the literature.  

To guarantee the expected production rate in unreliable machine serial line, Enginarlar 
et al. researched the lowest buffering level [3]. Oriented for the buffered production line, 
Konishi researched blocking and starving under the background of nonlinear dynamics and 
put forward a strategy to avoid blocking and starving based on frequency response and 
H∞-norm [5]. By blancing the shortage cost, holding cost, repair cost for warranty, rework 
cost, material cost, labour/energy costs and cost for maintenance, Sankar solved the optimum 
buffer level problem and production run time problem [7]. To maximize the average system 
production rate and minimize the total buffer size, Kose et al. proposed a simulation 
optimization method based on hybrid evolutionary algorithm and optimized the above two 
conflicting objectives [8]. Sabry and Dmitriev studied the assembly line function having the 
characteristic of reliable, unpaced merging and asymmetric buffer storage sizes [10]. 
Oriented for mutiple key performance measures of production systems, Shaaban et al. put 
forward a MOO method to search and analyze the supreme patterns of buffer allocation and 
workload imbalance [12]. Aiming at the optimization of unreliable and imperfect production 
system, Radhoui et al. developed an integrated model based on quality control, preventive 
maintenance and buffer allocation sizing [45]. Walid et al. explored the influence of buffer 
allocation size on decreasing the impact of production line blocking and starvation, tested the 
performance indicators and solved the throughput problem of an automatic multi-product 
production line [46]. To optimize the production system with unreliable machines and 
inter-operational buffers, Matta et al. proposed an output function Kriging 
approximation-based sequential search method with limited capacity approximated by 
analytical models [47]. Papadopoulos et al. experimentally studied a total of 105 different 
serial production line buffer allocation problem using five different search methods including 
tabu search, genetic, simulated annealing, myopic and complete enumeration to record the 
throughput achieved and CPU time required [48]. By extending the existing column 
generation algorithm, Alfieri et al proposed a row-column generation algorithm to solve the 
approximated buffer allocation problem in transfer and assembly/disassembly multi-stage 
production systems [49]. Renna investigated the buffer allocation problem with preventive 
maintenance policy, and presented a dynamic control of the buffers’ level and the interval 
between two consecutive preventive actions [50]. Motlagh et al address a novel problem 
considering two sets of decision variables and three objective functions in actual unreliable 
production lines, and developed an optimization method based on Design of Experiments 
and Response Surface Methodology [51]. These scholars have only studied the buffer 
allocation problem from a certain aspect. 

However, apart from them, there are several reviews by Park [52], Gershwin [44], 
Demir [53]. In addition, Weiss et al. took the most comprehensive survey on the current 
technical level about buffer allocation problem in production lines. In this article, they 
classified and reviewed the literature on buffer allocation problem about different types of 
the optimizing problem, the application approaches and the consideration of actual or 
common cases [54].  

Based on the above literature review, the following limitations can be drawn: 
 Non-serial multi-stage manufacturing systems are widely employed in industrial 

practices. However, the past studies on buffer allocation problems used to works on 
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transfer lines with identical jobs entering the system rather than non-serial 
multi-stage production lines which focuses on the diversity of production capability 
and the size of production capacity simultaneously. In the multi-product repairable 
production lines, elements (manufacturing machines, material handling equipment, 
etc.) and system may be in different states, from normal operation to complete 
failure, related to product diversity and production rate within a prescribed period 
due to the polymorphism of machines, system configurations, and intermediate 
buffers. It is a unique repairable multi-state manufacturing system with finite buffer 
stations for production of a product family. 

 Most of the researches on unreliable buffer allocation are focused on single 
objective function, and their popular objective functions considered in the literature 
are throughput (production rate) maximization and total cost minimization. As the 
scales and flexibilities of production lines expand and their structure become more 
complex, it is increasingly important to make them more productive and predictive 
simultaneously with multiple contradictory objectives of maximizing system 
multi-state reliability and minimizing system structural complexity. But actually, 
all related literature surprisingly lacks the consideration of them. 

 Although simulation method is one of the popular evaluation methods for 
unreliable buffer allocation problems and it can deal with real-world systems with 
large scale problems, probabilistic parameters, uncertainties, etc., it is essentially an 
approximate method which can only provide an estimation for the actual 
throughput rate. In some cases, the approximation level of the method can have a 
negative impact on the solutions, and the time complexity can be relatively large.  

 For buffer allocation problems, modeling is the first and crucial step for searching 
the optimal solutions. So in both reliability and complexity evaluations of the 
manufacturing systems, we must obtain all the final states accurately by an 
appropriate multi-state modelling method. Some traditional techniques such as 
Bayesian network, Petri net, Binary decision diagram, etc. don’t work for 
multi-state manufacturing systems due to great number of system states.  

