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ABSTRACT: In this study, the Norbury-Fraenkel family of vortex rings is analyzed using a contour dynamics method for the stream function, which
significantly reduces the numerical burden in the calculation. The stream function is formulated as the integral along the contour of the vorticity core.
The integration over the logarithmic-singular segment is evaluated analytically, and the positions of the nodal points of the contour are calculated directly.
The shapes of the cores and the dividing stream surfaces are found based on the mean core radius. Compared with other studies, the proposed method

is verified and found to be more efficient.

1. Introduction

Various types of vortex flows occur in nature and engineering
applications (Van Dyke, 1982; Lugt, 1983; Samimy et al., 2003).
Helmholtz (1858) first investigated such vortex flows, and research on
vortex rings, such as smoke rings, attracted attention from the
beginning. In general, vortex rings are generated through the impulsive
ejection of fluids. For example, vortex rings can be observed in jet
flows for the propulsion of cephalopods (Krueger and Gharib, 2005).

Sir W. Thomson presented the translational velocity of the vortex
ring of a small circular cross-section in the appendix of the paper
written by Helmholtz (1867). Lamb (1932) verified the results
obtained by Sir W. Thomson using the kinetic energy of the vortex
ring. Fraenkel (1970) and Fraenkel (1972) analytically identified
various physical occurrences of the small cross-sectional vortex rings
through Fourier analysis. Spherical vortices were analyzed by Hill
(1894).

Norbury (1973) investigated the general cases of the vortex rings
including small cross-sections and the spherical vortex rings
mentioned above, which are known as Norbury-Fraenkel family of
vortex rings. Durst et al. (1981) determined the shape of a vortex ring
by numerically solving partial differential equations for the stream
function.

In this study, the Norbury-Fraenkel family of vortex rings is

analyzed using a contour dynamics method (Shariff et al., 1989;
Shariff et al., 2008). Stokes’ stream function was expressed as a
contour integral using the Green’s function, and the integration of the
logarithmic-singular segment, which occurs when the core shape is to
be determined, was expressed analytically. The core shapes and the
characteristic values of the vortex rings were compared with the results
of previous studies to verify the validity of the proposed method.

2. Problem Formulation

The fluid is assumed to be an ideal fluid. The flow is analyzed when
the core of a vortex ring, in which the flow is rotational, exists in an
irrotational infinite flow field, as shown in Fig. 1. The flow is
axisymmetric with respect to the x-axis. If cylindrical polar
coordinates are introduced in the analysis of the axisymmetric flow, as

shown in the figure, the vorticity vector w is expressed as follows:
w=VXu=uwe, 1)

where u~ is the flow velocity vector. The velocity vector of the

axisymmetric flow is expressed as Stokes’ stream function 1, as

follows:
- . 1oy~ 1oy
u=u,€, +u060 :;5617;56 (2)
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Fig. 1 Core of vortex ring and cylindrical polar coordinates
For an axisymmetric flow, the Helmholtz vorticity equation for a

non-viscous incompressible fluid is expressed as follows (Batchelor,
1967):

2 o

SIS

From Eg. (3), the vorticity w, is proportional to o inside the core and is

zero outside the core.

o — {QO’ inside 8D, @
¢ |0 outside 8D
where 8D is the boundary of D, which is the inner core region, and 2
is a constant.

In considering the rotational flow of the incompressible fluid, the

velocity vector is obtained by introducing the vector potential A, as

follows:
u=vxA )
V- A=0 ©)

Eq. (6) is a gauge condition introduced to ensure the uniqueness of the
solution. A is expressed using cylindrical polar coordinate
components, as follows:

A=Ae, +Ae, +Ae, @)

Based on Eq. (2) and Egs. (5)-(7), the stream function ¢ is expressed
as follows:

=04, ®)

In addition, substituting Egs. (5) and (6) into Eq. (1) yields the

Poisson equation for A, as follows:

X

Fig. 2 Meridional cross-section of the core of vortex ring
VQA:—wd)éd) ©)

After A, is obtained by applying Green’s second identity to this
equation, ¢ is expressed, as shown in Eq. (10) using Eq. (8) (Fraenkel,
1970; Norbury, 1973).

