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ON A NONLOCAL PROBLEM WITH INDEFINITE WEIGHTS
IN ORLICZ-SOBOLEV SPACE

MUuSTAFA Avcl AND NGUYEN THANH CHUNG

ABSTRACT. In this paper, we consider a class of nonlocal problems with
indefinite weights in Orlicz-Sobolev space. Under some suitable condi-
tions on the nonlinearities, we establish some existence results using vari-
ational techniques and Ekeland’s variational principle.

1. Introduction

In this paper, we are interested in the existence of solutions for the following
nonlocal problem with indefinite weights in Orlicz-Sobolev space:

=M (Jq, (@1(|Vul) + @2(|Vul)) dz) div ((a1(|Vul) + a2(|Vul)) Vu)
(1.1) = AVi(2)|u| @2y — uVo(z)|u|2® 2y, zeQ,
u=0, x€0dIN,

where € is a bounded domain in RY (N > 3) with smooth boundary 9;
A, 1o > 0 are two real parameters; V; : Q — R (i = 1, 2) are two weight functions;
g+ © — (1,+00) are continuous functions; M : R{ := [0, 4+00) — R{ is an
increasing and continuous function; a; : (0,00) — R, i = 1,2, are two functions
satisfying some specific conditions.

Equations of type (1.1) can be particularised to many well-known problems
involving variable exponent. For example, if we let a;(t) = [t|P(*)=2, where
p(x) is a continuous function on Q with inf_ g p(z) > 1, Equation (1.1) turns
into the p(z)-Kirchhoff-type equation. If we additionally consider the case
M(t) = 1, Equation (1.1) becomes the p(z)-Laplace equation, a generalization
of p-Laplace equation given by div(|Vul[P~2Vu) = f(z,u), 1 < p < N. This
kind of equations have been intensively studied by many authors for the past
two decades due to its significant role in many fields of mathematics, such as
in the study of calculus of variations, partial differential equations [1, 20, 21],
but also for their use in a variety of physical and engineering contexts: the
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modeling of electrorheological fluids [35], the analysis of Non-Newtonian fluids
[38], fluid flow in porous media [4], magnetostatics [13], image restoration [11],
and capillarity phenomena [5], see also, e.g., [3,6,8,12,16,17,19, 24,27, 30, 37]
and references therein. Therefore, Equation (1.1) may represent a variety of
mathematical models corresponding to certain phenomena:

For ¢(t) := p|t|P~*t;

e Nonlinear elasticity: ¢(t) = (1 + t2)a -1, a> %,

e Plasticity: o(t) = t* (log (1 +1))’, « > 1,8 > 0,

e Generalized Newtonian fluids: ¢(t) = fot s!=e (sinh ™" s:)ﬁ ds,
0<a<l1,B>0.

For ¢(t) = p(a,t) == p(a) |t 2t;

e There is a new model for image restoration given in [14]. In this model,
main aim is to recover an image u, from an observed, noisy image ug,
where the two are related by ug = w + noise. The proposed model
incorporates the strengths of the various types of diffusion arising from
the minimization problem

E(u) = / {|Vu|p(x) +A(u— uo)2 dx
Q

for 1 < p(z) < 2, where [, |VulP'”) dz is a regularizing term to remove
the noise and A > 0.

Motivated by the results on nonhomogeneous problems in Orlicz-Sobolev
spaces introduced in [26, 31, 32,36] and some of our results on the nonlocal
case for these problems in [7,15-17,27], we study the existence of solutions
for problem (1.1) with indefinite weights and multiple parameters. In [31],
Mihailescu et al. considered the following problem:

(1.2) {diV((al(IVuD +as(|Vu])) V) = Au|® 2y, zeQ,

u=0, x€IN.

Using variational techniques, the authors established the existence of two
positive constants Ag, A\; with A9 < A; such that any A € [A\;,+00) is an
eigenvalue, while any A € (0, ) is not an eigenvalue of problem (1.2). In
[32], the authors obtained some similar results in the case when sign-changing
potentials are involved. Interested readers are referred to [36], in which the
author studied the existence of solutions for (1.2) with multiple parameters. In
a recent paper [26], Ge has considered the eigenvalue problem:

(1.3) {—div (a(|Vu|)Vu) = AV (2)|u]?®) 2y, 2 €Q,

u=0, x€,

where V is an indefinite sign-changing weight and A is a positive parameter.
Using variational methods, the author proved that any A > 0 sufficiently small



NONLOCAL PROBLEMS WITH INDEFINITE WEIGHTS 519

is an eigenvalue of problem (1.3). The purpose of this paper is consider prob-
lem (1.1) under suitable conditions on the weights V;, i = 1,2 as well as the
parameters A and pu. As we will see, our results are natural extensions from the
papers mentioned above. We believe that the obtained results are new even
in the local case M(t) = 1, see [36]. Finally, it should be noticed that the
Kirchhoff function here is allowed to be degenerate at zero which makes some
difficulties in applying variational methods, we refer to [15-17, 23] for more
details.

