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SOME IDENTITIES ASSOCIATED WITH 2-VARIABLE
TRUNCATED EXPONENTIAL BASED SHEFFER
POLYNOMIAL SEQUENCES

JUNESANG CHOI, SAIMA JABEE, AND MOHD SHADAB

ABSTRACT. Since Sheffer introduced the so-called Sheffer polynomials in
1939, the polynomials have been extensively investigated, applied and
classified. In this paper, by using matrix algebra, specifically, some prop-
erties of Pascal and Wronskian matrices, we aim to present certain in-
teresting identities involving the 2-variable truncated exponential based
Sheffer polynomial sequences. Also, we use the main results to give some
interesting identities involving so-called 2-variable truncated exponential
based Miller-Lee type polynomials. Further, we remark that a number
of different identities involving the above polynomial sequences can be
derived by applying the method here to other combined generating func-
tions.

1. Introduction and preliminaries

Sequences of polynomials play an important role in dealing with various
problems arising in many different areas of pure and applied mathematics (see,
e.g., [2,5,17,19-22]). Among a variety of polynomials, in 1939, Sheffer [24]
introduced the so-called Sheffer polynomials. The Sheffer polynomials have
been extensively investigated, applied and classified (see, e.g., [18, pp. 218
232)).

A polynomial sequence {s,(z)}52, is called Sheffer polynomial sequence if
and only if its generating function is given by

o0 tn
(1.1) a(t) exp (zb(t)) = Y _ sn(z) .
n=0

Here a(t) and b(t) are formal power series
a(t) = Z an, t™ and b(t) = Z by t"
n=0 n=0
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with a(0) = ag # 0, b(0) = by = 0, and b'(0) = by # 0 (see, e.g., [10,20,24]).
The truncated exponential polynomials e, (z) defined by the series (see [3])

(1.2) en(x) = Z %

are the first n+1 terms of the Maclaurin series for e*. Obviously, the truncated
exponential polynomials e, (z) are defined by the generating function (see [6])

ewt 0 .
(1.3) i 2;0 en ()t

The higher-order truncated exponential polynomials [, e,(z) defined by the
series

[%] n—rk
z
(1.4) ren(@) = kzzo oy mrEN
are generated by the following function

et e
(1.5) T = > pen(@)t?
n=0

(see [6]). Here and in the following, let N and C be the sets of positive integers
and complex numbers, respectively, and let Ny := N U {0}.

The 2-variable truncated exponential polynomials (2VTEP) e (z,y) of or-
der r defined by
[%] ykmn—rk

(1.6) eg) (z,y) = m

k=0

are generated by the following function

et e () tn
1.7 = r Z

(see [8, p. 174]).

Let F be a class of functions which are analytic at the origin. Then the
generalized Pascal functional matrix [P, (g(t))] (g(t) € F) is a lower triangular
n + 1 by n 4+ 1 matrix defined by

(g (), iti>j
0, otherwise,

(1.8) Palg()]i; = {

for all 4,5 = 0,1,...,n (see [25,27]). Here and in the following, gD (t) is ith
derivative of g(t).



TRUNCATED EXPONENTIAL BASED SHEFFER POLYNOMIAL SEQUENCE 535

The n'" order Wronskian matrix of analytic functions g;(t), g2(t), - . ., gm (%)
€ F is an n + 1 by m matrix defined by

gi(t)  g2(t)  gst) ... gm(D)

g gt)  gst) .. gn(t)
(1.9) Walg1(t), g2(t), .-, gm(t)] =

aM) g g . gt

(see [25,27]).

Many authors have presented some recurrence relations, differential equa-
tions and identities involving various polynomial sequences (see, e.g., [4,9,11-
13,16,23]). Youn and Yang [27] obtained some identities and differential equa-
tion for Sheffer polynomial sequences by using matrix algebra (see also [1]).

Here and in the following, let g(¢) be an invertible analytic function, that
is, g(0) # 0, and f(¢) be analytic function with f(0) = 0 and f/(0) # 0 that
admits compositional inverse. Then the 2-variable truncated exponential based
Sheffer polynomial sequences .- s, (x, y) are defined by the following generating
function

exp(af (1) = 3 srsal@y)

n!’