Plz,0)= %Q\/E'/‘/IZU/ \/?{(%fk)f((k) - %E(k)}dx’da’ (10

where X is the inner region of the core cross-section (Fig. 2).
Additionally, A(k) and (k) are the complete elliptic integrals of the
first and second kinds (Gradshteyn and Ryzhik, 2000), and modulus &
is defined as follows:

e 2V a1

(z—2")?+(o+0)?

Shariff et al. (1989) and Shariff et al. (2008) obtained ¢ as a contour
integral using the vorticity jump (Eq. (4)) across a.D. The results can be
expressed as the following equations.

1 N
Y(z,0) = 590‘7§CM(8 )ds (12)

M(s")=—(z—2")o H(s")cost’ + o' {o" H(s")— 0 G(s')— 20 J(s") }sin6’ (13)

N O L | o g
G515 [ = 2 ks (14

i [ T 2] 0

Hs')= — /T”Acos@’do’: 2 f1 {2( 1 —1)K(k)— (1—1)E(k>}

" dno 1 37 o k ?

A= V(z—2)2+ 0% =200 c0sd 17
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where s, 0, and path ¢ are defined in Fig. 2. The application of the
contour dynamics method is beneficial in numerical calculations
because it requires the one-dimensional integration on the contour
instead of the two-dimensional integration of Eq. (10). In Egs. (14) and
(15), k—1 holds in the case of (z',0")—(z,0), and thus, G(s") and
H(s") exhibit logarithmic singularity.

In this study, the Norbury-Fraenkel family of vortex rings, which are
steady-state vortex rings, were the aim of the analysis. In this case, the
vortex rings move forward at a steady-state velocity U in the positive
z-direction. The free stream — Ue, superposition used to express the
flow velocity relative to the vortex rings leads to the expression of the
stream function, as follows:

U(z,0) =(z,0)— % Us? = %Qof Ms')ds'— % Us* (18)

where ¥ is the stream function in the coordinate system fixed to the
vortex rings. As the flow cannot penetrate contour ¢, the stream
function value must be a constant if the field point (z,0) of Eq. (18)

exists on contour c:
1, 1 P
K,:q/;(m.,o)nga = 5.(20 M(s')ds 75U(7 for (z,0) on ¢ (19)

where « is a constant. Therefore, the contour shape can be determined
if the field point () that satisfies Eq. (19) is obtained.

The circulation (I, vortical impulse (), and kinetic energy (7)
were evaluated as the physical properties of the vortex rings, as

follows, to compare their values with those of previous studies.

r= // w,drdo = Q // odrdo 20)
s b
P= Wpf[/ w,0*dvdo = ﬂpr/] o*drdo 21)
i b

T= Wﬂf‘//zww@,ditdﬁ = ﬂpfﬂ‘//zwadxda (22)

where p; is the density of the fluid. Egs. (21) and (22) are shown in
Lamb (1932).

Norbury (1973) standardized the contour shape in non-dimensional
form. In Fig. 2, the midpoint between Points 4 and B are defined as
Point C, and the distance between the z-axis and Point C’is defined as
the ring radius Z. Furthermore, the dimensionless mean core radius o

defined by the following equation is introduced:
Ay =7mL*? (23)

where A, is the area of the core cross-section. L is used to

non-dimensionalize the geometrical quantities, as follows:

(w005, Vo)= (15, T, 15, 220, 1) el
where V7. is the volume of the core, and the symbol (~) represents the
non-dimensionalized physical quantity. Additionally, U, ¥, «, I, P,
and 7 are non-dimensionalized, as follows:

(U, 0, k)= (2L U, QL' o?W, L o?r) (25)

(LP1= (QL:;azﬁ prL'r)aQ:D, pf!f[/7a4}) (26)

In the following descriptions, the symbol (~) is omitted in the

expression of the non-dimensional quantities for convenience. Egs.

(12), (18), and (19) can be non-dimensionalized, as follows:

1 N g
Uao)= o fcM(s )ds @7)
U(z,0) =1p(z,0)— % Uo® = %Jafﬁﬂj(s')ds'— % Us? (28)

HZWL”)*%UO’Z:ﬁofﬁﬂs’)ds'*%lfﬁ for (z,0) on ¢ (29)
o .