2. Preliminaries

In order to study problem (1.1), let us introduce the functional spaces where
it will be discussed. We will give just a brief review of some basic concepts and
facts of the theory of Orlicz and Orlicz-Sobolev spaces, useful for what follows,
for more details we refer the readers to the monographs [2, 33, 34], and the
papers [7,9,10,18,28,31].

Assume that a; : (0,00) = R, i = 1,2, are two functions such that the odd
mappings ¢; : R — R, defined by

a;(|t])t for t #0,
7 t) =
#ilt) {0 for t = 0,

are odd, increasing homeomorphisms from R onto R. For the functions ¢;
above, let us define

t
D, (t) = /0 vi(s)ds forallteR, i=1,2,

on which will be imposed some suitable conditions later.
For ¢; and ®; defined above, we can see that ®; are Young functions, that
is, ®;(0) = 0, ®; are convex, and lim;_, o P;(t) = +o0o. Furthermore, since

®,(t) = 0 if and only if £ = 0, lim, o 2% = 0, and lim;_.o 2% = fo0, the

t
functions ®;, i = 1,2, are then called N-functions. Let us define the function

®* by the formula

t
7 (t) :/ ¢; H(s)ds forallt € R, i=1,2,
0
which are called the complementary functions of ®; and they satisfy
O (t) = sup{st — ®;(s): s >0} forallt>0,i=1,2.

We observe that the functions ® are also N-functions in the sense above
and the following Young inequality holds
st < ®;(s)+Pr(t) foralls,t>0,i=1,2.
The Orlicz classes defined by the N-functions ®;, i = 1,2, are the sets

Ks,(Q) := {u : Q — R is measurable : / D, (Ju(x)]) de < oo}

i
Q
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and the Orlicz spaces Lo, () are then defined as the linear hulls of the sets
Kg,(2). The spaces Lg, (§2) are Banach spaces under the following Luxemburg

norms
|ulle, == inf{k >0: / ®; (“(”j)> dr < 1}
o k

or the equivalent Orlicz norms

fullza, o= sup {| [ atep(o)as (o)) d < 1}

respectively. For Orlicz spaces, the Holder inequality reads as follows (see [34]):

tv € Kox(Q), /

Q

/ wdz < 2|ullLg, ullL,. forallu € Lo, and v € Lo:.
Q K

The Orlicz-Sobolev spaces W!Lg, building upon Le, (£2) are the spaces defined
by

0
WlLe,(Q) := {u € Ly, (Q): a—“ € Ly, (Q), 1=1,2,.. .,N}
z;
and they are Banach spaces with respect to the norm
lullr,e; = llulle, + [|Vullle,-

Now, we introduce the Orlicz-Sobolev spaces W Lg, () as the closure of
C§° () in W'Lg,(Q). It turns out that the spaces Wi Lg, (2), i = 1,2, can be
renormed by using as an equivalent norms

[[ulli == [[[Vull

Throughout this paper, we assume that ®; and ®] satisfy the As-conditions
at infinity, ¢ = 1, 2, namely,

;-

o ti(t) 0 toi(t)

2.1 1 i = f < i = 5 t Z 0.
(2.1) < (pio = fuf s < (i) o= sup s < 00
Furthermore, we also need the following conditions
(2.2) the function ¢ — ®;(v/1) are convex for all ¢ € [0,00), i = 1,2,
and

1 —1 t —1
; . @,
(2.3) lim %ﬂ(s) ds < 400 and lim % ds = 40

t—0 J, SN t—+o0 [ SN

which help us to define the Orlicz-Sobolev conjugates (®;). of ®;, i = 1,2,
which are given by the formula

(2.4) @0 - | o)) g

S N

We notice that Orlicz-Sobolev spaces, unlike the Sobolev spaces they gen-
eralize, are in general neither separable nor reflexive. A key tool to guarantee
these properties is represented by the As-condition (2.1). Actually, condition
(2.1) assures that both Lg, (Q) and W Le, () are separable, see [2]. Conditions
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(2.1) and (2.2) assure that Lg, (2) are uniformly convex spaces and thus, reflex-
ive Banach spaces (see [31]); consequently, the Orlicz-Sobolev spaces W Lg, ()
are also reflexive Banach spaces.