 The recently emerged Universal generating function technique has been proved to 
be effective for the reliability evaluation of multi-state manufacturing system 
without buffer stations, but were hardly used in the evaluation of system 
complexity nor in solving buffer allocation problems of multi-state manufacturing 
system with finite buffer stations integrated with stochastic process and generic 
algorithm. 

The proposed research in this paper overcomes the above limitations in the respect of 
below:  

 In order to describe the diversity of production capability and the size of production 
capacity simultaneously in one function, we propose an improved vector Universal 
Generating Function and two composition operators by extending the dimensions 
of traditional Universal Generating Function. Hence, the reliability of non-serial 
multi-state repairable production line with finite buffers is measured through 
analysis of the effects of the buffers’ states on the machines’ states and 
decomposition of the system configuration. By replacing combinational operation 
with the algebraic operation, the problem of combination explosion during 
reliability modeling with stochastic process method is eliminated. 

 For the sake of cover the shortage that traditional complexity models are based on 
the assumption that all states are mutually independent, structural complexity 
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model of multi-state manufacturing system with finite buffers using state entropy is 
introduced combining with the improved vector Universal generating function. 
This technique can evaluate the system structural complexity precisely from the 
system level meanwhile overcome the shortcomings of the existing methods with 
the assumption of state independence and ensure the accurate and quantitative 
evaluation of system state uncertainties. 

 Taking system multi-state reliability and system structural complexity as the 
optimization objective functions, buffer stations of the production line are 
optimally configured with the tools of extended vector Universal generating 
function and Genetic algorithm. This method can formulate the buffer allocation 
problems as a function of the system structure and the performance distributions of 
its elements, and discover the optimal composition of all the factors influencing the 
entire system performance subject to specific constraints efficiently. The 
optimization solutions gives some practical proposals for the designing and 
planning of multi-product repairable production lines with multiple stages and 
non-serial configurations, such as engine-head machining lines.  

1.3 Outline 
Our paper’s rest is organized as follows. In Section 2, we describe the multi-product 

reparable production system and propose 6 assumptions as the basis of following study. In 
Section 3, we give all the details of our machine modeling method. The full calculation 
procedures for the vector UGF of the entire system and their composition operators are 
defined in Section 4. In addition, we also give two indicators, multi-state reliability and 
structural complexity, as well as their measures in this section. In Section 5, optimal 
allocation method of buffer capacity including the problem formulation, the optimization 
approach and equality constraints are illustrated. Then, case study is followed in Section 6 
and conclusion is followed in Section 7. 

2. Statement of the problem and several assumptions 
It is supposed that there is a multi-state production line which is repairable and 

serial-parallel. There are m unreliable workstations and m-1 intermediate buffer for part 
family { }1 2, , , KP P P= ⋅⋅⋅P . For each workstation, all machines are the same, but the number of 
machines may be different. Between each two workstations of the production line, there are 
several buffer stations. We suppose that the jth machine in workstation i is represented as Mi, 
and the performance level number is mij, which can be expressed by vector { }1, ,

ijij ijmij= ⋅⋅⋅g g g , 
here the performance level of Mij in state k is denoted by gijk with k=1,…, mij. We use gij1 to 
express the worst performance state, while 

ijijmg  is the best performance state. In multi-state 
production lines, the best performance state means that the machine is working at the highest 
speed for each part of the part family, and the worst performance state indicates that the 
machine is in complete failure and therefor its production rate for each part is zero. 

( )ij tG  is the performance rate. When 0t ≥ , ( )ij tG  is a random variable and ( )ij ijt ∈G g . 
( )ij tG corresponds to the state and probability: 

( ) { }1, ,ij ij ijX t m∈ = ⋅⋅⋅x , { }1 2, , ,
ijij ij ij ijmp p p= ⋅⋅⋅p  
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The total number of combinations of system states corresponding to all machine states 
is: 

1 1

inm

ij
i j

K m
= =

=
 
 
 

∏ ∏  

where ni is the number of machines in workstation i. 
For the sake of assessing the comprehensive system performance distribution in detail, 

it is necessary to clarify all possible performance and corresponding state probabilities. The 
aim is to describe multiple attributes more clearly. Based on the following assumptions, this 
paper studies the reliability modeling of repairable production line with finite buffer stations. 

(1) The research object is a non-serial repairable production line. When the machines in 
the system are broken down, they can be repaired in time and can completely restore normal 
working performance.  

