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Abstract

In this paper, we study an algorithm that automatically determines the orders of past observations and
conditional mean values that play an important role in count time series models. Based on the orders of the
ARIMA model, the algorithm constitutes the order candidates group for time series generalized linear models
and selects the final model based on information criterion among the combinations of the order candidates
group. To evaluate the proposed algorithm, we perform small simulations and empirical analysis according
to underlying models and time series as well as compare forecasting performances with the ARIMA model.
The results of the comparison confirm that the time series generalized linear model offers better performance
than the ARIMA model for the count time series analysis. In addition, the empirical analysis shows better
performance in mid and long term forecasting than the ARIMA model.
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ANAE A2 E 5% 35 (count data)E FARTH oS W, 98 533 LAY AR 42, 2
AFsAE A BEe] Ak, 9 gekelor 4 #xF & 5 ikt HopllA SR A" AAY
AA5E JAE 4 Ak o)9} Zo] A AR 1A Bt DS A ol ARE AAE ARE A
48 AAL AE (count time series)2tal 3Tk A5E A AL A7 F 2 EAL

9] Zt(non-negative integer value)S Zt=th= Aoty FE3H &3] WA b= AP H9 o] W
o] #&E &= IHY AALY FHE H7|= sich

EzZA AAE B4 By 273744 o] 5 F(autoregressive integrated moving average;
ARIMA) R2¥E A5y AAE A5 400 A8 5 AT dAHES ZEeth 3, ARIMA &2
P2 A3 Fx7F AFREE WETL 7Pgst o] 29 YFele A T EFOIAT AF
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o] 23t e ALE AAE A5 Aol Fgo] oy X, ARIMA 239 & 72
(—00,00)9] WYE zH= A (real-valued)o|th. &, A4 AAYE AFFo] ARIMA 232 283 7
9 o]4kd (discrete) BE F7+e] EAo] 1H A ¢dith Wt ARIMA 2HL A543 AAL 2t
EAof| AHEelA] ko, HZ ARIMA BE3o| zhe BAFS MAsta A4y AAdE 28] E3S
nefsk ok

D27} 257} obd AHUS TS ), BEA Aolg] GEHS AT
#He)eln F-938k 2 HH2, Fahrmeir?} Tutz (2001, 673) 28|32 Kedem¥}
Fokianos (2002, 1-47)7} A <Hst A A Ho|| thet ASAE 20 F 2 B3] f8) duksl 4% =
% (generalized linear model; GLM)& ARE3h= Zlo|t). o] 282 A4y 250 tjst @3 Ex
A2 F4E AEsto] ARggt EohE Fa3 U2 Weill(2008, 2-37)0] &8 A3 2173
o]5 ¢ (integer autoregressive moving average; INARMA) & o|t}. o]+ ‘thinning operator’ o]
Az sk, Qurdel A3 ol 5 AT BRe) F2E Bk
AAE Gzl A8 232 BFo) AgE = A A5 A4 BA 208 F4ge] g 2
sfofsttt. ©<ed] AAE IS Bl HE3 Ar-F AA ok A2 oH 7] wjEol ke ® A4
k= (autocorrelation function; ACF)E 18j3te] w2 A7) ABAAE 2= AIAE 29 A2 F
T Aok 2y, AR RPY AE A ks AHEEE darelgol EASHA 9] w2l SHet
 (identification) Ztg-& F3fofvt et fAFS WS B8 39 A& 248k ARIMA 23
35 AFsE A A4 gdarelge] oln] EASHAI AHEY] AdH ALY S F2E AIAE 4wk
Ay 2o Oz wrdsty] oj# ¢ ARIMA 239 2+ 23S vtz o83 4 glok. webA] 8 =
o]
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FolAE o)B qejsie] AAD Antsl AW B A4 TRPEL WS, FRP 2FL o] 8d
A Y F AIC7} 714 e REYL A% myor Adusls ARIMA 23 44 240 7]
5 A% 24 FuelEe DI