Proposition 2.1 (see [18,31]). Let u € W} Lg,(Q2), i = 1,2. Then we have
(i) ||u||<“” < Jo ®i(IVu(@)]) dz < Julli?° if fluli < 1.
(i) [ull{* < fo ®i(IVu(@)) dw < ull{ if [lull; > 1.
Next, we recall in what follows some definitions and basic properties of the
generalized Lebesgue space LP(*) (€2) where €2 is an open subset of RY. In that

context, we refer to the books [21,35], the paper of Kovagik et al. [29].
Set

C(Q) :={h; h € C(Q),h(z) > 1 for all z € Q}.
It is said that h(z) € L (2) when

1 <h™ =essinfh(z) and h" = ess sup h(z) < cc.
e zeQ

For any p(x) € C (), we define the variable exponent Lebesgue space
Lr@) Q) = {u : a measurable real-valued function such that/ Ju(z) [P dx < oo}
Q

with respect to the following so-called Luzemburg norm defined by the formula

p(z)
|ulp(zy = inf § > 0; / dr <15.
Q

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in
many respects: they are Banach spaces, the Holder inequality holds, they are
reflexive if and only if 1 < p~ < p* < oo and continuous functions are dense
if pt < 0co. The inclusion between Lebesgue spaces also generalizes naturally:
if 0 < |9 < oo and py,pe are variable exponents so that pi(z) < pa(z) a.e.
x € €, then there exists the continuous embedding LP2(®) (Q) — L”l(x)(Q) We
denote by LP'(®)(Q) the conjugate space of LP(*)(Q), where p(x) + =1

For any u € LP@)(Q) and v € LP' ®*)(Q) the Holder inequality

/ uv dx
Q
holds true.

An important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular of the Lp(‘”)(Q) space, which is the mapping pp () :
LP®)(Q) — R defined by

I

P (x)

(2.5)

1 1
<|{—+ W) V] () < 2|U|pip) |V
(o5 + o= ) o lthoo) < 2ubiololyis

pp(m) / |u|p () da.
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If u € LP®)(Q) and p < oo, then the following relations hold

- +
(2-6) \u|5(z) < pp(a:)(u) < ‘“|g($)

provided |up() > 1 while

n _
(2.7) \u|§(x) < Pp(a)(u) < ‘“|z(x)
provided [u,) < 1 and

(2.8) [t — Ulp@y = 0 < pp)(Un —u) — 0.

Proposition 2.2. Let p(z) and q(z) be measurable functions such that p €

L>®(Q) and 1 < p(z)q(z) < +oo for a.e. x € Q. Let u € LI (Q) and u # 0.
Then we have

+ - -

|u|p(w)q(:r) <1l= |u\g(x)q(x) < ||u|p( )|q(w) < |U|Z(ac)q(x)’

z +
|ulp(z)q@@) = 1 = |u‘§(z)q(z) < ||U|p( )|q(w) < fuly

p(z)g(z)’
P

In particular, if p(x) = p is a constant, then |[ulP|qym) = \u|pq(m).

3. Main results

In this section, we will state and prove our main results. The solutions of
problem (1.1) will be found in the space X = W{Lg, (). Throughout this
paper, we denote by ¢; general positive number whose value may change from
place to place.

Let M : Ry — R be an increasing and continuous function. Assume that
the functions g;, s; € L (Q)NC4(Q), i=1,2. Set gmax(z) := max{q (), g2(2)}
and Spin(z) := min{s1(z), s2(z)}, € Q and let us introduce the following
conditions:

(Mp) mit*=t < M(t) <mat® 1, Vt>0, mg>m; >0, a>1.
(H1) 1 < gmax(7) < a(p2)o < alp2)? < alpi)o < ap1)? < smin(x) for all
x €
% min Bihax
. [¢] min ~*dmax )
(Hz) limy— 400 @ = 0 for all k > 0;

si(®)