The parametric angle ¢ and the radial distance ¢(p) from Point C
are introduced to express the contour shape, as shown in Fig. 2.
(z,0) on ¢ (30)

z(p)=—q(p)sing, olp)=1+qlp)cosp for

The non-dimensionalized cross-sectional area and the characteristic

values of the vortex rings are expressed as follows:

2
Ay =r? =L f Pdp 31)
2 0
27
r-= // odrdo=— f (iq’) +iq3ws¢)d¢ 32)
(0% X (e} 0 2 3

P= % ﬂ L‘agdsdo 33)

o1, 3, 5 1
=— —¢ +¢cosp+ —¢'cos’o+ —qg cos’p |dp
o?d g \2 4 5

™
=7 // vodsds (4)

In Eq. (31), the range of the mean core radius « is 0 <a < /2 ; in the
case of a= +/2 , it represents Hill’s spherical vortex (Batchelor, 1967).
A contour integral was used in Egs. (31)-(33), but a two-dimensional
integration must be performed to obtain the kinetic energy of Eq. (34).

Fraenkel (1970) and Norbury (1973) determined the contour shape
using the following two-dimensional integral equation that was used in
Eq. (10).
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K= flaz \/E/fxa’ \/cr—{(%— k)l((k) - %E(k)}dx'da'— % Us® (35)

for (x,0) on c

3. Numerical Scheme

The contour shape is discretized as shown in Fig. 3, to numerically
obtain the shape using Eq. (29). In this case, the number of nodal
points and segments was set to 22V, considering the symmetry of the
geometry.

The following relationships hold based on the definition of Point C'
(Fig. 2) and symmetry.

O =0, Oy =T, Gy =G, T =Ty =0,

oy =1+q, oy =1—¢q (36)

Connta =2~ @ps by ni2 =Gy Toy—pio = L, =¢,SINQ,,

0'2‘\'* n+2 = J’VL =1 +q”(1)SL,0” for n=2~N (37)

The discretized contour shape can be determined by obtaining ¢ ~
q, that satisfies Eq. (29) for the given a. In Eq. (29), « and U are also
the unknowns to be determined. Therefore, the total number of
unknowns is N+2, and N+2 equations are, therefore, required to
obtain the unknowns. N+1 equations are obtained by substituting
N+1 field points (z,,0, ) corresponding to g, ~ q,, into Eq. (29). If the
condition of Eq. (31) is additionally assigned, ~N+2 nonlinear
simultaneous equations are constructed. Broyden’s method, an
iterative calculation scheme, is used to obtain the solutions of these
equations (Press et al., 1992). In addition, the angle ¢ is divided into
equal intervals.

In the iterative calculations, the numerical burden when the contour
integral of Eq. (29) is used can be significantly reduced compared to
the two-dimensional integration of Eq. (35), which was used by
Norbury (1973).

N+1N+2

N-1 N N+1N+2 N+3

L

Fig. 3 Discretization of contour

The contour integral of Eq. (29) is obtained as the sum of segmental
integrals, as follows:

o

N

d’(%*”n):;} &wi(xn’an) (38)

=1

&, (z,,0,) = ng”/ —(z, —a')o’ H(s")cost/ ds’
200 ¢ g, G(s')— 20'”'](5')}Si1’10,

+0/{U'H(S') -
1
= Lo [ [, o) E i
207 ‘/‘u, [, a’{a'H(s') —0,G(s")— 20'71.](5')}(11‘,]
(39)

where (z,,0,) is the field point, and ¢, is the i-th segment. In this
study, integration is performed by simplifying the segments into linear
segments (Shariff et al., 1989; Shariff et al., 2008).

,
v =x;+&,,
where |, =z, | —z;

o =0,+4,, (40)

l,=0,,,—0, 0<¢(<1

Substituting Eq. (40) into Eq. (39) yields the following expression.

_ 1 1_ o
&/}i (In7an) - 270420'11 lU /[] (xn Z; gl.T )(Ji +§lr7 )Hd§
1
1, [ (o, +8,){(0, +8,)H 0,620, J)d
0
Q)

When n =14 and n # (i+1), conventional numerical integration can
be performed because the integrands of Eq. (41) exhibit non-singular
behavior. In this study, numerical integration is performed using
three-point Gauss-Legendre quadrature.