1
g(f=1 @) (L =y (1))

(1.10)
n=0

where f~1(t) is the compositional inverse of f(¢). In order to define the polyno-
mial sequence in (1.10), the left-member of (1.10) should be analytic at ¢t = 0.
Then, obviously,

o exp (zf71(t))
(L11)  corsn(@y) = 20 <g(f1(t))(1 — y(fl(t))r)>

Khan et al. [14] used operational methods to present some useful identi-
ties involving the 2-variable truncated exponential based Sheffer polynomial
sequences .~ Sy (x,y) and apply some results to demonstrate some special poly-
nomials, for example, the 2-variable truncated-exponential based generalized
Laguerre polynomials. Youn and Yang [27] used matrix algebra to provide a
differential equation and several recursive formulas of one variable Sheffer poly-
nomial sequences. In this paper, by employing Youn and Yang’s method [27],
we derive some presumably new identities involving the 2-variable truncated
exponential based Sheffer polynomial sequences . s, (2,y).

To do this, some properties of the Wronskian matrices and the generalized
Pascal functional matrices and their relationships are recalled in the following
lemma (see, e.g., [26,27]).

Lemma 1. Let u, v € C and g(t), g1(t), ..., gm(t), h(t) € F. Then
(a) Linear
Polug(t) +vh(t)] = u Palg(t)] + v Palh(1)],
Walug(t) +vh(t)] = uWalg(t)] + v Walh(t)].

(n S No)

t=0
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(b) Multiplicative
Palg(t) h(8)] = Pulg(t)] Palh(t)] = Pu[h(t)] Prlg(t)]-

In addition, if g(t) # 0, then (Pa[g(t)])”" = P, [g71(t)], where g71(t)
denotes the multiplicative inverse of g(t )
(¢) Pascal and Wronskian

Pulg(@)] Walh(t)] = Palh(6)] Walg(t)] = Wa[(gh)(8)]-

In addition,

Pulg@)] Walgi(t), g2(t), - - gm(8)] = Wal(g 91)(£), (9 92) (1), - - -, (9 gm)(1)]-

d) Let g(0) =0 and ¢’(0) # 0. Then

Walh(g(t)li=o = Wi [1,9(t), 6*(1), 8° (1), ..., 9" ()] ,_y " Walh(t)]1=0.
Here and in the following, €, = diag[0!,1!,2!,... nl] is the diagonal
n+1 by n+ 1 matriz.

2. Some identities involving 2-variable truncated exponential based

Sheffer polynomial sequences

Here, we introduce a vector form of the 2-variable truncated exponential
based Sheffer polynomial sequences . sy (2, y) for (g(t), f(¢)) which is defined
by
(21) e<r)_'sn(xv y) = [e(T) 80(1'7 y)a e(’”)sl(xv y)a ) e(r)sn(xa y)]T7
where T denotes the transpose of a matrix. From (1.11), we have

: exp(af (1)
— — — exp(z
g~ @)@ —y(F=(1)")

Lemma 2. Let .t sp(2,y) be the 2-variable truncated exponential based Sheffer
polynomial sequences for (g(t), f(t)). Then

Wil 50(2, )5 o 81(2,9), -+ -y om0 (2, 9)] T Q1
(2.3) = W [L 710, (P )% ()]

« P, {g(t)(ll—yt)} R AC

Proof. Applying (d) in Lemma 1 to the right member of (2.2), we obtain
e Sn(,9) =W [1 £ 710, (), ()] o

Using (¢) in Lemma 1, we get

(22)  coSalz.y) = W, [

t=0

(2.4)

xt

e 1

(2.5) W, Lr(t)(l—ytT)L—o =P, [ML_O Wale"], o
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Easily, we find the following well known identity

(2.6) Wyle"],_, =1 = 2% - "7

Using (2.6) in (2.5) and applying the resulting identity in (2.4), we have
eei5n(@,y) = Wa [1, F7HO, (FTH @)%, (FH )] o
1
X Pn ey E— 1 x 3;2 .
[g(t)(l - yt’“)]to |

Taking k' order partial derivative with respect to = on both sides of (2.7) and
dividing each side of the resulting identity by k!, we obtain
(2.8)

2.7)

a7,

1 ak ak 3k ’
P Wamso(x,y),wemsl(%y)w-~v@e“>3n(m,y)