(H3) V; € L7 (), i = 1,2, and there exists a measurable set Qg CC Q of
positive measure such that Vi (x) > 0 for all z € Q, and Va(z) > 0 for
all x €

(Hy) inf, g qi(2) < min{a(p2)o, inf, g, g2(2) }-

Remark 3.1. Assume that ¢1(z), g2(z), s1(x), s2(x) € LL(Q) N C(Q). From
(Hy) and (2.3), (2.4), it is clear that for allu € X,

qi(z)

si(@)
si(z)—a

%(®) dx‘ <Ly
q,

3

5 |[u
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1 a; :
qi\V w5 U g U w@ae <1,
— i a jj(m)_a si(z)—a
q; ) .
qlf V] i) [u s;(2)a; (@) if [u] sy@a0 > 1, i=1,2.
k3 [e3 Si &Tr)—o

si(z)—a

We set h;(xz) = 75;(8?:(2) and g;(x) = 735@(5”2‘;&)@, then h;(x) < g;i(z) for all
x € Q. By the condition (Hy), it follows that the embedding X = Wl Lg, () —
W4 Lo, () is continuous. Moreover, by the condition (Hz) and the fact that

sT. gt
min9max

mi qxtax Smi qrtax ; 1 s —a
min < minZmax - the embeddings Wi Le,(2) < L *wmin™ (Q) and

—« Smin — ®%max

S

Smin
Sx;inqttix
Wi Lo, () << Lmn=>uhax (Q) are continuous and compact. As a result, we
% min Iiasx % min dtiax

deduce that the embeddings X << L “mn=> (Q) and X << L *min—%hax ((2)
are continuous and compact. On the other hand, we have h;(z) < g;(z) <

it _
7Sff“iim"j:‘ forallz € Q, i =1,2. Therefore, the embeddings X —— L") (Q)

and X < L9°®)(Q) are continuous and compact.

Definition 3.2. We say that u € X is a weak solution of problem (1.1) if it
holds that

M(/Q (<I>1(|Vu|)+<1>2(|Vu|))dx>/Q(al(|Vu|)+a2(|Vu|))Vu~Vvdx

_)\/ ‘G(x)\UIql(z)_zuvdx—i—u/ Vg(a:)|u|q2(””)_2uv dex =0
Q Q

for all v € X.

For each A € R and p € R, let us consider the functional Jy, : X — R
associated to problem (1.1) as follows

() = 1\7(/9 (@1 (|Vul) + @o(|Vue])) dac) - /\/Q ‘qfll(%wa(z) de
[ 2D ee gy,
o 2()

we then, by applying standard arguments, get J) , € C*(X,R) and its deriva-
tive is

Ty () (v)
=M (/ﬂ (@1(|Vul) + @o(|Vul)) dl") /Q (a1(|Vul) + az(|Vul)) Vu - Vo dz
_,\/ V1($)|u‘q1(w)*2uvdx+/u,/ Vo (2)|u]2®) 2y da
for all u, UQG X. Hence, weak solutionss2 of (1.1) are exactly the critical points

of Jy , and they will be found in X by using variational methods.
The main results of the present paper are the following:
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Theorem 3.3. Assume that the conditions (Mo) and (Hi)-(Hz) hold. Then,
for all p > 0, there exists X > 0 such that for any \ € [\, +00), that is, when
A is large enough, problem (1.1) has at least one nontrivial weak solution.

Theorem 3.4. Assume that the conditions (My) and (Hy)-(Hy) hold. Then,
for all p > 0, there exists \ such that for all X € (0, \), that is, when X\ is small
enough, problem (1.1) has at least one non-trivial weak solution with negative
energy.

Now, we give an auxiliary result.
Lemma 3.5. The functional Jy , is coercive on X.

Proof. Let ||ul|1 > 1. By the conditions (H;)-(Hz) and Remark 3.1, there exists
c1 > 0 such that