However, when n=i or n=(i+1), the integration must be
performed considering the logarithmic singularity that occurs at £=0
or £=1 respectively. For the case of n=1i, Eq. (41) is expressed as
follows:

0, 5,00,) = 5o |o, [ (o1— G20 @
n\“n’"n 20&2 n'z|“n 0 «

HU/lg(H— G—2J)d¢
0

In this study, #— G—2.J is asymptotically expanded in series form at
¢=0 and analytically integrated based on the methods proposed by
Shariff et al. (1989) and Shariff et al. (2008).

JM

JM
)Z]oa].gj + Z]Objgj + Ol ng), @3)

where [ = \/li +l§

8071
H—G—2J=1n
3

The integral values calculated by setting JAM/=5 in Eq. (43) are
presented in Appendix.
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When &, (z, | 1,0, ), it is possible that the signs of /, and [, are
reversed in Eq. (42), as well as in Egs. (A1) and (A2) in Appendix. Then,
the sign of the integral value is reversed after using o, , , instead of o,,.

4. Numerical Results

The appropriate selection of the initial guess is required to achieve
the stable performance of the iterative calculation method. A circle
with a radius of « was set as the initial guess contour for o < 0.95, and
a circle with a radius of 0.95 was used as the initial guess contour for
0.95 <a < 1.1. In this case, 0.5 was used as the initial guess of ~ and
U. In the case of a> 1.1, the solutions for «=1.1, 1.2, 1.3, and 1.39
were sequentially obtained and set as the initial guesses.

The convergence of the numerical solutions based on the number of
segments was analyzed at o= 0.8. Fig. 4 shows the results of x and the
translational velocity U. As shown in Fig. 4, the solution is considered
to have sufficiently converged if the number of segments, 2V, is
approximately equal to 120. Therefore, for all the a values, calculations
were performed using 2/V=120.

Fig. 5 shows the shapes of the cores for several « values. In Fig. 5, the
results of Norbury (1973) are also displayed using dotted lines. Norbury
(1973) used the two-dimensional integration of Eq. (35) and an indirect
method to construct the core shape using Fourier coefficients that
expressed the contour shape. The Fourier coefficients were obtained as
the solutions of simultaneous equations. Although the technique applied
by Norbury (1973) could be used to analyze the problemup to o=1.35,
in this study, it is possible up to «=1.40, which is very closer to
Q. = V/2 =1.414 (Hill’s spherical vortex). In addition, the numerical
burden is significantly reduced by performing the contour integral
instead of extensive calculations owing to the two-dimensional
integration. In Fig. 5, the values between nodal points were interpolated
through Fourier analysis of the decretized shape. The two results are

almost identical when the value of « is small, but when the value is large,

LU ettt st Attt e ittty '

T e S — SA—  S— :

042

40 80 120 160
2N

Fig. 4 Convergence test of the numerical scheme

present study
....... Norbury (1973): & <1.35

-2 -1 0 x 1 2

Fig. 5 Contour shapes for various values of «

slight irregularities are observed in the results of Norbury (1973). This
trend is due to the limited number of Fourier coefficients. In this study,
however, this phenomenon was hardly observed because the positions
of the nodal points were directly obtained.

In a steady-state vortex ring, an irrotational flow region that moves
forward at the same velocity with the ring exists. This region is known
as the vortex atmosphere (Akhmetov, 2009). The shape of the vortex
atmosphere is expressed by the dividing stream surface (Fig. 6) and

can be obtained using the following equation.

1 1 a1
0=1(z,0)— 5} Uo® = 0 Uyg Ms')ds'— 5 Uo? (44)

for (z,0) on 8%,

The dividing stream surface was obtained for several « values, as
shown in Fig. 7. As can be seen from Fig. 7, the results are in good

agreement with those of Norbury (1973).

X
present study
ae Norbury (1973): & <1.2
1.6
152
o A
08 -
04 —
0

Fig. 7 Shapes of dividing stream surface for various values of «
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Fig. 8 shows the results for U, x, and V.. Those for small « values
are as follows (Fraenkel, 1972):

(813 o858 4
074(1% 4) i L 4)+0(e) (45)
Vv, =2r%* {1+ 0l&)}, Wheree:aln%, a1 (46)

Furthermore, asymptotic solutions for a—+2 are as follows
(Norbury, 1973):

4 a
e (48)

2 . — 3 —2 8v2 -
Vi = gmfad(1+om/2_—1—6()¢Zln g— +ra +---)7

[0}

2v2

where a=(v2—a) <1, a= 2{1— + 0(&%&)}, 7=1.69

(49)

As can be seen from Fig. 8, the results of this study are in good
agreement with those of Norbury (1973). The results of this study are
also in good agreement with the asymptotic solutions for a—0 and
a—+/2, thereby validating the results of the proposed method.

