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L? (p > 1) SOLUTIONS OF MULTIDIMENSIONAL BSDES
WITH TIME-VARYING QUASI-HOLDER CONTINUITY
GENERATORS IN GENERAL TIME INTERVALS

X1A0 LISHUN AND FAN SHENGJUN

ABSTRACT. The objective of this paper is solving multidimensional back-
ward stochastic differential equations with general time intervals, in LP
(p > 1) sense, where the generator g satisfies a time-varying Osgood con-
dition in y, a time-varying quasi-Holder continuity condition in z, and its
ith component depends on the ith row of z. Our result strengthens some
existing works even for the case of finite time intervals.

1. Introduction

Let k and d be two given positive integers, (2, F,P) a completed probability
space carrying a standard d-dimensional Brownian motion (B;);>0, and (F¢)¢>o0
the natural o-algebra filtration generated by (By);>0. We assume that (F;)i>0
is right continuous and complete and that Fr = F for a given terminal time
T satisfying 0 < T < oco. In this paper, we are concerned with the following
multidimensional backward stochastic differential equation (BSDE for short in
the remaining):

T T
(1) yt=s+/ g(s,ys,zsms—/ 2 dB., te[0,T),
t t

where the terminal condition £ is an Fpr-measurable and k-dimensional random
vector, and the generator g(w,t,y,2) : Q x [0,T] x RF x RF*4 s RF is (F})-
progressively measurable for each (y, z). The solution (yt, 2t):e[o, 1] is & pair of
(Fi)-progressively measurable processes. We also denote by BSDE (£, T, g) the
BSDE with parameters (£, 7T, g).
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Pardoux and Peng [20] initially introduced the nonlinear multidimensional
BSDEs, proving an existence and uniqueness result for square-integrable so-
lutions when the generator ¢ is Lipschitz continuous in (y, z) uniformly with
respect to ¢, & and {g(t,0,0)}¢cjo,7) are square-integrable, and the terminal
time T is a finite constant. Since then, a considerable amount of literature on
this field have been published, and many applications of BSDEs in mathemat-
ical finance, stochastic control, partial differential equations and so on (See El
Karoui, Peng and Quenez [8] for details) have been explored.

Generally, there are three main directions to extend the existence and unique-
ness result: (i) weakening the conditions of the generator ¢ in (y, 2); (ii) study-
ing non-square integrable solutions or reformulating a more general solution
space; (iil) improving the time interval from the finite case to the general case.
Other ways we refer to Buckdahn, Engelbert and Ruascanu [4], Bouchard, Elie
and Reveillac [1]. We note that different ways above require different tools and
techniques.

Concerning the first direction, we would like to mention the following works:
Mao [19], Lepeltier and San Martin [18], Kobylanski [17], Hamadéne [16],
Briand, Lepetier and San Mrtin [3] and Fan, Jiang and Davison [11], see also
the references therein. Particularly, by virtue of some results on determin-
istic backward differential equations, Hamadéne [16] proved the existence for
solutions of multidimensional BSDEs when the generator g satisfies a Osgood
condition in y, a uniform continuity condition in z and the ith component of
g depends on the ith row of z. Furthermore, by establishing an estimate of a
linear-growth function, Fan, Jiang and Davison [11] obtained the uniqueness
result under the same assumptions as those in Hamadeéne [16]. These works
dealt only with square-integrable parameters or L? solutions.

To our knowledge, along the direction (ii), El Karoui, Peng and Quenez
[8] first studied the existence and uniqueness result for L? (p > 1) solutions of
multidimensional BSDEs when ¢ and {g(t, 0,0) }+¢[o,7] are p-integrable, see also
Briand, Delyon, Hu, Pardoux and Stoica [2], Chen [5], Fan [9], etc. Particularly,
Briand, Delyon, Hu, Pardoux and Stoica [2] also investigated the existence and
uniqueness for L! solutions of multidimensional BSDEs when the generator g
is monotonic in y, Lipschitz continuous and of sublinear growth in z. Based
on this result, Fan and Liu [13] established an existence and uniqueness for L*
solutions of one dimensional BSDEs whose generator g is Lipschitz continuous
in y and Holder continuous in z; and Tian, Jiang and Shi [21] further extended
this result, in which the generator g satisfies a Osgood condition in y and a
quasi-Holder continuity condition in z. All the aforementioned works, however,
dealt only with the BSDEs with finite time intervals.

Many works have also been made along the direction (iii), see for example
Chen and Wang [6], Fuhrman and Tessitore [15]. Currently, many researchers
concentrate on synthesizing the three directions, such as Fan, Jiang and Tian
[12], Fan and Jiang [10], Fan and Dong [7], Wang, Liao and Fan [22]. In
particular, Xiao, Fan and Xu [23] studied the existence and uniqueness of



BSDES WITH TIME-VARYING QUASI-HOLDER CONTINUITY GENERATORS 669

L? (p > 1) solutions of multidimensional BSDEs with general time intervals,
which extends the result of Briand, Delyon, Hu, Pardoux and Stoica [2] to
the general time interval case. And Fan, Wang and Xiao [14] obtained the
existence and uniqueness for L? solutions of multidimensional BSDEs with
uniformly continuous generators in general time intervals, improving the results
of Hamadeéne [16] and Fan, Jiang and Davison [11].