One of the most important properties of the exponential distribution is memoryless 
property, that is, the probability of an event occurring over a period of time has nothing to do 
with the elapsed time when no event has occurred. In many practical situations, this property 
is very realistic. This is why exponential distributions are widely used to model processing 
time, failure time, and repair time. Here, we assume that the processing time, mean time 
between failures and repair time of each machine utilized in this paper follow the 
exponential distributions of parameters ωij (production rate), λij (failure rate) and μij (repair 
rate), respectively. 

(2) With regard to all part types in the part family, finite capacity of each buffer station 
remains unchanged and no fault exists in the transfer of the workpiece to the buffer station. 

(3) Matching with the production rate, the time to process the workpiece stored in or 
taken out of the buffer is very short. As a result, we usually neglect it. 

(4) For all the machines located in the first process, they have enough workpieces to 
process. So the idle phenomenon due to material shortage will not appear. At the end of the 
process, all the machines have a library of sufficient capacity, and the output is not blocked. 

(5) If buffer station i is full, we will close all machines of the upstream station after 
processing an additional workpiece. If the system does not fail, all the machines in the 
downstream station will remain in operation.  

(6) If there is no workpieces to be processed for buffer station i, the downstream station is 
idle and standby due to lack of material. 

3. Machine modeling 

3.1 Multi-state machine’s Markov model 
Machines have different state of operation, such as perfect performance, degraded 

performance and complete failure. Additionally, the transitions among non-adjacent states 
are also existed. The diagram of transition among non-adjacent state is shown in Fig. 1. 
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mij mij-1 1… 2
( )1ij ijm m

λ
−

2ijmλ

1ijmλ

( )1 1ijm
λ

−

( )( )1 2ij ijm m
λ

− − 32λ 21λ

12µ23µ
( )( )2 1ij ijm m

µ
− −( )1ij ijm m

µ
−

2 ijmµ ( )1 1ijm
µ

−

1 ijmµ
 

Fig. 1. Diagram of transition among non-adjacent state of machines 

Because of the machine failure and repair, the state transition happens. Here, we use the 
state transition density λ, μ to express the failover density (failure rate) and the repair transfer 
density (repair rate). Then, we use Equation (1) to express a multi-state machine which has 
state repair and state failure between non-adjacent states. 

1 1

1 1

d ( )
( ) ( )

d

ij ij
ij

ij ij ij

m m
ijm

ijr rm ijm m r
r r

p t
p t p t

t
µ λ

− −

= =

= −∑ ∑  

1 1

1 1 1 1

d ( )
( ) ( ) ( )

d

ij ijm mk k
ijk

ijr rk ijk kr kr ijr rk
r k r r k r

p t
p t p t p t

t
λ λ µ µ

− −

= + = = + =

 
= − + +  

 
∑ ∑ ∑ ∑          (1)        

1
1 1 1

2 2

d ( )
( ) ( )

d

ij ijm m
ij

ij r r ijr
r r

p t
p t p t

t
µ λ

= =

= − +∑ ∑       

where k=2, …, mij-1, ( )
1

1
ijm

ijk
k

p t
=

=∑  and ( ){ }Prijk ij ijkp G t g= = . 

Assuming that the machine is always in the optimum state mij, the performance value 
corresponding to it is 

ijijmg . As the result, for Equation 1, the initial conditions are as 
follows: 

(0) 1
ijijmp = , ( 1) (0) 0

ijij mp − = , ⋅ ⋅ ⋅ , 2 (0) 0ijp = , 1(0) 0ijp =  

Each production line only needs one steady-state solution. In Equation 1, the left side is 
all zero, then Equation 1 can be reduced to Equation (2). 

1 1

1 1
( ) ( ) 0

ij ij

ij ij ij

m m

ijr rm ijm m r
r r

p t p tµ λ
− −

= =

− =∑ ∑  

1 1

1 1 1 1
( ) ( ) ( ) 0

ij ijm mk k

ijr rk ijk kr kr ijr rk
r k r r k r

p t p t p tλ λ µ µ
− −

= + = = + =

 
− + + =  

 
∑ ∑ ∑ ∑               (2) 

1 1 1
2 2

( ) ( ) 0
ij ijm m

ij r r ijr
r r

p t p tµ λ
= =

− + =∑ ∑     

If we use the steady-state probability of the different states of the computing machine, 
the calculation amount will be greatly reduced. An instance of a machine conversion with 4 
different states is shown in Fig. 2. 
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Fig. 2. Machine conversion diagram for 4 different states 