(3.1) [ulp, () < crllulli,  Yu e X,
where h;(z) = 2:@)ei®) ; — 1 2. Hence, by the condition (Mp), the Holder

si(z)—a
inequality, Proposition 2.1, we deduce that

Iu(u) = M(/ﬂ (®1(|Vul) + o (|Vul) dx) —)\/ Vi(z)

o q(z)
+M/ qua(r) dx
o 2(x)

|u|q1($) dx

Y

“ 92N
( [ @vul) + 2:(19)) dz) = e )]
(0% Q ql o s1(z)—o

Y

M1, iale)e  2A . ar af
— Ml = = Vi mln{|u|hll(x)’ |U\h11(m)}

a1

v

m1 2\ . = = + +

Tl =2V |y min { e ful el
1 [e3

Since ¢ < ¢ < a(p2)o < a(p1)o, we infer that Jy ,(u) — 400 as |jull; —

-+00, which means that the functional J , is coercive on X. O

Proof of Theorem 3.3. Set

(3.2) o) :/Q(fbl(\Vu\)—f—fI)z(Wu\)) du

u) = — Muql(m) T Mu@@) T
1) A/Q ql(x)‘ [+ +M/Q qQ(fE)| (¥ da.

and

Then
S = M©)+T.
Let {un,} C X be a sequence such that u, — u € X. Notice that due to the

growth condition (¢2)? < (¢1)o (see (Hy)), we have the continuous embedding
X < W¢Le, () (see Remark 3.1) which means that u, — u € W} La, ().
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On the other hand, since ®; are convex, the functional O(u) is weakly lower
semi-continuous, namely

(3.3) O(u) < liminf O(u,,).

n—oo

If we consider (My), which means that M is a continuous and monotone func-
tion, along with (3.3), it reads

(3.4) lim inf M (6 (uy)) = M (lim inf@)(un) > M(6(u).

n—oo

From (Hs), it holds that lim; 4 % = 0 for all k¥ > 0. If we consider
this fact along with (2.3), we obtain that W Le, () is embedded compactly in
Lmax () (see [25]). It is well known that L%ax(€2) is embedded continuously
in L9@)(Q) and L=®)(Q). As a result, by the continuous embedding X

W4 Lo, (), we have the following compact embeddings
X s L1®)(Q)

and
Wi Lg, (Q) <> L2E)(Q).
On the other hand, by Remark 3.1, we have the compact embedding

WaLa, () —— Lhz‘@)(m

Then, applying the Young’s inequality to . (m) |un( )|%®) for the conjugate

exponents () = % and §(x)* = Ss( ()m) and considering Remark 3.1 once
more we get
Vi(z) , 1 5 1 () 16(z)*
Vi@, @] < ( Vi(@) P 4+~ (@)@ P
qi(x) qi(x) \6(x) o(x)
(3.5) < K(z) € L*(Q)

for all x € Q and n € N, i = 1,2. Therefore, by the Lebesgue convergence
theorem, up to a subsequence still denoted by (uy,), we have

llm/Vl(((E)|Un|ql(I)de:/ Vl(m)| |q1(m)d$7
Q

n— oo q1(x (gj)
lim / anrﬂ(m)da: :/ (1:)| |92(®) gz,
n— Jo q2(x) 2(x)

that is,

(3.6) T(u) = ILm T (up)-

From (3.4) and (3.6), we conclude that

(3.7) Iap < lirginf Inpu(un),

that is, functional Jy , is weakly lower semi-continuous on X. By Lemma 3.5,
Jy,u is coercive, so it has a global minimum point uy , € X, which in turn
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becomes a weak solution of problem (1.1). Next, we show that uy , is not
trivial. Let tg > 1 be a fixed real number, and let u, € C§°(Q2) such that
ux(2) = to in Q1 and 0 < u,(x) < tp in Q\ Q1, where € is an open subset of
Q such that 2; C Qg. Therefore, it reads

Inptus) = 37 [ @1(Vul) + a1Vl do) =3 [ B oo ag

@ ()
+ILL/QV2(I)|U*¢]2($) dr

q2(x)
2 * Vl(ilf)
< = (@1 (|Vs|) + ®2(|Vus])) dx) — /\/ |1, |2 ()
« </Q o} Q1($)
+ 12
D)

cam /\tqrc c )\tq;rc

a qq qo qq

Thus, Jx,,(us) < 0 provided A is large enough, that is, there exists A > 0 such
that for any A € [\, +00), Jy u(ux,,) <0, and hence, uy ,, is not trivial. O

In the rest of the paper, we will prove Theorem 3.4 by using variational
techniques and Ekeland’s variational principle. We first have to obtain the
following result.

Lemma 3.6. Assume that the conditions (My) and (Hy)-(Hs) hold. Then for
all p € (0,1) there exist A > 0 and a constant a > 0 such that for all u € X
with ||ully = p we have Jy ,(u) > a for any A € (0,A).