Bt AAD dus 4y mye A4 44 dmelE mokd Ageeld B A5 EAL B3
of ARIMA B879) o3 452 vlaslglrh. B 228 5 5402 740} ov 240 4% A
: - a7l
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AAQ ukst 48 B AR o] AN-WE FRF, A9 BEg 21 HAS) 2 AR A7
Zroll e} Waks F2E X 2ot A AAG ARE {V; -t € N}, AZL-HE g dgs
Xe=(Xea,.. o, Xeo)T, HAL AR F_iol thebe] V9 =A% 3FE E(Y: | Fio1) = M2k & ol

g) = Bo+ > Brg(Vek) + D ang (t) + 1" X, (2.1)
k=1 =1

oA714 g G A7 AZ sk WF Foln, BAY AR Bt ¢+ 148 FAF YRS 2F
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pE AEHIL, 2AR FEo] FFE A Gt IR A Azl Bhe 5 Y, o) B4E 002 47
sok @tk BT B 2A% BEE A mFel WS A A% Q = {1.....q} & B3t
L ABE g0 AT AR TA AR B =

x <} A% WF A9 BAE 002 ARE Ao) DR
b TAA BY A5 (F, PO QO A BHL A5kl U AAL AR A7 JBESE 17
& 4 glrh.
211, 2% R AAQ DU} A RFolA FA9] AR F ol Hheto] Vo] $EE ol 2
E wE 20|Y REES /YU WA, BY (21)3% P Toks REE PP A9 e 2ol £
g & gk,

Y: | Fi—1 ~ Poisson (\¢),

Ae exp (=AY
P(Yt:y\FH):%,(t), y=01,.... (2.2)

ol Bxe R7AF Babo]l 2R HFHY & £ JEE IbE (overdispersion) 2] 7idS =93
o Sol8 B2 E 7S A Y F-HAA FAE B4 ¢ € (0,00)7F FIHE SR B4EE T

Y: ‘ Fi1~ NegBln ()\t,¢),

_ L'(¢+vy) ¢ ¢ At -
P(Yi=y|F1)= T+ D) (y+1) (¢+At), y=0,1,.... (2.3)
o] A% Var (Y; | Fi—1 Aol e 2xpA oz Z1stc). Zolh B

oL ~—

£, 6 0ol 1] 2013

2.1.2. O &5 AwAoR NAY Yuis A1Y 2Ye] dF P4 FF5 4ot 2 PLE T
Aotk WA, 42 @5 g9 W 5 7t B FEREA AL, F g(@) = o) =z, B (21)2
o3t 2
P q
Xe=Bo+ > BYik+ > adi+n" Xe. (2.4)
k=1 =1

FHCE n=02 Y | F,01 9 #2F Zoks #22 7PE o 23 (2.4)F 271 p, ¢ integer-
valued GARCH 28, INGARCH(p ,q) ZHEC o] BYP L A7)4FE 2 AR 2 ol (autoregressive
conditional Poisson; ACP) 2g o 3 3 d 5 (2006)3} Fokianos
= (2009)2 Zwstet.

A2 It 23 Fd B9 Ad e g(z) = log(z), M T g(z) = log(z + 1)°1W th3t
2t

S

q
log(At) = Bo+ » PBrlog(Yier + 1)+ Z arlog(Ae_g) +n" Xz (2.5)
k=1 1=1

ZA| 8 Y82 Fokianos®} Tigstheim (2011)L a3le}.
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2.2. @4 FH U
28 (2.1)S AFAF7] At 2248 Y 7Fs %= (quasi-conditional maximum likelihood) F7%
%/\]—%?}D} E’_—/,\—‘HE{E@_(ﬂmﬂh 'aBlMalw“aaqa7717"‘7777") E}—T’—_GLEH oﬂﬁﬁ‘ 7]'5]-
49 A% 24 B 87 2o,
p q
0= {eeﬂe”*q““ Bo>0,B1,. ., B0ty gy e > 0,) Bt > < 1}. (2.6)
1
w0 B 0 G 51 A S e el BE L€ Ri 8471 o dE
3t A4 (stationary) I | 211 H /4 (ergodic) & A3l wpA2t 2L S oF girt. AAgE 8-
Tigstheim (2015)3} Doukhan % (2012);.2 Zustel. TS AZd vt 22 S0l A duksl A
Y Byo By Fh2 ot 2
p q
0= {aeuwﬁ*“ BBl sl el DD B+ D | < 1}. (2.7)
k=1 1=1

HAY AR Fol disty 79 £XE 73—?— 39 B 09 4L Hatx
B4 go &R gtk metA, 34 Zold 7Fek 71Nk 4
5% (quasi-maximum likelihood) <] /\F% 7Fs8HA 5, -»]— 3 B o= 39 B¢ 05
93t & Wlg A3 AN F H--E Christou®} Fokianos (2014)E Fwslel. #E W y
(Y1,...,yn)T o) DhBt] 2R 227 715 % T4 (conditional quasi log-likelihood function)=