Motivated by these results, in this paper we establish an existence and
uniqueness result of LP (p > 1) solutions for multidimensional BSDEs with
general time intervals, where the generator g satisfies a time-varying Osgood
condition in y, a time-varying quasi-Holder continuity condition in z and the
ith component of g depends on the ith row of z (See Theorem 3.2 in Section 3).
The whole idea can be viewed as a synthesis of directions (i) — (iii). This result
generalizes some known works including Hamadéne [16], Fan, Jiang and Davi-
son [11], Fan and Liu [13], Tian, Jiang and Shi Tian, Jiang and Shi [21] and
Fan, Wang and Xiao [14], even for the case of finite time intervals.

The remainder of this paper is organized as follows. Section 2 contains some
usual notations and useful propositions. Section 3 is mainly devoted to the
statement of the existence and uniqueness result of LP (p > 1) solutions and
some examples are also provided. Section 4 gives the proof of our main result.

2. Notations and preliminaries

In this paper, the Euclidean norm of a vector y € RF will be defined by
ly|, and for a k x d matrix z, we define |z| = \/Tr(z2*), where and hereafter
z* represents the transpose of z. Let (x,y) represent the scalar product of z,
y € RF. For each real number p > 0, let LP(Q, Fr,P;RF) (or LP(Fr;RF)
for simplicity) be the set of R¥-valued and Fr-measurable random variables
¢ such that [|¢]|7, := E[|{[P] < oo and let SP(0,T;R*) (or SP for simplicity)
denote the set of R¥-valued, (F;)-adapted and continuous processes (Y3)ie[o,7]

such that
1A1/p
Y]sr := (E{ sup Yt|p}) < 0.
t€[0,T]
If p>1, | |s» is a norm on S” and if p € (0,1), (Y,Y’) = |[Y = Y'||s»

defines a distance on SP. Under this metric, SP is complete. Moreover, for
p > 0, let MP(0,T;R**?) (or MP) denote the set of (equivalent classes of)
(Fi)-progressively measurable R**-valued processes (Zt)tejo,r) such that

T p/27y 1A1/p
1 Z||mw = {EK/ |Zt|2dt> ]} < oo.
0

For any p > 1, MP is a Banach space endowed with this norm and for any
p € (0,1), MP is a complete metric space with the resulting distance. Besides,
we say that a continuous process (Y;):eo,) belongs to class (D) if the family
{Y; : 7 € X} is uniformly integrable, where X1 stands for the set of all (F3)-
stopping times 7 such that 7 < T'. For a process (Y;):e[o,7) belonging to class
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(D), we define ||Y||; := sup{E[|Y;]] : 7 € £1}. The space of (F;)-progressively
measurable continuous processes which belong to class (D) is complete under
this norm.

Finally, let S be the set of all non-decreasing linear-growth continuous func-

tions p(-) : RT — RT with p(0) = 0 and p(z) > 0 for all > 0, where and
hereafter Rt := [0,00). We denote the linear-growth constant for p(-) € S by
A >0, ie., p(r) < A1+ z) for all z € RT. In this paper, we will use the
following definition.
Definition. A pair of processes (v, 2¢)¢cjo, 7] taking values in RF x R¥*4 ig
called a solution of BSDE (1), if (yz, 2t)¢ejo, 1) 18 (F¢)-progressively measurable
and satisfies that dP-a.s., t — y; is continuous, ¢ + z; belongs to L?(0,7),
t — g(t,ys, 2) belongs to L'(0,T) and BSDE (1) holds for each t € [0, T].

Next we present an a priori estimate for solutions of multidimensional BS-
DEs, which will play an important role in the proof of our main result. To
state it, the following assumption is necessary, where 0 < 7' < oo and p > 0.

(H) There exist two non-negative functions u(-), A(*) : [0,7] — R* with
fOT (1(t) + X3(t)) dt < oo such that dP xdt-a.e., for each y € R* and
= kad’

{y,9(t.y,2)) < p@®y® + AO)lyllzl + felyl,
where (f¢):c[o,r] is a non-negative and (F;)-progressively measurable
process with E[(fOTftdt)p] < 0.
Proposition 2.1. Assume that 0 < T < oo, g satisfies assumption (H),

(Yt> 2t)tejo,) 15 a solution of BSDE (1) such that (yt)iefo,r) belongs to SP with
some p > 0. Then there exist two constants C}) > 0 and CZ > 0, where C;

depends on p, fOT wu(t)dt and fOT A2(t)dt, and C’g depends only on p, such that

dP-a.s., foreach 0 <r <t <T,
T p
]-‘T]JngE K / fs d5>
t

@ |/ ' |z£ds)p/2

Furthermore, if p > 1, then there exists a constant C;’ > 0 depending on p,
fOTu(t) dt and fOT A2(t) dt, such that dP-a.s., for each 0 <r <t <T,

s€[t,T] ]:T} B [( /tT 21 ds) "
3) < c3(EIlP17) +EK/tTfs ds)p %))

Remark 2.2. Proposition 2.1 comes from Lemmas 2.3 and 2.4 in Xiao, Fan and
Xu [23] with the only difference lying on the constants appearing in (2). So
here we omit its proof. The fact that Cz depends only on p will be used in the
proof of our main result.

fT}SC;E[ sup |ys|?
s€t,T]

%)

of s

7]
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In the sequel, we introduce the following assumptions, where 0 < T' < oo
and p > 1.