= WL OGO Oy % P[]

e (D) () O]

Finally, we observe that the right member and the left member of (2.8) are
equal to the kth columns of the corresponding member of (2.3), respectively.
This completes the proof. (I

Theorem 3. Let v sp(z,y) be the 2-variable truncated exponential based Shef-
fer polynomial sequences for (g(t), f(t)). Then

n k
(2.9) Z (wan, + y]:!ﬂk ) %e(r) 5n(2,Y) = e Sny1(2,Y),
k=0
where
1 (k) LeN
“’“‘(ff(t)) o, et
tr—l (k)
S k
O ((1—yt’“)f/(t)> o, et
and *
_ (oW ) keN
" ( qor®) o, N

Proof. Consider

— _ d exp (zf~!(t))
(2.10) Atz yin,r)|,_y = Wa th (g(f—l(t))(l - y(f_l(t))r))]t—O.

Using (1.9), we get

(211) A(tv T,Y;mn, T)|t:0 = [e(r)sl(xa y)ﬂ e(r) SQ(Iv y)a s eln) 5n+1(£E, y)]T
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Since f/(0) # 0, we have

(2.12) ey =

Using (2.12), we find
(2.13)
Altsz,yin,m)|,_,

1)
exp (/7 (1)) ] .
t=0

w1 I Vi ) Y 10 st )
‘W"K 7o) Y T@) 90 I

SO — ()
Using (d) in Lemma 1, we obtain
At z,y:n,7)|,_,
gy = We (L7007 O 7 0]y 05
1 A _g@® exp (xt)
X [(xf’(t) A g f’(t)> ({1 - w)L_o‘
}(Empl)oying (b) and (c) in Lemma 1, we get
2.15
Altsz,yin,)|,_g = Wa [L(F7H0), ()2 ()] 20

xPn[

~—

P, [exp (zt)],_,

=)
g@) (1 —yt™) |,

1 tr—1 g
W {mf’(t) R T Y0 g(t)f’(t)L_o'

Using Lemma 2, we obtain

A(t§ T, y;mn, T)|t:0 =W [e(r) 50(177 y)’ e(T)Sl(‘T? y)’ RS e(”sn(xv y)]TQ:zl
t

1 tr—l g/< ) :|
X W, |z +yr — .
" [ f'(@) L=yt )f'(t)  g&)f'(t)] =0
Or, equivalently,
(2.16)
Alt;z,y;n,m)],_,
[ so(z,y) 0 0 ... 0
() 51’ (2,9) xap +yrBo + 0
e(T)Sl(xvy) T 1/! 0 0 zoy +yrBL +
= | .msa(z,y) e<r.)821!(m.,y) o(r) 822! (z,y) o 0 T + yrfa + o .

T + Y1 Bn + Y

c ! v s (n) (.
(e (@y)  mse (zy) () sn " (zy)
Le( Sn(xv 3/) 1 21 s il




TRUNCATED EXPONENTIAL BASED SHEFFER POLYNOMIAL SEQUENCE 539

Finally, equating nth rows of the right members of (2.11) and (2.16), we obtain
the desired result (2.9). O

Theorem 4. Let . sp(x,y) be the 2-variable truncated exponential based Shef-
fer polynomial sequences for (g(t), f(t)). Then

n
(217) e(m Sn+1 (xa y) = (k) (x(sn—k + Yrén—k + Cn—k)e(T)Sk(xa y)v
k=0

where
NG
o = (ff(fl(t))) o (FENo)
(ffl(t))rfl (k)

o= (TP @) oy (PN

and
A () *)
C’“‘( g(f—1<t>>f'(f—1<t>>> oy FEDo)

Proof. Applying (c) in Lemma 1 to (2.13), we obtain

Alt;z,y;n,m)|,_,

I o .
= B o e T ST S R o

exp (f1(1)
M [g(f‘l(t))(l - y(f‘l(t))’”)L_o'

Using (a) in Lemma 1 together with (2.1) and (2.2), we have
(2.18)

Atz y;m,7)|
x0o + yreo + o 0 0
oy + yrer + (1 xdo + yreo + Co 0
— | Td+yrea + (2 (?)(T& +yrer +G1) xdo +yreo+Co .- 0
20 + yren + Cn (T) (20n—1 + yren—1 + Cu-1) .. ... xdy +yreog + (o
e So(z,y)
e(r) S1 (337 y)
% .