3} 2},

gel3 ¥E2 719
1:! _g_ =
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o
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Zlogpt yi;0) = Z (e In (Ae(0)) — Ae(0)) (2.8)

t=1

]
=

A7IA pi(ys;0) = P(Y: =y | Fio1)& 2 (2.2)0014] Hojgt Zops £
H = BE to] tiste] g0 #3E Frojmg )\ ()7 A

0] At 715 % F% 2 (quasi maximum likelihood estimation; QMLE) 6, w43 Aok H A =
Al (non-linear constrained optimization problem)2] #o]n T3} Zo] T 5= 9l om APA|SH U

£-¢ Liboschik 5 (2017) Zu3}e}.
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Solth &A%

0 :=0, =arg Igleag)(l(é). (2.9)
2.3. 0|5 &Y
B AlF LA SHAA nAlZ7EA 9] HAL] ZH F,o] RS uf HA9 1AH o]F w|zj o
22 Vo1& 248 BF Appiolth 2E A0 et Voo B2E 27 37 A S 2 2o}
% By £ 2ojd Bxolth Yol that ue] dlZ2] Vips ¥HLAQ 1A1H 0]F2] o &) 9
) QoA W HlAZF Yai1, ..., Yarn-12 2449 AR o] 38 g EX 2 thAlE o] AREET} hAIA
AL A5 Vil REE SAHOR FeAA YA $2A02 048 FASH prrametric
bootstrap)2 E3l A2 = Aot A B Y-8 Liboschik 5 (2017)2 sz}
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e g dugEe IR ol8ste A2 E7Fs stk
B =RoAE= R 3|7]A] tscount (Liboschik 5, 2017)9] tsglm 3rof o]5te] AAlE = AR 7
=% (Akaike information criterion; AIC)& o]&3lo] 2= 24 A5s)t &S st Fuz
tsglm ol A X Pe} QO sl93l= QA= 717 past_obs3} past.mean©]th. Y, | Fi_18] X =&
N Eobs RE, 97 G52 FEUSE AT 1), o] H3 RS TSCLM(P)(Q)2 BAISZ Sk,
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As 1A geh 28an, o] A4S ARIMA 29| xio] w2 Fefet vlu st
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Figure 3.2. ACF and PACF plots of TSGLM(1,12)(0) and ARIMA(1,0,0)(1,0,0)s=12.
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Figure 3.3. ACF and PACF plots of TSGLM(1)(1) and ARIMA(1,0,1).
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Table 3.1. Simulation results in case of the Poisson distribution with the identity link

True model N =50 N =100 N =200 N =400
ARIMA TSGLM ARIMA TSGLM ARIMA TSGLM ARIMA TSGLM
mean_RMSE
TSGLM(1)(0) 3.6291 3.3024 3.7493 3.4573 3.9086 3.5676 3.7709 3.6172
TSGLM(2)(0) 3.0712 2.9188 3.4334  3.2656 3.7314  3.4937 3.7467 3.5664
TSGLM(3)(0) 3.0715 2.9633 3.2861 3.1533 3.5232  3.3651 3.7380 3.5541
TSGLM(1)(1) 2.7361 2.5855 2.6946 2.6169 2.7744 2.6494 2.7373 2.6748
TSGLM(2)(1) 2.5554  2.4973 2.6352  2.5299 2.7118 2.5726 2.7040  2.5956
TSGLM(1)(2) 2.5873 2.4619 2.6340 2.5431 2.6402 2.5411 2.6315 2.5650
mean_MAE
TSGLM(1) 3.1352  2.8330 3.1296  2.8667 3.2093 2.8991 3.0189 2.8817
TSGLM(2) 2.5565 2.4143 2.8098 2.6611 3.0195 2.8147 2.9868 2.8371
TSGLM(3) 2.5337  2.4332 2.6483  2.5278 2.8140 2.6856 2.9583  2.8090
TSGLM(1)(1) 2.2978 2.1524 2.2194 2.1461 2.2471 2.1350 2.1950 2.1419
TSGLM(2)(1) 2.1246 2.0728 2.1614 2.0675 2.2050 2.0781 2.1712 2.0757
)(