T
(A1) E[[E]P+ ( [y 19(t,0,0)|dt)"] < oo;
(A2) dP xdt-a.e., for each z € R**? y 1 g(t,y, 2) is continuous;
(A3) g has a general growth in y, i.e., for each r € RT, E[fOT U (t) dt] < oo,
where

w'f'(t) ‘= sup |g(t7 Y, O) - g(t7 07 0)|7
ly|<r
(A4) There exists a deterministic function u(-) : [0,7] — R with fOT u(t)dt
< oo such that dP xdt-a.e., for each 1, y» € R* and z € R¥*?,

(y1 — Y2, 9(t,y1,2) — g(t, 2, 2)) <U(t)|y1 — y2|

(A5) There exists a deterministic function o(-) : [0, 7] — R with fOT o2 (t) dt
< oo such that dP xdt-a.e., for each y € R* and z1, 2o € R¥*?,

lg(t,y,z1) — g(t,y, z2)| < O(t)|z1 — 22];

(A6) There exist a constant o € (0,1) and a deterministic function ~(¢) :
[0, 7] — R* with fOT (v(t)+~7¥ 2= (1)) dt < oo such that dPxdt- a.e.,
for each y € R¥F and z € R¥*?,

l9(t,y, 2) — g(t,y,0)] < ()1 + [2]%).

Using a similar argument to that in the proofs of Theorems 3.1 and 4.1 in
Xiao, Fan and Xu [23] with some small changes due to the difference of the
growth condition of g in z, we can deduce the following existence and uniqueness
result, whose proof is omitted here.

Proposition 2.3. Assume that 0 < T < oo, p > 1 and (A1)-(A5) hold. We
have that
1) if p > 1, then admits a unique solution (Y¢, 2t)tcjo.T) N
(i) if 1, then BSDE (1) admi ' lution (Y, 2t)tefo,m)
SP x MP;
(ii) of p = 1 and g also satisfies (A6), then BSDE (1) admits a solution
(Yt> 2t)tejo,m) € nﬁe(0,1)(86 x MP) such that (y)iepo,r) belongs to class
(D), which is unique in S® x MP for each B € (a,1).

3. Existence and uniqueness result for LP (p > 1) solutions

In this section we will state the existence and uniqueness result for solutions
of BSDE (1) and give two examples to compare it with some existing works.
Let us first introduce the following assumptions with respect to the generator
g of BSDE (1), where 0 < T < oo.

(H1) g satisfies a time-varying Osgood condition in y, i.e., there exist a
deterministic function u(-) : [0,7] — R with fOT u(t)dt < oo and a
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function p(-) € S with [, 1/p(u) du = oo such that dP xdt-a.e., for
each y1, yo € RF and 2z € R¥*4,

‘9(”;7571/172) - g<w7tay2az)| S U(t)p(|y1 - y2|)7

(H2), g satisfies a time-varying quasi-Holder continuity condition in z, i.e.,
there exist a constant « € (0, 1], a deterministic function v(-) : [0, T] —
R* with fOT (v(t) + v2(t)) dt < co and a function ¢(-) € S such that
dP xdt-a.e., for each y € R* and 21, 2o € RF*4,

‘g(wﬂtayazl) - g(wat7y722)| < U(t)¢(|2’1 - ZQ‘Q);

(H3) For any i = 1,...,k, the ith component of g, denoted by g;(w,t,y, 2),
depends only on “z.

In the remaining of this paper, we put an i at upper left of y € R¥, z € R¥*4
to represent the ith component of y and the ith row of z, like *y and 2.

Remark 3.1. We provide some remarks with respect to the assumption (H2),
as follows:

(i) In the case of @« = 1 and ¢(z) < Az for all z € R, we do not need the
condition that fOT v(t)dt < oco.

(i) When « = 1, (H2), becomes the time-varying uniform continuity con-
dition, which is obviously weaker than (A5). And, when ¢(x) = =z, (H2),
becomes the time-varying Holder continuity condition. This is the reason that
we call (H2), a time-varying quasi-Holder continuity condition.

(iii) The larger the «, the weaker the condition (H2),, i.e., for each 0 <
a < f <1, (H2), = (H2)g. Indeed, if (H2), holds with ¢(-) € S, then
(-) == ¢(] - |*/#) is non-decreasing and continuous, and satisfies ¢(z) > 0 for
all z > 0 and ¢(0) = 0. On the other hand, since for all x € R, ¢(z) <
Az®/B 4 A < Az + 2A, then ¢(-) is at most of linear-growth. Hence, ¢(-) € S,
and (H2)s holds with ¢(-) due to the fact that ¢(|z1 — 22|%) = ¢(|21 — 22|%).
Clearly, the contrary of the above statement is not true in general.