In the steady state, the state conversion probability formula and theoretical steady-state 
probability are shown as follows: 

( )
( )

( )
( )

11 14 12 24 13 34 14 41 42 43 11

11 13 12 23 13 31 32 34 14 43 12

1311 12 12 21 23 24 13 32 14 42

1411 12 13 14 12 21 13 31 14 41

0 0.0253
0 0.0619

0.05910
0.85370

p p p p p
p p p p p

pp p p p
pp p p p

µ µ µ λ λ λ

µ µ λ λ µ λ

µ λ µ µ µ λ

µ µ µ λ λ λ

+ + − + + = =
 + − + + + = =

⇒  =− + + + + =
 =− + + + + + =






   

Ordinary machines usually have only two states: normal operating state and full fault 
state. Here, we use 2 to represent the normal operating state and use 1 to represent the full 
fault state. State transitions happen from states 2 to 1 or from 1 to 2. Fig. 3 shows the state 
transition of the normal machine. 

2 1
λ21

μ12  
Fig. 3. State transition of ordinary machines 

We reduce the state transition probability formula of general machines to Equation (3) 
based on Equation (1). 

                             
2

1 12 2 21

1
1 12 2 21

d ( )
( ) ( )

d
d ( )

( ) ( )
d

ij
ij ij

ij
ij ij

p t
p t p t

t
p t

p t p t
t

µ λ

µ λ


= −


 = − +

                        (3) 

where 1 2 1ij ijp p+ = .  

Here, we assume that the left side of Equation (3) is zero, then we can express the 
steady state availability of general machines as follows: 

12
1

12 21
ijp µ

µ λ
=

+
                                    (4) 
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3.2 State probability calculation 
We choose the adjacent three stations of the system for study to ensure the proposed 

method to be more general. As shown in Fig. 4, the buffer layout is given. In station Si-1, Si 
and Si+1, the machine number is d, e and f, respectively. In station Si, Mi1, Mie represent the 
1st and e-th machines respectively, while 1iM% and ieM% denote the 1st equivalent machine and 
the e-th equivalent machine individually. Bi is the i-th buffer station. 

 
Fig. 4. A production line which has multiple buffer stations 

Then, bi is used to represent the capacity of the i-th intermediate buffer Bi, ωi is used to 
denote the productivity of the previous station, and ωi+1 is used to denote the productivity of 
the latter station. Next, by establishing the state transition equation of the i-th intermediate 
buffer r[55], we can obtain the steady state solution. Then the probability of having k 
(k=0,1,...,bi) workpieces in Bi  is as follows: 

1

(1 )
1 i

k
B i i
ik b

i

p
ρ ρ

ρ +

−
=

−
                              (5) 

where 1/i i iρ ω ω += . When 1i iω ω += , 1iρ =  and 1/ ( 1)B
iikp b= + . 

Bi has different states during operation. These states are defines as partially empty, 
empty full, partially full and full, respectively. We can obtain their corresponding 
probabilities as follows. 

State1: When Bi is full, 

1

(1 )
1

i

i i

b
B i i
ib b

i

p
ρ ρ

ρ +

−
=

−
                            (6) 
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State2: When Bi is partially empty,  

1

1
1

1

i

i ii

b
B B i

ib bib
i

p p
ρ
ρ +

−
= − =

−
                          (7)     

State3: When Bi is empty, 

0 1

1
1 i

B i
i b

i

p
ρ
ρ +

−
=

−
                              (8) 

State4: When Bi is partially full, 

0 10

(1 )
1

1

i

i

b
B B i i

i bi
i

p p
ρ ρ

ρ +

−
= − =

−
                            (9) 

In workstation Si, if Bi is full, all machines will be stopped for the reason of overloading. 
In workstation Si+1, if Bi is empty, all machines will be stopped for the reason of lack of 
material. Thus, in workstation Si, all machines can only work normally only if Bi-1 is partially 
empty or partially full. For the machines of workstation Si, the availability of Bi is B

kp . For 

the machines of workstation Si+1, the availability of Bi is 0
Bp . 