TSGLM(1)(2) 2.1661 2.0489 2.1693  2.0825 2.1331  2.0447 2.1109  2.0545

Hste] iR BP0 2 ARIMA EFHE ARE3th Al EH o AS 8 Zoks B2E 7Pd3ske AAY
252 WAL RO tscount 7] A9 tsglm.sim 45 ARG, AFEZE 71ASH= AAE A=
o] A2 RY forecast 37]A]9] arima.sim 45 ARESATE TS AAIG dutst Ay 2y A3
7 ARIMA 238 A3 7+7 RO tscount 7] A|9] tsglm 42} RO forecast 3]7]%]2] auto.arima
SE ARSI 289 o|E A5S v dE A EE root mean squared error (RMSE), mean
absolute error (MAE)ZS AR&3t3th AA AJALG A5 ;2 AS3 9:00 ohste] vz A1A h7kA 9
RMSES} MAE+ th&3} Ze] AXbgit.

RMSE = | + > (o a0 (3.1)
1 @ )
MAE = ; lys — 9i - (3.2)
3.2.1. WAIA 230] Ublst MY 23 AL WAl 238 (underlying or true model)S Al A A
Axisl Y B3P oz 7P sto], past-obs ARE AL} past_obsT} past_-mean 27t EF Sl T

o] 67H4 ¥ =S skt

- TSGLM(1)(0), TSGLM(2)(0), TSGLM(3)(0),
- TSGLM(1)(1), TSGLM(1)(2), TSGLM(2)(1).

7zt B3 N = 50, 100, 200, 4007]¢] FZXE YA on, F=X9 %E EHAEE AL
sto] AIAD 4uksl 2@ ARIMA 23S A, 3529 20%+ ASARE AMgsto] F =
o] RMSES MAEE A4bslgth 593 A8S HlE3lo 24 Ao}z RMSE; 2} MAE;
(i =1,...,1000)9] B2 Table 3.1 3| Q?la} 4 ok BRE A3l ARIMA 2o us)

3 R3Ol H RMSES}H 3w MAES] Frel o A vebdth. webx W22 23 o] AAE
duts}l A3 B o|al x7F ARIMA B3| vAEY AAY st 4 449 AAE 259 4

il

UEEE
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Figure 3.4. Percentage barplot for comparing estimated orders with true values.
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Table 3.2. Simulation results in case of the negative binomial distribution with the log link

True model N =50 N =100 N =200 N =400
ARIMA TSGLM ARIMA TSGLM ARIMA TSGLM ARIMA TSGLM
mean_RMSE
TSGLM(1) 115.84 110.77 115.65 162.06 123.79 130.87 125.83 1.75e+70
TSGLM(2) 105.85 268.15 113.15 113.74 128.62 134.10 131.99 138.77
TSGLM(3) 99.02 106.31 105.88 345.74 120.50 597.99 126.33 135.49
TSGLM(1)(1) 90.56 89.27 91.58 93.01 94.23 99.89 95.28 103.76
TSGLM(2)(1) 83.05 83.79 88.22 156.35 87.85 91.11 88.90 96.76
TSGLM(1)(2) 84.60 82.06 84.36 86.42 88.36 91.69 87.56 96.11
mean_MAE
TSGLM(1) 94.97 89.17 89.47 106.36 90.22 102.82 83.97 1.96e+69
TSGLM(2) 82.47 137.17 84.19 84.30 91.55 98.30 88.36 103.21
TSGLM(3) 75.65 75.18 76.15 149.02 83.53 224.89 82.89 99.22
TSGLM(1)(1) 73.62 72.432 72.611 75.46 71.311 81.059 69.514 84.082
TSGLM(2)(1) 67.29  66.67 69.87  88.55 67.17 7348 66.07  79.37
TSGLM(1)(2) 68.64 66.42 66.25 69.12 67.46 74.07 64.84 78.58

Table 3.3. Simulation result of RMSE, MAE for the two models: ARMA as true model
N =50 N =100 N = 200 N =400
ARIMA TSGLM ARIMA TSGLM ARIMA TSGLM ARIMA TSGLM
mean_RMSE