(iv) For each o € (0,1] and ¢(-) € S, we can deduce from (iii) with taking
B =1 that ¢(] - |*) € S, and then it admits an estimate like ¢(-) (see the
inequality (4) in Fan, Jiang and Davison [11] for details), i.e., for each z € R
and n > 1,

() o(z”) < (n+2A)m+¢(<nJ2rAQA>Q>.

The main result of this paper is the following Theorem 3.2.

Theorem 3.2. Assume that 0 < T < oo, p > 1, a € (0,1], and (A1), (H1),
(H2), and (H3) are in force. We have

(i) if p > 1, then BSDE (1) admits a unique solution (y:, zt)iefo,1] in
SP x MP;
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(ii) ifp=1anda € (0,1), then BSDE (1) admits a solution (yt, 2¢)tcjo,1] €
ﬂﬁe(o,l)(sﬂ x MP) such that (y:)ieo,r) belongs to class (D), which is
unique in S® x MP for each B € (a,1).

We provide two examples to illustrate the applications of Theorem 3.2.

Example 3.3. Let 0 < T < oo, p>1, a € (0,1], k =1 and £ € LP(Fr;R).
For each (w,t,y,2) € Q x [0,T] x R* x R**4_ define the generator g by

| (e

7 (@)1,
where h(z) := (—zInz)lo<z<s + (W (0—=)(x — 8) + h(6))1y5s, with § small
enough. Since h(0) = 0 and h(-) is concave and increasing, we have h(z;+z2) <
h(z1) + h(z2) for all x; and xo € RT, which implies that |h(z1) — h(z2)] <
h(|z1 —z2|). Moreover, noticing that [, 1/(—zInz)dz = oo, we know that the
generator g satisfies assumptions (A1), (H1), (H2), and (H3) with u(¢) = |Int|,
v(t) = 1/, p(x) = h(z) and ¢(x) = x. Then by Theorem 3.2 we know that
if p > 1, then BSDE (1) admits a unique solution (yi, 2¢)¢cjo,7] in S x MP;
and if p = 1 and a € (0,1), then BSDE (1) admits a solution (yr, 2¢)¢ecjo,1] €
ﬂBE(OJ)(Sﬂ x MP) such that (y;)¢eo,r) belongs to class (D), which is unique

in S x M? for each 8 € (a, 1).

g(w,t,y,2) = [Int|h(|y|) +

We mention that Hamadéne [16], Fan, Jiang and Davison [11] and Fan,
Wang and Xiao [14] dealt only with the case of square-integrable parameters,
Fan and Liu [13] and Tian, Jiang and Shi [21] dealt only with the case of
integrable parameters and u(t) and v(t) being bounded, and the required con-
ditions for g in z of Theorem 4.2 in Briand, Delyon, Hu, Pardoux and Stoica
[2] and (i) in Proposition 2.3 are the Lipschitz continuity. Thus, since for each

€ (0,1), the function |z|® is only uniformly continuous or a-Holder contin-
uous rather than Lipschitz continuous on [0, 00), the existence and uniqueness
result in Example 3.3 can not be obtained by these aforementioned works. In
addition, Example 3.3 also illustrates that in our framework, u(t) and v(t) ap-
pearing in (H1) and (H2), may be unbounded and their integrability is the
only requirement.

Example 3.4. Let 0 < T < oo, p = 1 and & € L' (Fr;RF). For each i =
Lk and (w,t,y,z) € QX [ ] RF x RF¥¢  define the generator g =
(917 s 7gk) by

X

gi(w,t,y,2) = e h(lyl) + (V172 + VI72l) + [Be(w)l,

1+t2

where h(x) is defined in Example 3.3. It is not very hard to verify that the
generator g fulfills assumptions (A1), (H1), (H2), and (H3) with u(t) = t%e~,
v(t) = 1/(1+t2), p(-) = h(-), « = 1/3 and ¢(z) := = + 23/ for each = € R+,
It then follows from (ii) in Theorem 3.2 that BSDE (1) admits a solution
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(Yt> 2t )tejo,r) € ﬂﬁe(o’l)(sﬂ x MP) such that (y;)ejo,r) belongs to class (D),
which is unique in S” x M? for each 3 € (1/3,1).

It should be pointed out that, to our best knowledge, the existence and
uniqueness result for L' solutions in Example 3.4 can not be obtained by any
existing results including Briand, Delyon, Hu, Pardoux and Stoica [2], Fan
and Liu [13], Tian, Jiang and Shi [21] and (ii) in Proposition 2.3. The reason
lies in that Theorem 6.3 in Briand, Delyon, Hu, Pardoux and Stoica [2] and
Proposition 2.3 require the Lipschitz condition for g in z, Fan and Liu [13] and
Tian, Jiang and Shi [21] only consider one dimensional BSDEs with finite time
intervals, and Fan and Liu [13] also requires the Lipschitz continuity of ¢ in y.

4. Proof of the main result

In this section we will prove our main result — Theorem 3.2. Before the
proof we first establish the following Propositions 4.1 and 4.4 for preparation.