e(r) Snfl(mv y)
e(r)Sn ({)37 y)

Finally, equating nth rows of right members of (2.11) and (2.18), we obtain
the desired result. ]
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Theorem 5. Let v sy (x,y) be the 2-variable truncated exponential based Shef-
fer polynomial sequences for (g(t), f(t)). Then

n

Z e(™ Sn—k+1(33, y)ﬂk

(2.19) F=0 .
= xe(T)Sn(x7 y) + Z (Z) (yrek + ﬁk)e(T)sn—k(l‘v y),
k=0
where
_ (et p—1 (k)
me = (f'(f71 (1)) (k € No),
t=0
(Gt W
= (G tom) |, #ew
and
RO
= () |, e
Proof. Consider
B(t; z,y;n,7)],_,
(2.20) . . exp (zf 1 (t))
= w10 o (G y(fl(t»r))L_o'
Using (c) in Lemma 1, we get
B(t;z,y;n,7)|,_,

_ [d < exp (zf71(1))
“lat \g(F 71 @)A —y(f1 (1))
We find from (2.11) that

)L_O W 11 0)] -

(2.21)
B(t;w,y;n,r)‘tzo
[ e si(z,y) 0 -
cmS2(2,y) om81(T,Y) 0 . 0 m
— | emss(@y)  Demsa(@y)  cmsi(zy) .. 0 N2 |
_e(r>3n+1($7y) (7)e<r>8n(9€,y) (Z)emsn(l‘,y) e<r>51($ay)_ n
We also have
(2.22)
B(t;m,y;n,r){f;o
(fte)r! g(f'@) exp (zf1(1))
- [(“”(1 —y(O) g(f—1<t>>) g(FTO—y(FTO iz
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which, upon using (a), (b) and (c¢) in Lemma 1, yields

B(t;z,y;n,7)|,_,
. exp (27 1(1))
= [g(f‘l(t))(l - y(f—1<t>>r>]t_o
(2.23) exp (2] 1(1)) (L)
+ by {g(f‘l(tb(l - y(f—1<t>>r>]t_o W {u - y<f—1<t>>r>]t_o

exp (zf ' (t)) G ))
i {g(f‘l(t))(l - y(f‘l(t))")L:o o { 9(f=1(®) L:o'

Finally, equating nth rows of the right members of (2.21) and (2.23), we obtain
the desired result (2.19). O

Theorem 6. Let v sy (x,y) be the 2-variable truncated exponential based Shef-
fer polynomial sequences for (g(t), f(t)). Then

(020 marsaley) = kg (e tvde b i) e (o),
where
- ()] v
and
() | wew

Proof. Consider

(2.25)  Cltiw,yin,r)|,_, == Wa {td ( exp (zf~1(t)) )]t_o.

dt \g(f=H(#) (X —y(f~H(#)")

Using (c) in Lemma 1, we have

o L?t (g<f—lft};l>)<(1xfylﬁ)—)l(t))r) ﬂ o

Ct;x,y;n,7)|,_y = Pull]




542 J. CHOI, S. JABEE, AND M. SHADAB

Or, equivalently,

0 0 0 0 0
200 ... 0 0 0f][ ensi(zy) ]
0 3 0 0 0 0 e(T)SQ(xay)
(2.26) o o 4 o o0 o e<r>53.(x,y)
: e(’")sn(xay)
00 0 n 0 0| Le»Snti(z,y)]
0 0 0 0 n+l1 O

We also have

Clt;z,yin,r)|,_,

— W, [( @) e ®) g’(fl(t))f(fl(t))>

PO U=y NPT ®) e i) ()

e (ef(1) ] |
t=0

g(f=r @A —y(fF1 )" |

which, upon using (d) in Lemma 1, yields

(227) = 'm [l,ffl(t),(_ BR00) S G (9) L P v
) o o A IOIA0) f(t)) exp (t) }
(L—yt)f(t)  g@)f'(t)) gt)(d —yt") ],

2.27), we get

Applying (b) and (c) in
Clt;x,y;n,m)|,_,

=W [L 1), (FH )2 ()]