True model

ARMA(1,0) 1.5985 1.4966 1.7194 1.5779 1.7832 1.6387 1.7288 1.6557
ARMA(2,0) 1.3832 1.3712 1.4675 1.3785 1.5828 1.4457 1.5551 1.4459
ARMA(3,0) 1.3220 1.3833 1.5304 1.5478 1.7344 1.6248 1.9181 1.7042
ARMA(1,1) 1.3595 1.2875 1.3644 1.3187 1.3318 1.3116 1.3458 1.3351
mean_MAE
ARMA(1,0) 1.3742 1.2797 1.4489 1.3184 1.4759 1.3413 1.4038 1.3367
ARMA(2,0) 1.1849 1.1750 1.2313 1.1474 1.3136 1.1847 1.2743 1.1726
ARMA(3,0) 1.1265 1.1901 1.2935 1.3152 1.4600 1.3588 1.6058 1.4063
ARMA(1,1) 1.1416 1.0756 1.1195 1.0772 1.0771 1.0576 1.0826 1.0728
7h A et Aol AIAE dutsl Y BHY o & Aol ARIMA B39 A& AsHtt 5
F AL g 5 gt
3.2.3. UAIA AlAo] dZ0ol [E AlZelolM Ao 7 FAEZXS gho] E A%, F4FHA
2] (central limit theorem)ol 2j3to] FE 2 Exo e Jd ol A F B2 7I7HAE= A

of Itk =, AALE) BTl 2 4L ALY AAL AR FAol ARIMA BF% ALS 7h55ie o
Ao dulsl A% mFo] ARIMA RHo| Hls| £ A5S zh=x AR 1A} 3t} o] st Y
A A ZZ M2 (underlying or true process)e] HF 3Z7]E p = 10,40,100,2002.2 tf2A] HA 3}
o ZtzF N = 100719 FEXE AABIATE WAlF 282 ARMA(L,0), ARMA(2,0), ARMA(0, 1),
ARMA(0,2), ARMA(1,1)0.2 77 d4sgou, 32145 S8 Baow Adsigon Avls
Table 3.45 3 &9l 4~ Yt}

T, 7fekgE ARIMA 289] 452 4= 1002 o] ARMA(L,0)9] Z-$olAwh $451900) 1}
vlx] BE A4Sl NE 9sh 4% 2ge] 7 RMSES B2 MAES] gto] H 27 vepdeh. weiA
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Table 3.4. Simulation result of RMSE, MAE for the two models according to means

True model uw=10 n =40 © =100 © =200
ARIMA TSGLM ARIMA TSGLM ARIMA TSGLM ARIMA TSGLM
mean_RMSE
ARMA(1,0) 1.1712 1.1512 1.1481 1.1237 1.1629 1.1398 1.2775 1.2328
ARMA(2,0) 1.4674 1.4175 1.4810 1.3821 1.4902 1.4013 1.5161 1.4186
ARMA(0,1) 1.1110 1.1004 1.1220 1.1116 1.1229 1.1084 1.1283 1.1156
ARMA(0,2) 1.1461 1.1406 1.1519 1.1446 1.1559 1.1487 1.1456 1.1362
ARMA(1,1) 1.5302 1.4784 1.5181 1.4936 1.5522 1.4982 1.5588 1.5144
mean_MAE
ARMA(1,0) 0.9570 0.9388 0.9392  0.9172 0.8016  0.9293 1.0501 1.0063
ARMA(2, 0) 1.2307 1.1835 1.2436 1.1523 1.2501 1.1686 1.2797 1.1881
ARMA(0,1) 0.9022 0.8913 0.9096 0.8987 0.9109 0.8971 0.9161 0.9036
ARMA(0,2) 0.9350 0.9301 0.9355  0.9294 0.9404  0.9342 0.9325  0.9243
ARMA(l, 1) 1.2627 1.2116 1.2469 1.2231 1.2784 1.2279 1.2781 1.2367
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Figure 4.1. Time series plot of Murder cases.
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Figure 4.2. Seasonal plot of Murder cases.
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Figure 4.3. Multi-step forecasting performances of the two models.
Table 4.1. RMSE, MAE, MAPE for test set forecasts of the two models
Model RMSE MAE MAPE
ARIMA(1,0,0)(2,1,0)12 33.72662 29.81188 36.2572
TSGLM(1,11,12,24) 21.88381 18.49248 23.0145
<RMSE> <MAE> <MAPE>
. n M . n & . ]
©m- o arima g4 B arima n o ©m-arima -
8 -—A  tsglm o - —&- tsglm & s 4—&  tsgim .-'--.-‘
[ . 2 4 :'. . -
21 F
5 . A < A/A\ﬁ—A\A
u
gd " KT TRAl ad %
A/A\ A /A'_,‘*AZ—A/A’ o
A /A/ Yol A 39 - <
NN X - =1 X
2 K m « /w o
L L

Index Index Index

Figure 4.4. Comparison of forecast performance of the two models applied Murder cases.
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