Proposition 4.1. Assume that a € (0,1], p > 1, 0 < ¢ < p, (Y, 2} )eejo,r] 15
a solution of BSDE (¢,T,g™) in S x M? for each n > 1, and (H1), (H2), and
(H3) hold for g and g™ with the same parameters u(-), v(:), p(-) and ¢(-). If
for eachn > 1, (y;" =y} )eepo, 1) belongs to SP, and {g"};2, converges uniformly
to g, i.e., there exists a non-increasing function sequence ay(-) : [0,T] — RT
with fOT an(t)dt — 0 as n — oo such that dPxdt -a.e., for eachn > 1, y € RF
and z € RF*4,

(5) ‘gn(tayvz) _g(t7yaz)| < Cln(t),
then there exists a solution (yi, z¢)iejo,r) € ST x M? of BSDE (¢, T, g) such that

lim ([ly" = yllse + (12" = z[[ma) = 0.

n—oo

Proof. Let the assumptions of Proposition 4.1 hold. For each n, m > 1, set

g™ =y —y™ and 2" = 2" — 2. Then ("™, 2" )ieqo, ) with " € SP

is a solution of the following BSDE:
T T
g = / g (s, g™,z ds 7/ Z0™dBs, teo,T],
t t

where g (¢, y, 2) i= g"(t, y + Yy, 2+ 2) — g™ (t, i, 2) for each y € R* and
z € R¥*9, Tt then follows from (H1), (H2), and (5) that dP xdt- a.e., for each
y € R¥ and z € R**¢| adding and subtracting the term g"(¢,y", "),
(6) (v, 9™ (t,y,2)) <ul®)lylp(ly]) +v(®)]yle(I2") + [yl(an(t) + am(t))

< Au(t)lyl? + Av(D)lyl |21 9] (AG() + 20(6)) +201 (1),

which indicates that assumption (H) is satisfied by the generator §™™(¢,y, 2)
with p(t) = Au(t), A(t) = Av(t) and f; = A(u(t) + 2v(t)) + 2a1(t). Thus,



BSDES WITH TIME-VARYING QUASI-HOLDER CONTINUITY GENERATORS 675
Proposition 2.1 leads to the existence of a uniform constant C7; > 0 such that
for each n, m > 1,

(7) lyf —yt| < Ch, Vtel0,T] and 2™ e MP.

The following proof will be split into three steps.
First Step: In this step we prove the convergence of {y™"}52, in S9.
Firstly, assumption (H3) and Tanaka’s formula give that, for each n, m > 1,
i=1,...,kand t € [0,T],

T T
g < / S (I )GE (s, G, ) s — / (sgn( g™ (5™, dB,),
t t

where g, represents the ith component of §™™. Furthermore, due to (H1),

(H2), and (5), we can get that, dP xds-a.e.,
197" (5,92, 20 ™) < uls)p(10™ ) + v(s)o( 28 *) + an(s) + am(s)-

Thus, combining the previous two inequalities and (4) yields that for each n,
m,l>1,i=1,....,kand t € [0,7],

T
igpm| < nm+[ (u()p(152™ ) + (1 + 24)0(s)[1227]) ds
T
- / (sen (g™ (2™, dB,),

where

i = /OT(an(s) + am(s)) ds + 1D¢(<ljf;4)a) /OTU<S) ds,

and here and later on 1p = 0 if « = 1 and ¢(x) < Az for all z € R™, otherwise,
1p=1.

Now for each n, m, 1 >1,i=1,2,...,k and t € [0,T], let
'anl (l+2A)Sgn(yt )(Zt )

€’ T Lyiznm) 4.
2™ )

Then, (ie?’m’l)te[o’T] is an R%valued, bounded and (F;)-progressively mea-
surable process. It follows from Girsanov’s theorem that ‘B} ml— B, —

fotie?’m’lv(s) ds, t € [0,7T], is a d-dimensional Brownian motion under the

probability P;;"™ on (Q, Fr) defined by

P _ /Tv(s)<(ie”ml)* dB,) 1/TU2(5)|ie”’“|2ds
~ex m, a1 m, .
P P, s ) 2 )y s

Thus, for each n, m, 1 >1,i=1,...,k and t € [0,T],

) [0 < bt [ ulpz ) ds— [ i) (zmy @l B,
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Ln,m

Moreover, since 2™ € MP due to (7), the process

t

([ smcimczmy, appm)
0 t€[0,T7]

is an (F, P};™)-martingale by the Burkholder-Davis-Gundy inequality and

Holder’s inequality. Thus, for each n, m, 1 >1,i=1,... ;kand 0 <r <t < T,

by taking the conditional mathematical expectation E;';"[-|F,] with respect

to F, under P}";" in both sides of (8), we can get that

T
O B[ F) saz,mwzﬁf‘[ [ otz as
t

Next, in an analogous way to that in the proof of the uniqueness part of
Theorem 7 in Fan, Wang and Xiao [14] we can deduce the desired result of this
step. For readers’ convenience, we provide a sketch of this proof highlighting
the difference. For each [ > 1, define pi(-) : R — R™ by

7]

pi(x) == sup{p(ly|) — l|lz — yl}.
yeR

It follows from Lemma 1 in Lepeltier and San Martin [18] that p;(-) is well
defined for [ > A, Lipschitz continuous, decreasing in  and converges to p(]-|).
For each [ > A, let f}" ™! he the unique solution of the following deterministic
backward differential equation (see Proposition 3 in Fan, Wang and Xiao [14]),

T
a0 =i [ ente ) ds te 0]
t

l

Noticing that p; is decreasing in [, and ay, ,,

and [, we can deduce that f;’ 1 g also decreasing in n, m and [ respectively,
which implies that f;" ol converges point wisely to a function f; asn, m,l — oo
(see Proposition 5 in Fan, Wang and Xiao [14]). Thus, by sending n, m, I — oo

n (10), the Lebesgue dominated convergence theorem leads to that

is respectively decreasing in n, m

T T
fo= / <u<s>p<|k.fs\>)d82/t (u(s)p(k - f)) ds, € [0,T].