0,'pP, { 1 }

£=0 g(t)(1 —yt")
. f(@) () ’(t)f(t)]
< Falesp atlco Wa [ +or =l s - 400
which, in view of Lemma 2, leads to
C(t;x,y;m, r)‘tzo
(228) =Wy [emso(% y)v e(”Sl(xv y)v e(r) 82(1'7 y)? s el Sn({E, y)}T Q;I

ft) () 9’(t)f(t)}
x W, |z + yr —
[f%w DI ORNOVI0)
Finally, equating nth rows of the right members of (2.26) and (2.28), we
obtain the desired result (2.24). O
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3. An application

Andrews [3, p. 320] commented that the Miller-Lee polynomials G%m)(x)
given by

(31) arw =3 ("R e

k=0

arise in the problem of finding the probability density function for the output
of a cross correlator, by referring to two related papers.

Miller-Lee polynomials Gslm)(m) are given by the following generating func-
tion (see [7, p. 21, Eq. (1.11)] and [15, p. 760, Eq. (2.14)])

(3.2) ! — exp(at) = > GUM ()" (Jt] <1).
n=0

(1—-1)

Dattoli et al. [7, p. 21, Eq. (1.9)], among integral representations of some
other polynomials, presented the following integral representation

1 o}
(m) _ —t ym n
(3.3) Gy (z) = oy /0 e " t™ (x+ )" dt.

Khan et al. [15, p. 760, Eq. (2.15)]) introduced Hermite-Miller-Lee polyno-
mials HG%m)(x, y, z) defined by the following generating function

exp (zt + yt® + 2t%) = > gGIM (x,y,2)t" (|t <1).
n=0

1
e

They also [15, p. 760, Eqgs. (2.16) and (2.17)]) pointed out that the cases m = 0
and m = a — 1 of (3.4) give the following generating functions for, respec-
tively, Hermite-truncated exponential polynomials ;'™ (

modified Laguerre polynomials g f,(La)(x, Y, 2):

x,y, z) and Hermite-

oo

1
(3.5) — exp (zt + yt* + 2t%) = Z gel™ (z,y, 2)t" (|t < 1)
n=0
and
1 0o
n=0

From Section 2, let . s, (2, y) be the 2-variable truncated exponential based

Sheffer polynomial sequences for (W, t), which we call 2-variable trun-

cated exponential based Miller-Lee type polynomials emG%m) (z,9).
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Applying the results in Theorems 3-6 to e(r)GE«Lm) (z,y), we, respectively, get
the following identities:
(3.7)

() Ggﬂ (z,y) = (a? +ryT —m— 1) e G (2, y)

3

1 oF
+ Z (ry T om— 1) %ew)GS{”)(az,y) (n € No);
k=1
(3.8)
e(r) GS:L-)l (l‘, y)
= (Ty% -—m— 1) e(r) ngm) ($7y)

5 (1) (o 7t = 1™ e - t) o G ) (0 o)
k=0

e(r) GS:L-)l (l‘, y) — Te(r) G’I(’Lm) (Z‘, y) + Z e(r) GEJZ)]HJ (J}, y)
(3.9) =t

5 (1) (% - r 1) Ghien) e

k=0

(n—7)en G ()

= (:c+ry% —m— 1) G (x,y)

(3.10) oz

n

1 K ok .
+ Z pl (36 +ryrk! — (m+ 1)k!) @6(7,)027)16(35@) (n € Np).
k=2

4. Remarks

In addition to the results in Theorems 3-6, we can obtain a number of
identities involving the 2-variable truncated exponential based Sheffer polyno-
mial sequences for (g(t), f(t)) by considering some combinations different from
A(t;x,y;n,r)}t:[), B(t;a:,y;n,r)‘t:o, and C(t;x,y;n,r)|t:0, for example,

o d exp (zf (1))
W | f/(FH )9 (f l(t))@ (g(f—l(t))(l — y(f‘l(t))f’))]t_J

1

W | sty - y(f‘l(t))r)}
e

STy o P “”} ’

t=0

~1my 4 exp (zf " (t))
W, _g(f ) <g(f—1(t))(1 _y(f—l(t))T)ﬂt—o’
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i L (e )
Wn |:tf (f (t))dt (g(f_l(t))(l — y(f_l(t))r)>:| t=0 .
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