Considering both the upstream and downstream buffers, machine Mij can have 4 
conditions when it is in state k (k=2,…,mij) in workstation Si ( 2 1i m≤ ≤ − ): 

(1) The probability can be obtained when ijM is working normally as follows: 

( )

( ) ( )
( )( )

1

1

1 1

1 0 1 1
1

1 1

1 1

i i

i i i

b b
i i iB B

ijk ijkibi b b
i i

p p p p
ρ ρ ρ

ρ ρ

−

−

− −

− + +
−

− −
=

− −
                 (10) 

(2) When ijM is in lack of material, the probability can be obtained while output is 
normal as follows: 
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(3) When Mij’s input is normal, the probability can be obtained while output is blocked 

as follows: 
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(4) When ijM is in lack of material, the probability can be obtained while output is 
blocked as follows: 
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Equations (10)-(13) are used to calculate the probabilities of machine Mij, in different 
conditions considering the influence of both the upstream and downstream buffer states. 
Equations (11)-(13) gives the probabilities that machine doesn’t work normally due to 
machine and buffer failures. Hence, in state k, the steady-state probability of machine ijM is as 
follows: 
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In state k, the probability of machine ijM  not being able to be maintained because of 
being blocked, lack of material or machine failures can be obtained as follows: 

 

     ( )( )
( )( )

1

1

1 1

1 1
1

1 1
1

1 1

i i

i i

b b
i i i

ijk ijkb b
i i

p p
ρ ρ ρ

ρ ρ

−

−

− −

+ +
−

 − −
 = −
 − − 

                   (15) 

It’s assumed that all the machines have enough workpieces in the first workstation. Then, 
we can obtain the actual steady-state probability 1 jkp%  of machine M1j in state k (2 ≤ k ≤ mij) as 
shown in Equation (16). Further, we can also obtain the non-steady-state probability 1 jkp  of 
machine M1j in state k (2 ≤ k ≤ mij) as shown in Equation (16). 
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In the last workstation, we assume that all the machines have enough stock space to 
ensure smooth output. Then, in state k (2 ≤ k ≤ mij), we can obtain the actual steady-state 
probability and non-steady-state probability of machine Mmj of workstation Sm as follows: 
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The probability of failure of the machine Mij without the consideration of the influence 
of buffer states is as follows: 

 
1

2
1
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ij ijk
k

p p
=

= −∑                            (18) 

For the machine Mij, the failure probability equivalence considering the buffer state is as 
follows: 

1 1
2 2

1
ij ijm m

ij ijk ij ijk
k k

p p p p
= =

= − = +∑ ∑% %                     (19) 
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Therefore, it can be conclude that Mij is equivalent to ijM%  by equations (14)-(19). Then 
we can convert the original production system into an equivalent system which is shown in 
Fig. 4. 

3.3 Machine UGF calculation 
When there are enough machines, buffer stations, auxiliary equipment and logistics 

equipment in the whole system, the state space will be increasing exponentially. This 
problem is very difficult to solve. Here, we can use UGF method as an effective tool. 
Considering the effects of buffer states, the function uij(z), which represents the performance 
rate of machine Mij, can be derived from the following equation: 

( )
1

ij
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k
pu z z

=
=∑ % g                           (20) 

where ijkp% is the actual steady-state probability and ijkg  is the performance vector. 
When the machine is processing different workpieces, it also has different steady-state 

probabilities, which can be represented by vectors, so the early U function evolves to: 

( )
1
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m

k
u z z

=
=∑ % gp                             (21) 

where ijkg is the performance vector and ijk%p is the actual steady-state probability vector 
corresponding to the performance vector ijkg  

4. System modeling 

4.1 System UGF calculation           
The probability and performance rate for each state are represented by the same vector 

size as the artifact type. Therefore, we can divide the equivalent production system into 
independent serial subsystems and parallel subsystems.  

Then we can obtain the U-function ( )sU z%
 of the system by recursive decomposition 

and assess the final result by operators (parallel and serial) and equivalent modules. 
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where (1) ( )1U z% , ( )2U z% are the u-functions of equivalent subsystem 1, 2; (2) c1, c2 are the state 
number in equivalent subsystem 1, 2; (3) 1i%p , 2 j%p are the probability vectors which are 
corresponding to performance  vector 1ig , 2 jg . T1 2

1 1 1 1
K

i i i ip p p =  % % % %Lp ,
T1 2

2 2 2 2
K

j j j jp p p =  % % % %Lp ; (4) ( )sU z%  is the u-functions of the entire system S composed of 
equivalent subsystem 1 and 2. 

Serial composition operator in vector is defined as: 
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Parallel composition operator in vector is defined as: 
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For a serial-parallel production system, the process of calculating the U-function of the 
system is as follows: 

(1) Considering the buffer state, the structure of the equivalent system is decomposed. 
(2) The UGF of all parallel equivalent subsystems is calculated by parallel composition 

operator and equation (21). 
(3) The serial-parallel hybrid production system can be simplified to the serial-parallel 

hybrid production system. 
(4) By a series of combinatorial operators, the ( )SU z% of the entire equivalent system is 

calculated which is shown in Fig. 5. 