Recalling that p(-) € S and [, 1/p(u)du = oo, we can derive that f; = 0 (see
Proposition 6 in Fan, Wang and Xiao [14]).

Now, for each | > A, n, m, j > 1 and ¢ € [0,7T], let f/*™" be defined
recursively as follows:

T
1) b=y et =al L+ / (u(s)pr(k - frmbd)) ds,
t

where C is defined in (7). Noticing that p; is Lipschitz continuous, by Proposi-
tion 4 in Fan, Wang and Xiao [14] we know that f;™"/ converges point wisely
to fi"™" as j — oco.
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On the other hand, it is easy to verify by induction that for each [ > A, n,
m,j>landi=1,...k,

i Am,m n,m,l,j n,m,l,j
(12) ‘yt ‘Sft ijO j? tE[O,T].

Indeed, (12) holds true for j = 1 due to (7). Suppose that (12) holds true for
j > 1. Then, for each t € [0,T],

u(®)p(|7 ™)) < u(t)p(k - fI7™H) < u(t)py(k - f1™0).

In view of (9) with » =t as well as (11), we deduce that (12) holds for j + 1.

Finally, by taking supermum with respect to ¢ and then sending j, I, n,
m — oo successively in (12), we obtain that for each i = 1,2, ...k,
(13) lim  sup |y — ‘Y™ =0,

7n,Mm—r00 tG[O,T]

which together with (7) implies that {(y™ —y!)}5°; converges in the space SP
to some (Y3);c[0,77. Then we can deduce that {y"}52; converges toy. := Y. +yt
in the space S7 since 3! belongs to it.

Second Step: In this step, we show the convergence of {2}, in M?.

It follows from (6) and (4) that dP xdt-a.e., for each n, m, I > 1, y € RF
and z € RF*4,

(y, g™ (t,y, 2)) < (L+ 2)u(®)|yl* + (1 + 24)0(O)lyll=] + [y[H]"™ (1),

where

H™ (1) = u(t)p(l_’z_f;A> + 1Du(t)¢(<li/;4)a> +an(t) + am(t).

Here we note that H;"™(-) is non-increasing with respect to n, m and [, re-
spectively. Hence, the generator ™™ satisfies assumption (H) with u(t) =
(I +2A)u(t), Mt) = (I +2A)v(t) and f; = H""™(t). Then by (2) in Proposi-
tion 2.1 we know that there exist two constants C} > 0 depending on g, I, A,
fOT u(t)dt and fOT v2(t) dt and C? > 0 depending only on ¢ such that

T q/2 T q
EK/ |zfztm2dt> } < C’}E{ sup |y?yf1|q] +C’2(/ Hln’m(t)dt) .
0 te[0,T] 0

Recalling that {y"}22; is a Cauchy sequence in 87 and p(-), ¢(-) € S, by
sending first n, m — oo then [ — oo in the previous inequality we deduce that

T q/2
lim E[(/ |zf—z;”|2dt) ] =0.
Mn,M—> 00 0

That is to say, {2}, is a Cauchy sequence in the space M?. We denote the
limit by (2¢)iefo,77-

Third Step: This step aims to show (v, 2¢)¢ejo,7) is a solution of BSDE
(&,T,g) in the space S7 x M4.



678 X. LISHUN AND F. SHENGJUN

We have known that the sequence {y"}52; and { ftT 2l dBg}22 | converge in

L(Fp; R*), uniformly with respect to ¢, toward to y; and [ tT 25 dBg, respec-
tively. Next let us check the limit of g™ (s, y?, z%) in BSDE (£, T, g™). It is clear

S

that there exists a positive constant ¢, depending only on ¢ such that

T q
E[ sup ( / |g"<s,yz,zs>g<s7ys,z5>|ds) ]
t

t€[0,T)

T q
< e ([ 120~ gt Dl as ) |
0

(14) ves|( [ ot ) — 5,020 1s) } .