Fig. 9 shows the characteristic values of the dividing stream surface.

The definitions of z, and h are shown in Fig. 6, and V. is the volume

of ¥, which is an irrotational flow field in the vortex atmosphere. In

" — present study
+  Norbury (1973)
| ——— valuesfora — 0
------ values for o — \E
0.8 H
V./30
04 -
0 T T T T I
0 04 0.8 12 16

Fig. 8 Translational velocity(U), «, and ring volume( V)

0.8 -
06 — — present study
| + Norbury (1973)
1
———valuesfor — < <<1
04 86
02 - |
0 T T T T 1
0 04 08 12 1.6

Fig. 9 Characteristic values of the dividing stream surface

the case of > 1/86, the stagnation points exist on the z-axis
(z==z,), and the asymptotic solution of z, for a small « value is
expressed in Eq. (50) (Akhmetov, 2009). In addition, based on the
model of Lamb (1932) for a small « value, & is expressed as the
solution of Eq. (51).

8 1.8 31,1 3 o?
where A(a):mﬁ_i i<oz<<1 51
a 47 86

The results of the dividing stream surface are also in good agreement
with those of previous studies.

Fig. 10 shows the results of the circulation (1), vortical impulse (P),
and kinetic energy (7). Based on the core volume ( Vy), I' can be

obtained as follows:
I'= VE/(meZ) (52)

The asymptotic solutions for a—0 and «—>v2 are as follows
(Fraenkel, 1972; Norbury, 1973):

P= 7r2{1 + %az + 0(54)} (53)
LT ) B s o)
W{zlna 4+16alna+0(5),

where e:aln%, a1 54
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2ra® — 141 —
P:’T—a(1+a\/5+—<f+---),

15 64
2md - 383 —2

where a=(vV2—a) < 1, a:2{1—%+ 0@’ na)

As can be seen from Fig. 10, the results for the circulation and vortical
impulse are consistent with the findings of previous studies. The
results for the kinetic energy are slightly higher than those of Norbury
(1973), but they are in good agreement.

— present study
Norbury (1973)

~ valuesfora — 0
------ values for g — \E

] +

Fig. 10 Circulation (1), vortical impulse (), and kinetic energy (7)

5. Conclusions

The Norbury-Fraenkel family of vortex rings was analyzed using a
contour dynamics method for the Stokes‘ stream function. The
calculation results for the core shape, dividing stream surface, and
physical properties of the rings were compared with the findings of
previous studies and asymptotic solutions to verify the validity of the
proposed method.

The numerical burden was significantly reduced by performing the
contour integral instead of a two-dimensional integration over the core
cross-section. In addition, the difficulty of numerical integration was
solved by analytically integrating over the logarithmic-singular
segment. By directly determining the nodal point positions of the core
shape, the results were better than those of the existing Fourier
coefficients analysis method.

It is expected that the proposed method can also be applied to
unsteady vortex ring problems if combined with the contour dynamics
method for velocity.
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Appendix

The integral values at the logarithmic-singular segment based on the

asymptotic expansion of Eq.(43) are expressed as follows.

1 2 ) . 8o,
/ ) (H— G—2J))dé= W(mmo —601%0,, + 1000 — 144125, + 2401, 0> — 6400 ) In l )
’ , , . . Al
—————[60751"1, —900I'5,, +576001°1, — 768961°2 0, +111600/*],,0% — 1728001 (AD
92160079, | _ 14005 + 24000 57, — 48002 0% + 12800120° — 7680010 —3072000°
1 l2 9 2 3 2 2 3 SJn
f &(H— G—2J)de= ————— (22511, — 17500, + 300 — 42020, +672],0> — 168007 )In
0 17920m0” ' ' ' !
(A2)

13432511 — 2572500, +12186001°1> — 1587600125, + 22296961°]_ o> — 33516001*0°
— 2940013 + 4900002 o, — 940801 o + 23520002 0% — 12544001, o — 37632000°

on

22579200m0° (
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