 
Fig. 5. Decomposition of systems. 

4.2 System multi-state reliability 
For a multi-state production system, we define a parameter by improving the classical 

reliability index to depict its reliability behavior. Reliability, which is a performance 
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indicator that the system meets certain performance levels, can be evaluated by the operator 
Eδ  using the system theoretical productivity ES(z). 

( ) ( )( )E E
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M M

i i

s s s
s s i i iz U z zδ δ

= =

= = = 
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∑ ∑% gE p p g                        (25) 

4.3 System structural complexity 
State identification and calculation is the fundamental for studying the structural 

complexity of a production system, which depends on the research purpose and granularity of 
the production system. Different focuses will result in different state recognitions and state 
number. Actually, we generally pay more attention to the overall performance of the 
production system. From the standpoint of operability, events related to the production 
capacity of the production system are taken as states utilized to complexity calculation. For 
example, full-operation state, failure state, and a variety of discrete degraded states between 
them.  

Let the system have a total of M states, and the state vector space is 

{ }1 2, , ,s s s
s M= Lg g g g  

where the corresponding probability vector space is 

{ }1 2, , ,s s s
s M= Lp p p p  

the i-th state vector and probability vector respectively are 

1 2
s s s s
i i i iKg g g =  

T
Lg , 1 2

s s s s
i i i iKp p p =  

T
Lp  

Entropy is a measure of information content and its eigenvalues represent the degree of 
uncertainties of the existing and operating states of the system. It is widely used to measure 
uncertainties in deterministic phenomenon. The greater the information entropy is, the greater 
the uncertainties of the system is. For a particular system, its information entropy is a certain 
value. According to the definition of information entropy, the state entropy of the production 
system can be defined as 

                           
2

1 1
log

M K
s s

s ij ij
i j

H p p
= =

= −∑∑                            (26) 

where s
ijp  is the probability corresponding to the state s

ijg , 1 i M≤ ≤ . 
It can be seen from the model that the control of the resource states from the micro level is 

transformed into the control of the output states of the entire production system on the macro 
level. This not only makes it possible to establish a more accurate measurement model for the 
production system complexity, but also to grasp the complexity of the entire system from a 
higher level. That is, if the entire production system is viewed as a whole, it is only necessary 
to plan and control the states of the entire system without having to identify the states of 
individual production resources. 

In addition, according to the information entropy theory, the larger the system entropy 
value, the greater the uncertainties and unpredictability of the system states, and the more 
unstable the system performs. At the same time, the amount of information needed to 
understand the system is greater. Using Equation (14), we can accurately measure the 
complexity and quantitatively analyze the states of the production systems, that is, we can 
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more precisely understand the structural complexity of the production system to evaluate the 
system design. 

5. Buffer allocation 

5.1 Optimal allocation model 
Generally, for the buffer capacity configuration problem, we can establish different 

optimization models according to different optimization goals, such as solve the minimum 
buffer capacity under the premise of satisfying the average productivity of the system, or given 
the total buffer capacity, optimize the maximum system productivity. When establishing the 
buffer optimization model, what kind of indicator is selected as the objective function can be 
reasonably determined according to practical requirements. In fact, in the globalized and 
interrelated market, demand fluctuation which is along with the requirements of low cost, high 
product quality, high customization and short lead time, may lead to a rise in production 
complexity. For a production system, its structural complexity is related to the configuration 
and structure of itself, the type and number of its machining parts, the type of elements of 
itself (such as material handling vehicles, buffer stations, machines) and their 
interdependencies and interconnections.  

In order to ultimately design and plan a more productive and predictive manufacturing 
system, the nonlinear behavior of the production system should be understood and controlled 
[29, 30]. So, a mathematical model for buffer capacity optimization allocation based on the 
reliability and complexity of the production system is established in this paper. 
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where s
jE is the j-th component of system theoretical production rate, that is, the theoretical 

productivity that can be achieved when the system is machining part jP . s

j
E∑ represents the 

sum of theoretical production rates that can be achieved when machining part family
{ }1 2, , , KP P P= ⋅⋅ ⋅P ；α and β  are weight coefficients. ib  represents the capacity of the i-th buffer 

station. B denotes the maximum total buffer capacity allowed in the system. MINb denotes the 
minimum buffer capacity allocated to each buffer station and MIN 4b = in discrete systems [56]. 