It follows from (5) that the first term on the right hand side of (14) converges
to 0 as n — oo. Furthermore, by (H1), (H2), and (4) we see that for each n,

1>1,
T q
E[( [ ot —g(s,ys,zmds) }
0

< Cq(lJFQA)qEK/OT (u(s)yl — ys| +v(s)]2l — 24) ds)q]

(15) +cq< / ' [u@)p(lf;) + 1Dv<s>¢(<lf‘;A)aﬂ d)

Note that the second term on the right hand side of (15) converges to 0 as
I — 00. On the other hand, it follows from Holder’s inequality that

E[(/T (0o =l + o)1 = =) ds ) |
VAL ET

+ cq</OT v?(s) ds>q/2EK/0T |2 — zs|2ds>q/2}

Thus, by virtue of the fact that {(y™, 2™)}22; is a Cauchy sequence in S x M4,
letting n — oo then [ — oo in (15) and letting n — oo in (14) yield that

T T q
/ gn(57y27z:)dsf/ g(s,ys, zs) ds ]_0.
t t

Subsequently, by passing to the limit in BSDE (£, T, ¢™) under the sense of
uniform convergence in probability we can conclude the desired result. (I

lim E{ sup
n—o0 te[0,7)

Remark 4.2. We would like to mention that the constant g in Proposition 4.1
may satisfy 0 < ¢ < 1 or ¢ > 1. This allows Proposition 4.1 to handle both L?
(p > 1) solutions and L' solutions.
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The following corollary of Proposition 4.1 interprets the uniqueness for so-
lutions of the BSDESs, which is useful to the proof of our main result.

Corollary 4.3. Assume that a € (0,1], p > 1, 0 < ¢ < p, (H1), (H2), and
(H3) hold for g, and (yz, 2t)icjo, ) and (i, 2;)tcjo, 1) are two solutions of BSDE
(&, T,9) in ST x M. If (y: — y})tepo,1) belongs to SP, then we have y. =y’ and
2. =2.

Proof. Let assumptions hold and (H1), (H2), and (H3) hold for g with parame-
ters u(-), v(-), p(-) and ¢(-). By letting g" = g, y?" ' =y, 2271 =2, y?" =y,
and 22" = 2. for each n > 1 in Proposition 4.1, we deduce that (y?" — y?"~1)
and (22" — 227~1) converge to 0 respectively in S? and M? as n — oo, which
means that y. = 3’ and z. = 2/ O

Next we introduce the following proposition, which is actually a direct corol-
lary of Lemma 12 in Fan, Wang and Xiao [14] in view of Remark 3.1.

Proposition 4.4. Assume that « € (0,1] and the generator g satisfies (H1),
(H2), and (H3) with parameters u(-), v(-), p(-) and ¢(-). Then there exists a
generator sequence {g"}>2, such that (H3) is fulfilled for each g™, and dP x
dt-a.e., for eachn > 1, y, y1, y2 € R* and z, 21, zo € R**?, we have

(16) g™ (t, 9, 2)| < g(t,0,0)[ + EA(u(t) + 2v(t)) + kAu(t)|y| + kAv(t)|z|,
(A7) 1g"(ty1,21) — 9" (92, 22)| < ku()p(lyr — y2l) + kv(t)d(|21 — 22|),
(18)  [g"(ty1,21) = g™ (t,y2, 22)] < K(n + A) (w(t)lyr — ya| + v(t)]21 — 22).
Moreover, there exists a non-increasing function sequence by (+) : [0,T] — RT

with fOT b,(t)dt — 0 as n — oo such that dP xdt -a.e., for each y € R¥ and
z € RF*4,

Now we can start to prove our main result — Theorem 3.2.

Proof of Theorem 8.2. Let 0 <T < oo,p > 1, a € (0,1] and (A1), (H1), (H2),
and (H3) hold for g with parameters u(-), v(-), p(-) and ¢(-).

Assertion (1). Let p > 1. Setting ¢ = p = p in Corollary 4.3 yields the
uniqueness result. Now, we consider the existence part. By Proposition 4.4
we can find a generator sequence {g"}52; satisfying (H3) and (16) — (19). It
follows from (16) — (18) that g™ satisfies (A1), (A2), (A4) and (A5) for each
n > 1. And from (17) we derive that dP xdt¢-a.e., for each n > 1 and y € R”,

19" (t,y,0) — g"(¢,0,0)| < ku(t)p(lyl),

which means that (A3) is fulfilled by ¢g". Then it follows from (i) in Proposi-
tion 2.3 that for each n > 1, the following BSDE:

T T
y?:§+/ g”(s,yz,z:>ds—/ mdB,, e [0,T],
t t
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admits a unique solution (yf, 2")sepo, ) in S? x MP. Thus, taking ¢ = p in
Proposition 4.1 and noting that (17), (H3) and (19) hold for g, we can conclude
that {(y", 2"")}5Z, converges to a pair of (ys, z¢)1e[o,7] in SP x MP, which is the
desired solution of BSDE (1).

Assertion (ii). Let p =1 and « € (0,1). We first treat the uniqueness part.
Assume that (ys, 2¢)efo,r) and (y;, 2)tejo,7] are two solutions of BSDE (1) such
that for some 3 € (a,1), both (y¢)icjo,7) and (y;):e[o,r) are of class (D), and
(2¢)tejo,r) and (z})sefo,r] belong to M?. According to Corollary 4.3, in order
to prove the uniqueness, it suffices to show that (y: — y;)icjo,r) € SP for some
7> 1.