Proof. Let us assume that |lul|; < min{l, %}, where ¢; is given by (3.1). It

follows that |u|p, () < 1, where h;(z) = L”(Lqi_(w), 1 = 1,2. Using relations
i(@) si(z)—a
(2.1), (3.1), the condition (My) and Remark 3.1, we deduce that for any v € X
with |lully = p € (0,1) the following inequalities hold true
— \%
Inlw) = 57 ([ @1(19ul) + @a(¥u) de ) <2 [ Do a0
Q Q

q1(T

\%

+,u/ ﬂ'qu(@ dx
o ¢@2(z)

([ v+ esvay de) - [ By g

¢1()

Y

Y

s U] e
o sy(z)—a

ma a 0 2\
e T R ——
« 1

mi Y 2\ T
7~ S Wilamuli )

1

Y
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Y

e s

mi 1)° 2\
e T R ——
[0 ql

- - 2)
= ph (?pa(‘“)oql - ?Cl ' a6 )
1

This inequality shows that if we choose

(3.8) Ao Ml aten)-ar

404(3(11; |V1‘ s1(2)

then for all A € (0,A) and for all uw € X with |lul|; = p, there exists a > 0 such
that Jy ,(u) > a > 0. The proof of Lemma 3.6 is complete. O

Lemma 3.7. Assume that the conditions (My) and (Hq)-(H4) hold. Then,
there exists ug € X such that ug > 0, ug # 0 and Jy ,(tug) < 0 for allt > 0
small enough.

Proof. Set gio = inf, 5 ¢i(z), i = 1,2 and 0y := min{a(p2)o,q2,0}. Since
q1o < bo, let €g > 0 be such that ¢; 5+ €0 < bp. Since q1 € C(Q), there
exists an open set Qy CC Qg such that |q1(z) — 6| < € for all 2 € Qy. Thus,
q1(x) < 410t €0 < 0 for all z € Qs.

Let ug € C§°(€) be such that supp(ug) C Q2 CC Qp, up = 1 in a sub-
set Q) C supp(ug), 0 < ug < 1 in Qy. Therefore, applying the well-known
inequality

(s +1) <2717 +17), Vs,t >0, ~>1,
for any ¢ € (0,1) we have

Tn(tue) = M (/Q (@1 (|Vtuo|) + Ba(|Vtuo|) da:)

tlh(ﬂc) (@) ta2() (@)
—A )|tuo| ™ dx + p Va(z)[tuo|® d
a4 o ¢2(x)
< T2 (/ (@1(Vtual) + Vi) o)
« Q
ta(x t22(x)
[ Vi@l @dr [ @ da
Qo q2(x)
m22a 1 « «
~ <I>1(|Vtu0|)dac + @2(|Vt’d0|)d$
« Q Q
Atdofeo £92.0
_ f/ Vi (2) || @ da + '“f Va () |2 @ da
1,0 Q2 d20 JQo
a—1
< m22 [ta(gal)onuon?(tpz)o _,'_ta(cpz)o”u(]”g@z)o}

Atdr.oteo

it %20
_ _ Vi (x)|u0|q1(g”) dr + 5= / Vz(x)|uo\(”(w) dx
a0 Q2 920 JQo
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mo20—1 o o "
<t = Wmmmmmmﬂ+4/%mmwwx
o 42,0/

A\td1,0t€o

(3.9) —f/ Vi (@) uo| ™™ da.
41,0 Q2
1

It follows from relation (3.9) that Jy ,(tug) < 0 for all 0 < ¢ < §° %07 with
0 < d§ <min{l1,d} and

A Jo, Va(@)|uo| ) da

qii_.,o [mﬂo‘l (”uO”fll(tPl)o + ||UO||;1(802)0> + é«fﬁo Va(x)|ug|22(®) dx

«

(50 =

Finally, we point out that

m22a71

(ww”“+nwwwm)+g‘/’w@mmwmdx>u
2,0 /0

In fact, if it is not true, then
|mﬂr:Mﬂ2:/ Va () fup | =@ dir = 0,
Qo

hence ug = 0 in Qy. This is a contradiction and thus the proof of Lemma 3.6
is now complete. (I

Proof of Theorem 3.4. Let A > 0 be defined as in (3.3) and let A € (0, A) and
© > 0. By Lemma 3.6, we have

3.10 inf Jy, >0

(3.10) B, (0) T
where B,(0) is the boundary of the ball centered at the origin and of radius p
in X.