MINE is the minimum theoretical productivity that should be achieved when machining each 
part. Constraint (28) is the upper bound of total buffer capacity. Constraint (29) is the lower 
bound of each buffer capacity. Constraint (30) denotes that the machining capability for each 
part is not less than the minimum theoretical productivity allowed. 
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5.2 Optimal allocation algorithm 
Buffer capacity allocation is a typical combinatorial optimization problem. It can be seen 

from the mathematical model established in the previous section that the model is an integer 
linear programming model. When the number of machining equipment and buffers to be 
allocated increase, it is difficult to solve the problem and obtain an optimal solution in 
polynomial time. In this paper, we utilize the genetic algorithm to find the optimal solution of 
buffer allocation model. The related settings and processes are as follows: 

(1) Chromosome representation: in this paper, we utilize integer to represent the 
parameter space. Suppose that there are nine buffer stations in a production line that need to be 
allocated capacity, and the order in which the parts flow through the buffer is 1 9b b→  , then 
the encoded buffer stations are represented as the chromosome shown in Fig. 6. 

 
b1 b2 b3 b4 b5 b6 b7 b8 b9  

Fig. 6. Schematic diagram of chromosome structure. 

(2) Population initialization: define the population size _pop sizeN  and randomly generate 

_pop sizeN  individuals. Since the number of parts that can be stored in the buffer stations can 
only be a positive integer, each gene in the chromosome is a positive integer satisfying 

MIN ib b B≤ ≤ , wherein the value of the first gene position is a natural number that is not greater 

than ( )- -1B m , the others are not greater than ( )
-1

1

- -1- -
i

i
bB m i ∑ . 

(3) Fitness function computation: firstly, calculate the theoretical production rate s

j
E  

when machining jP , sum all the theoretical production rates of part family { }1 2, , , KP P P= ⋅⋅⋅P , 
get the system state entropy sH  based on section 2 - 4, and then define the fitness function as 
follows: 
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where ξ is a penalty factor. std denotes the standard deviation function. INFP is the number of 
infeasible solutions, and accordingly the number of feasible solutions is F _ INFpop sizeP N P= − . 
Γ is the feasible collection. ξ can be obtained by [56] 
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where std is the standard deviation function, ( )1 1
, ,

m
G b b

−
L  refers to the degree that the solution 

violates the boundary conditions, and define it as follows: 
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(4) Genetic operators: the selection operation uses a combination of elite preservation 
strategy and roulette selection. Individuals with the highest fitness use elite conservation 
strategy that replicate directly to the next generation without crossover and mutation. Using 
the roulette method, the probability of selecting each individual is calculated according to the 
fitness of the individual and the sum of the group fitness. Consequently, a new population is 
generated. 

Use the adaptive strategy to control the crossover probability and mutation probability: 
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where if , 1if − are the average fitness of the i-th and (i-1)-th generation population; 
0.5 1.0cp≤ ≤ , 0 0.2mp≤ ≤ , cp∆ and mp∆  need to be determined according to the actual 
situation. 

(5) Producing a new generation: after a series of genetic operations such as selection, 
crossover and mutation, a new generation is produced and its size is still _pop sizeN . 

(6) Termination: the genetic algorithm is an iterative process. Each iteration must 
performs fitness calculation, selection, intersection, and mutation. The algorithm terminates 
when either of the following two conditions are met: ① the number of iterations reaches the 
set value; ② the fitness of the best individuals remains constant or within the specified 
minimum deviation for CONN successive generations. 

6. Case study 
In this section, we review a production line in South China that is used to machine two 

different engine heads. The case is shown in Fig. 7. 

Part
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M41
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M43

M21

S2

M22

M23
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M31
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B2 B3

Blank

B 5

M
6S 6

B9S10 B7

M10
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M82

B8M91

S9
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Fig. 7. Engine head production line with 10 workstations and 9 intermediate buffers. 
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Here, we assume that the sojourn times follow exponential distribution for all the 
machines and auxiliary equipment. By Equations 2, we can obtain the steady-state availability 
of each machine in accordance with the state transition diagram, repair rates and failure rates. 
In Table 1, we give the parameters of each machine. 

In the production line, there are 10 workstations (S1-S10) and 9 intermediate buffer 
stations (B1-B9). The detail information is as follows. 

(1) There is only one machine M1 in workstation S1.  
(2) There are two identical machines in workstations S3, S8 and S9. The two identical 

machines are parallel, that are (M31, M32), (M81, M82), (M91, M92).  
(3) There are three identical machines in workstations S2 and S4. That are (M21, M22, M23) 

and (M41, M42, M43).  
(4) Else, S5, S6, S7 and S10 belong to auxiliary workstations. 
(5) The cleaning machines are M5 and M10.  
(6) The press-fit machine is M6. 
(7) The leak detector is M7. 
The capacity of nine buffer stations is represented by b1-b9.  
It is assumed that the stay time of all machines and auxiliary equipment is subject to an 

exponential distribution.  
According to the failure rate, repair rate and state transition diagram, we utilize 

Equation 2 to obtain the steady state availability of each machine. In Table 1, the parameters 
of each machine are shown. 