In fact, let us fix n > 1 and denote 7, the (F;)-stopping time

t
momint {202 [P+ szl At
0

Tanaka’s formula gives that for each n > 1 and ¢ € [0, 7], setting §. := y. — ¢/
and 2. := 2. — 2/,
-

|Qt/\‘rn| < |g7—n| +/ |QS|_11\@SI#O<Q579(8795»ZS) —g(s,y;,zg)) ds

tATH

(20) - / ] 15,100 (s 24 dBL).
t

NTn

It follows from (H1) and (H2), that, dP xds-a.e.,

19517 L. 1200050 9 (5,9, 25) — 9(5, 54, 20)) < uls)p(|gs]) + v(5)d(|25]).

Plugging the previous inequality into (20) and taking the conditional mathe-
matical expectation with respect to F;, we deduce that for each n > 1 and

t e 0,17,
ennd < B[l [ (ulodoll) + (51001 ) o 7]
tATH
Now sending n — oo and noticing that 7, — T', (9¢)¢cjo,7] belongs to class (D)
and dP-a.s., 7 = 0, we can derive that for each ¢t € [0, T],

T
] < E[ [ edotiad) + o(s)oz ) as

7

< A/OT (u(s) 4+ v(s)) ds + AE[/tT u(s)|gs| ds

.

T
+AEU o(5)[2] ds
t

Thus, from Fubini’s theorem we get that for each r € [t, T,

7.

E[|4,]| 7] < A / (us) +v(s)) ds + A / u(s)E (|31 7] ds
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+ AEUTU(S)@QP ds ]-'t} .

Hence, Gronwall’s inequality induces that for each 0 <r <t < T,

E[|g,||F] < Ae?)o “(S)ds</0T (u(s) 4+ v(s)) ds + E{/OTU(S)LQSO‘ds ft}).

Moreover, taking r = ¢ and noticing that 8/a > 1, Doob’s and Jensen’s in-
equalities yield that there exists a positive constant C'g depending on «, 5 and
A such that

T B/ e
E[ sup |gt|ﬂ/a] <C§+C§EK/ U(s)|2s|ads) ]
0

te[0,T)

And Hoélder’s inequality yields that

/oTv<s>|zsads < (/OTM(s)ds)zza(/OTVSFds)a/z.

Note that fOT(v(s) + v%(s))ds < oo implies fOT v/ (279 (s)ds < co. Since
(2t)tefo,r) belongs to MP?, from the previous two inequalities we can deduce
that (9¢)¢ecjo, 7] belongs to the space SP/e. Thus, taking ¢ = 8 and p = 8/a in
Corollary 4.3 yields the uniqueness result.

Now we tackle the existence part. Firstly, thanks to Proposition 4.4, there
exists a generator sequence {g"}>2 ; satisfying (H3) and (16) — (19). Similar
to the proof in assertion (i), we can verify that g™ fulfills assumptions (A1) —
(A5) for each n > 1. Moreover, it follows from (17) that dP xdt- a.e., for each
n>1,y € RF and z € R¥*?,

9" (t,y,2) = g" (£, 9, 0)| < kv(t)([2|*) < kAv(t)(1 + [2]),

which indicates that ¢g™ fulfills assumption (A6) for each n > 1. Then (ii) in
Proposition 2.3 yields that for each n > 1, the following BSDE

T T
nyE—i—/ g”(s,y?,z?)ds—/ zrdBs, t€]0,T],
t ¢

admits a solution (yf', 2}')icjo, 1] € ﬂﬁe(o,l)(é’ﬁ x MP) such that (yi")iepo,7]
belongs to class (D). Furthermore, it follows from (17) and (19) that dP x

ds-a.e., for each n > 1, setting ™" := y" — y! and 2™ := 2" — 21,

‘Q?’1|711|g:,1|¢0<g?’1,gn(s,y:, zg) — gl(s,y;’zsl»
< ku(s)p(1957 ) + kv(s)@(|201 ) + bu(s) + ba(s).

Hence, by the aid of the stopping time technique, arguing as in the above proof
of the uniqueness part and in view of the fact that b,(-) is non-increasing with
respect to n, we can deduce that foreach n > 1land 0 <r <t < T,

T
E [|g7!||F] < kAe? Jo" ku(s) ds / (u(s) +v(s) + 2by(s)) ds
0
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T
(21) + kAeA o ku(®) dsE[ / v(s)|20 " ds
0

7.

And we can also prove that I™! := fOT v(s)|271* ds belongs to LY (Fr; R*) as
soon as oy < 1 with v > 1. Moreover, for some v > 1 with ay < 1, taking
r =t in (21) and Doob’s inequality give that there exists a positive constant
¢y depending only on ~, k and A such that

E[ sup I@f’ﬂ < ey + B < oo,
te[0,7]

which indicates that (Qf’l)te[oﬂ belongs to the space &Y for some v > 1.
Then in view of (17), (H3) and (19), we can apply Proposition 4.1 with taking

q = [ and p =~y to obtain that {(y",2")}3Z, converges to some (¥, 2t)ic[o,7]

in 8% x M? for each 8 € (0,1), which solves BSDE (1). Moreover, note by
(13) that {(y™ — ¥}, converges in S7. Since (y'):ejo,r) belongs to class
(D) and the convergence in S with v > 1 is stronger than the convergence
under the norm || - [|1, we can get that {y"}72, also converges to (yt)ic[o,1]
under || - ||1. Therefore, (y:, 2t)1efo,r] is exactly the desired solution of BSDE
(1), which belongs to ﬂBe(O,l)(SB x M?) and (y:)efo,7) is of class (D). O
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