On the other hand, by Lemma 3.6, there exists ug € X such that Jy ,(tug) <

0 for all ¢ > 0 small enough. Moreover, by hypothesis (Mp) and the proof of
Lemma 3.6 we deduce that for any u € B,(0),

mq 2\ - -
Taulw) 2 T ulF = Vil [l

1
It follows that
—oo < c:=_inf Jy , <O.
B,(0)
Let 0 < e < infyp,0) Jru — infp,(0) Jr,u- Using the above information,

the functional Jy, : B,(0) — R, is lower bounded on B,(0) and Jy, €

C*(B,(0),R). Then by Ekeland’s variational principle [22], there exists u. €
B,(0) such that

c< pulue) <c+e,
0 < Jnpu(u) = Iy puue) +el|lu—uellt,  w# ue.
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Since

Iaw(u) < inf Jy,+e< inf Jy,+e< inf Jy,,
() B " B,(0) M 9B,(0) "

we deduce that u. € B,(0). Now, we define J , : B,(0) — R by Jy ,(u) =
Ix () + €l|u — ucll1. Tt is clear that u, is a minimum point of J) ,, and thus

jAa.U‘(ue +t-v) - jz\yu(ue)
t
for small ¢ > 0 and any v € B1(0). Hence,
Iap(ue +t-v) = Jx p(ue)
t
Letting t — 0 it follows that J}  (ue)(v) + €l[v[i > 0 and we infer that
73, (ue)llr < e

From the above information, we deduce that there exists a sequence {u,} C
B,(0) such that

(3.11) Iau(tn) — <0 and Jy ,(u) — Ox-.

>0

+ €|lv]]s > 0.

It is clear that {u,} is bounded in X. Thus, there exists u in X such that,
up to a subsequence, {u,} converges weakly to v in X. By Remark 3.1, the
embedding X —<— Lgi(”‘)(Q) is continuous and compact, hence the sequence
{u,} converges strongly to u in L9*)(Q), i = 1,2. Using Holder’s inequality
(2.2) we have

/ V() [tn | =20y, (uy, —u) da < V3
Q

5@ | |un|q1($)72un(un*“)|h1(x)
< 2|V1|M | |un|q1(x)_2un| _ay (@) |un_u|gl(m)'
a q1(z)—1

Now if [[un |7 ~2u,| 4@ > 1, then we get
(

q1(z)—1

.
a0 unl e < ol o

The compact embedding X << L9(®)(Q) helps us to show that

(3.12) lim [ Vi(z)|un|™® 2w, (u, —u)dz = 0.

n— oo

Similarly, we get

(3.13) lim [ Va(z)|un|®=® 2w, (u, —u)dz = 0.

n—oo
Moreover, by (3.11) we have
. ’ _
n11_>1r010 Iy (un) (uy —u) =0
or

M (©(uy,)) /Q (a1(|Vuy|) + a2(|Vunl|)) Vuy, - (Vu, — Vu) d
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—)\/ V() [t |2 20, (uy, — ) da + u/ Va () [t |22 =20, (w0, — 1) dz — 0.
Q Q
Combining this with relations (3.12)-(3.13) it follows that
(3.14) M (@(un))/ (a1(|Vun|) + a2(|Vun])) Vuy, - (Vuy, — Vu) dz — 0.
Q

If O(u,) = 0 as n — oo, then [, ®1(|Vuy|) dz — 0, it follows from Proposi-
tion 2.1 that w,, — 0 strongly in X and the proof is finished. If ©(u,,) — to > 0,
then for n large enough, we have

M (©(uy,)) = M(tg) > mit§™ >0,
so that

lim [ (a1(|Vuy|) + a2(|Vun|)) Vuy, - (Vu, — Vu) dz = 0.
Q

n—oo

Combining this with similar arguments as those presented in [30, Proposition
4.5] or [18, Page 50], we deduce that {u,} converges strongly to u in X. Since
Jxu € CH(X,R), we conclude that

(3.15) Ty p(un) = J3 ,(w) as n — oo.

Relations (3.11) and (3.15) show that J} ,(u) = 0 and thus u is a weak solution
for problem (1.1). Moreover, by relation (3.11), it follows that Jy ,(u) < 0 and
thus, u is a nontrivial weak solution for (1.1). The proof of Theorem 3.4 is
complete. O
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