Table 1. Parameters of each machine 

Workstation Machine 
Productivity 
ω/(pcs·h-1) 

ijp  Workstation Machine 
Productivity 
ω/(pcs·h-1) 

ijp  
P1 P2 P1 P2 

S1 M1 18 20 0.940 5 S6 M6 50 50 0.840 4 
S2 M2 7 8 0.922 8 S7 M7 60 60 0.842 9 
S3 M3 10 11 0.937 6 S8 M8 11 13 0.948 1 
S4 M4 7 7 0.915 2 S9 M9 14 15 0.947 7 
S5 M5 35 35 0.861 5 S10 M10 35 35 0.861 5 

 
In this section, we use the genetic algorithm-based buffer capacity allocation 

optimization algorithm proposed in the previous section to optimize the nine buffer capacity in 
the cylinder head production line. We set α=1, β=5 in this section. The total buffer size to be 
allocated is B=300, and the theoretical production rate of each part is not less than 6 pcs/h. The 
problem may be stated mathematically as follows: 

( ) ( )1 9 1 2min , , 5s s
sf b b E E H= − ++L  

                          s.t.  1

1
200

m

i
i

b
−

=

≤∑  4ib ≥  ib Z +∈          

                                1 26 6s sE E≥ ≥  

Parameter definitions: crossover probability pc=0.5, mutation probabilities are pm=0.2, 
Δpc=0.02 and Δpm=0.002 respectively, number of iterations are NMAX=200 and NCON=50. 
Considering the random nature of the genetic algorithm, we select the population size 
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Npop_size=20, 50, and 100 to run independently respectively. The optimal results in each case 
are shown in Table 2. 

Table 2. Optimal allocation of buffer capacity 

pop_sizeN  
Buffer capacity 

Objective value 
B1 B2 B3 B4 B5 B6 B7 B8 B9 

20 34 37 40 14 38 39 41 23 34 7.2262 

50 34 37 44 16 40 39 39 23 28 7.2045 

100 34 37 45 15 39 39 40 23 28 7.2006 
 
Table 1 shows that when we set B1(34), B2(37), B3(45), B4(15), B5(39), B6(39), B7(40), 

B8(23), B9(28), system performance is optimal. 

7. Conclusions 

7.1. Summary 
The purpose of buffer allocation is to solve the problem of allocating a reasonable size 

of intermediate buffer for production system. Buffer allocation problem is very significant to 
production system design in terms of limiting the spread of logistics interruption and 
improving the average throughput of the system.  

This paper constructs a buffer state function, analyzes the impact of buffer capacity on 
the steady-state availability of production equipment, and uses the extended vector UGF to 
calculate the u function of the whole system. Two indicators including multi-state reliability, 
structural complexity and their corresponding measures are developed respectively. 
Consequently, we establish the mathematical model of buffer capacity distribution and 
develop a GA-based optimization algorithm.  

This method can not only effectively overcome the "state dimension explosion" and 
equipment state coupling problem, but also greatly reduces the solving complexity while 
realizing the accurate description of the system state. It is very suitable for analysis of the 
reliability and complexity of large-scale multi-state complex production systems, as well as 
the system performance and structure synthesis and optimization. 

7.2. Future work 
There are many indicators for assessing the performance of production systems. In 

general, we usually choose different indicators according to our focus and purpose. For 
example, the indicators which we use to evaluate the multi-state reliability of a repairable 
production system include, in addition to the system theoretical production rate mentioned in 
this paper, system steady-state availability, system efficient production rate, system 
production loss, system utilization rate, etc. Besides structural complexity, there are also 
system decision-making complexity and operational complexity apt for complexity 
assessment. The proposed optimization model, combining system theoretical production rate 
and system structural complexity, is a multiple objective optimization problem. But we 
transform the multiple objective optimization problem into a single objective model by 
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simple weighting calculations. Although this can reduce the complexity of the solution, it 
will also have a certain randomness due to the unreasonable weight selection. Therefore, 
how to reasonably select evaluation indicators and develop a more objective and reasonable 
multi-objective intelligent optimization algorithm is a key issue to further improve the 
rationality of buffer allocation. 
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